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PACKING AND COMPRESSIBILITY OF BINARY
MICROMECHANICAL (GRANULAR) SYSTEMS

Using the Carnahan—Starling—Mansoori hard-sphere conglomeration models and the Kirkwood—
Buff statistical theory, the effect of compaction (packing) on the compressibility of a binary
granular mizture has been analyzed. The theoretical results are compared with the experimental
ones obtained in alternative studies of the systems whose internal structure corresponds to the
construction characteristics of the model. The possibility of the maximum packing effect at
special dispersion and mole fraction values of the components has been shown. The existence
of the limit and intermediate states of the mixture with a predominant concentration of one of
the components and the possibility of the most adequate description of the system properties in
such states using one of the above-mentioned approaches have been demonstrated. The interval
of values for the component volume fractions has been determined, where both approaches well
describe the data of corresponding experiments.
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1. Introduction

The study of mechanical and other physical prop-
erties of micromechanical (granular) materials is a
traditionally relevant subject of research in vari-
ous domains of both experimental and theoretical
physics. The presence of successful model approaches
to describe some artificially constructed systems un-
der specially created external conditions does not
eliminate the problem associated with the absence of
a general theory for physical processes in granular
materials, which would allow the description of all
physical phenomena and processes observed in them
from a single viewpoint. The above concerns both the
description of the observed structural formations and
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the dynamics of transitions between states with differ-
ent local symmetries. If we ignore the effects associ-
ated with dissipative interactions between the gran-
ules and the influence of the particle surface shape
in large conglomerations of micromechanical (granu-
lated) systems, then mono- and polydisperse systems
consisting of hard spheres can serve as their rather
productive model. The theory of the physical proper-
ties of such systems has been developed in detail; see,
for example, [1-4].

Note that although the hard-sphere model does not
provide a sufficient quantitative agreement between
theoretical and experimental data, just in the case
of granular materials, which are conglomerations of
micromechanical particles, it enables the qualitative
illustration of such physical phenomena as packing
and compressibility.

In this paper, based on the statements of classical
models of many-particle systems [3-5] and using the
results of experimental studies performed in the work
[6], we will show that, for a binary system of hard
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balls, the maximum compaction (packing) is possible,
which is achieved by selecting the dispersion of com-
ponents. We will also demonstrate that this type of
non-monotonicity is qualitatively repeated for such a
macroscopic property as compressibility. Thus, a re-
lation between the local characteristics and macro-
scopic properties of examined systems will be demon-
strated, which has similarity signs.

We will also demonstrate the similarities and dif-
ferences between the results obtained while describ-
ing the compressibility of model binary mixtures us-
ing the Kirkwood-Buff (KB) [5] and Carnahan—Star-
ling-Mansoori (KSM) [4] approaches and determine
intervals, where either (or even both) of them can be
applied most adequately. The KSM model is based
on a semi-empirical equation of state for a system of
hard spheres. The KB model is based on taking den-
sity fluctuations in multiparticle systems into account
using correlation integrals.

2. Compressibility

of a Two-Component

Conglomerate of Hard Spheres.
Carnahan—Starling—Mansoori Approach

The compressibility parameter is determined by the
formula

=g o= o, (1)

where V| p, and n are the volume, pressure, and con-
centration of the system, respectively. Also used is a
quantity called the compactness — the compactness
(or packing) parameter — which is determined by the
formula

1 = Ny, (2)

where vg is the volume occupied by one individual
particle. In particular, for spherical granules, vg =
émfg’ , Wwhere oy is the particle diameter.

In the work [4], it was shown that the compressibil-
ity of a binary multi-particle mixture of hard spheres

can be represented in the following form:
1-n"

B = 3)
T nigksT 1+ an + bn? + cnd + dn*’

where
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is the compaction parameter of the binary mixture
(with components 1 and 2), ni9 is the particle concen-
tration for the binary mixture, and o5 is the effective
size. The latter can be determined through the mole
fraction ,

a%Q =(1- a:)af + xag,

or through the volume fraction f,

3,3
_ 0102

3 =
2T A= o + fob

where o; and o9 are the hard-sphere diameters of
the mixture components; the coefficients a, b, ¢, and
d depend on the component mole fraction x in the
mixture (or their volume fraction f = Vg/(VL + Vg),
where V;, and Vg are the volumes of the fractions
consisting of large and small particles, respectively),
and on the particle size ratio r = o1 /0s.

As shown in [4], these coefficients are determined
using the following expression:

b=4—3y1—9y2,
d=ys,

a=4— 6y,
c = —4dys,

(4)

where 31, y2, and y3 look like

p=A (f+\1[> (5)

p=A (fww 1\7‘) (6)

b= (1= (=) PR ()

A=\f0—fa(l—uz)- (f — \1[) ®)

Note that the ratio between the volume and mole frac-
tions and the size ratio x are given by the following
formulas:

B T B rif
f_r3f('r3fl)x’ x_1+(r371)f’ )
where
3_ T 1-f

S l—z f

Using the Carnahan—Starling-Mansoori formula
(3), we numerically calculated the coefficient

nlngTﬂ(Tm) =12 by varying the size ratio r, the vol-
ume fraction f, and the compaction parameter 7. The
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results obtained are presented as a 3-dimensional
phase diagram in Fig. 1. From this figure, it follows
that the coeflicient x12 has a distinctly pronounced
maximum whose amplitude increases, whereas the
width decreases, with the growth of the mixture
dispersion factor (the ratio r between the sizes of
the spheres). In particular, the maximum shown in
Fig. 1, a (for r ~ 9) is high and narrow, but it is lower
and smoother in Fig. 1, b (for r ~ 2). The numeri-
cal values of the compressibility coefficient decrease
as the compaction parameter increases. The position
of the maximum also shifts from f ~ 0.5 (for small
size ratios between the mixture components, r ~ 1)
to f — 0 (for larger r-values, r > 1).

3. Calculation of the Coefficient x12
for Measured Compaction 1;2-Values [6]

In the work [6], a binary mixture of hard spherical
balls with different sizes was experimentally stud-
ied. The size ratio was varied within the interval
r & 2+35. As the main result obtained in [6], we
may consider non-monotonic dependences of the com-
paction parameter and the diameter ratio between the
binary mixture components on the component vol-
ume fraction, with characteristic maximums.

Using the Carnahan-Starling-Mansoori for-
mula (3), we numerically calculated the quantity

nlngTﬁ(Tl’z) at the same values of the particle size
ratio (r &~ 2+35) that were used when measuring the
compaction in the work [6]. In so doing, the corres-
ponding values of the mixture compaction n mea-
sured in [6] were used self-consistently. The results
obtained are presented in Figs. 2-5 as 2-dimensional
phase diagrams.

The dependences of the compressibility coefficient
x12 on the coefficient r characterizing the dispersion
of the components, which are plotted in Fig. 2, dis-
tinctly demonstrate the presence of specific states in
the behavior of this parameter. Namely, two charac-
teristic types of behavior can be distinguished: (a) a
sharp increase of x12 with the growth of » (the curves
were plotted for the volume fraction within the inter-
val 0.05 < f < 0.20) and (b) slow changes of x12
as r increases (the curves were plotted for the vol-
ume fraction within the interval 0.25 < f < 1 and
for f = 0). Such a difference in the behaviors of yi2
can be considered as a result of different states of the
corresponding local structure. In the theoretical work
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Fig. 1. Dependences of the compressibility coefficient y12 on
the mixture compaction parameter 712 and the volume fraction
f calculated by formula (3) for r 2 9 (a) and r = 2 (b)
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Fig. 2. Dependences of the compressibility coefficient x12
on the dispersion coefficient r calculated by formula (3) using
the parameters from the experimental work [6]. The dispersion
coefficient r changes within the interval r &~ 2+35. The volume
fraction f was varied with the step Af = 0.05 within the full
possible interval f = 0-+1

[8], those states were proposed to call “gravel” for
f < 1 and “pudding” for (1 — f) < 1. In these terms,
the behavior of type (a) is typical of the “gravel”
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Fig. 3. Dependences of the compressibility coefficient x12
on the volume fraction f calculated by formula (3) using the
parameters from the experimental work [6]. The dispersion
coefficient r changes within the interval r =~ 2+35. For each
plot, the volume fraction f was varied with the step Af = 0.05
within the full possible interval f = 0+1
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Fig. 4. Dependences of the compressibility coefficient x12
calculated by formula (3) using the parameters from the work
[6] (r ~ 3+35)

state, and the behavior of type (b) is typical of the
“pudding” state.

The dependences of the compressibility coefficient
x12 on the volume fraction f plotted in Fig. 3 also
demonstrate the presence of the above-mentioned
limit states. Namely, (a) a sharp maximum of y;2 for
the volume fraction within an interval of 0 < f < 0.20
and (b) a wide minimum of 12 for the volume fraction
values within an interval of 0.25 < f < 1. Such a be-
havior of y12 can also be interpreted as the presence of
the aforementioned “gravel” and “pudding” states. Ac-
cordingly, the extremum of the maximum type shown
in Fig. 3 may correspond to the “gravel” state, and
the extremum of the minimum type to the “pudding”
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one. As the dispersion coefficient r increases, the de-
termined extrema of y12 behave differently: the max-
imum increases by amplitude, whereas the minimum
initially increases, but later this growth terminates
(saturates).

The results shown in Fig. 4 demonstrate the de-
pendences of the compressibility coefficient xi12 on
the compaction parameter 7,5 calculated using for-
mula (3) for the same values of the parameter r
(r & 2+35) as in the work [6]. According to the
classification of states for a bidisperse granular mix-
ture proposed in the work [8], their presence can also
be detected with the help of the data presented in
Fig. 4: the upper branches of the loop diagrams cor-
respond to the “gravel” phase, and the lower ones to
the “pudding” phase.

A pronounced asymmetry of the transition region is
observed in Fig. 4. It is this region, which character-
izes the transition between the selected limit phases
(on the phase diagram), that was described in [8] as
conditionally existing.

4. Compressibility of a Binary
System of Hard Spheres According
to the Kirkwood—Buff Theory [5]

The classical Kirkwood-Buff formula for a mixture of
two components (marked as 1 and 2), which describes

its isothermal compressibility B}m), looks like [5]

(1,2) _ 1
= —x
br kT
y 1+ n1G11 4 n2Gaz + ning(G11Gaz — Giy) (10)
ny + ng + ning (G + Goa — 2G12)
where n, = % and ng = % are the partial particle

concentrations; G111, G2, and G2 are the so-called
correlation integrals; and kg7 is the energy scale.

The correlation integrals G,g are related to the
partial structure factors S,3(0) via the following re-
lationships:

Sap(0) = 200ap + Tazsn12Gags, (11)

where z, and xg are the mole fractions of the mix-
ture components; o is the Kronecker delta symbol,
and nig = % = w = nq + ng is the mixture con-
centration. Using formula (11), it is easy to obtain

that
S11(0) = (1 —2) + (1 — 2)?n12G1y, (12)
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SQQ(O) =x + £E2n12G22,
S12(0) = z(1 — 2)n12G12,

where z is the mole fraction of component 2 in the
mixture. Substituting relationships (12)—(14) into the
Kirkwood-Buff formula (10), we obtain the relation-
ship between the isothermal compressibility of a bi-
nary mixture and the partial factors S,5(0) in the
following form:

2 _ L
/BT o ’l’ngkBT %
5 S11(0)S22(0) — S3,(0)
22811(0) + (1 — 7)252(0) — 22(1 — x)S12(0)

. (15)

Taking into account that the factor S(0) of a monodis-
perse system is determined as follows:

S(O) =14+nG= leBTﬂT, (16)

as well as Eqgs. (12) and (13), we obtain the follow-
ing expressions for the partial factors of monodisperse
phases S11(0) and S22(0) with the partial isothermal

compressibilities ﬁf(pl) and 6;2 ),

SH(O) = (1 — l‘) . n1]€BTﬁ§,}), (17)
SQQ(O) =X nngTﬂg) (18)

The partial (reference) isothermal compressibilities

,8}1) and ﬂg,?) can be determined, for example, using
model equations of state. Using data on the isother-
mal compressibility of the mixture ﬁTl ’2), which can
be taken from alternative sources (for example, from
experiments or carrying out numerical simulations),
and solving Eq. (15) with respect to the factor S12(0),
we obtain

$12(0) = a(1 - @) - X1 & {21 — 2)2(0P)? -

—X1% [#%511(0) + (1 — 2)%522(0)] +

+S, (0)522(0)}1/ ’

where YK = nlngTﬂé}’Q).

In the work [6], experimental data were obtained
for the compaction of a binary mixture of spherical
particles with various size difference for r ~ 2-+35.
The obtained data were actually parametrized in two
characteristic limits (states) of the mixture where the
content of either larger (“gravel”) or smaller (“pud-
ding”) particles prevails. In the work [7], an attempt

(19)
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Fig. 5. Dependences of the compressibility coefficient x12 on
the volume fraction f calculated by formulas (3) and (19) using
the parameters from the experimental work [6]. The dispersion
coefficient r changes within the interval r ~ 3-+9. For each
plot, the volume fraction f was varied with the step Af = 0.05
within the full possible interval f = 0+1

was made to describe the experimental data ob-
tained in all intermediate states by extrapolating the
phenomenological relationships, which were obtained
only for the limit states, with the help of weight func-
tions playing the role of undetermined (actually, fit-
ting) parameters. Moreover, these fconcernunctions
only the limit states and remain consistently unde-
termined at the intermediate ones.

In Fig. 5, the results of our numerical calculations
obtained for the dependences of the compressibil-
ity coefficient x12 and the structural factor Si5(0)
on the volume fraction f are exhibited. The com-
pressibility coefficient x12 was calculated by formula
(3) according to the Carnahan—Starling—Mansoori
model equation of state for a binary system of hard
spheres [4], and the structural factor S12(0) was calcu-
lated by formula (19) obtained using the Kirkwood-
Buff theory [9, 10]. The xi12- and S12(0)-plots in-
tersect at two points. One of them is in the inter-
val of small volume fractions of one of the mixture
components, and the other in the interval where it
takes the largest possible values. They can be inter-
preted as the separation of two states in the mixture
with the same compaction but different component
compositions. The concentration of larger particles
(“gravel”) prevails in the first state, and the concen-
tration of smaller particles (“gravel”) prevails in the
second one.

For illustrative purposes, only selected values of the
dispersion coefficient (r ~ 3+9) are used in Fig. 5.
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Fig. 6. Dependences of the quantity S12(0) on the volume

fraction f calculated by formulas (19) and (20) using the pa-

rameters from the experimental work [6] for some values of the

component size ratio r within the interval r ~ 3+9

o%

e Let the fine component dominate in the mix-
ture. Then, at r &~ 5, we have that S12(0) = x12 at
the volume fraction f =~ 0.65; at r ~ 3, we have that
S12(0) = x12 at the volume fraction f ~ 0.81. Thus,
as the value of the dispersion coefficient r increases,
the value of the volume fraction f at which S12(0) =
= x12 (the “pudding” state) decreases.

e Let the coarse component dominate in the mix-
ture. Then, at r ~ 5, we have that S12(0) = x12 at
the volume fraction f = 0.011; for r =~ 3, we have that
S12(0) = x12 at the volume fraction f ~ 0.025. Thus,
as the value of the dispersion coefficient r increases,
the value of the volume fraction f at which S12(0) =
= x12 (the “gravel” state) also increases.

Thus, with the increase in the dispersion coeffi-
cient 7, the value of the volume fraction f, at which
S12(0) = x12, (the “gravel” state) increases.

It can be shown that, for » ~ 9 and r ~ 35, the
S12(0)- and x12-plots do not intersect at all. The ab-
sence of intersection points of the S12(0)- and xio-
functions coincides with the existence of the critical
dispersion coefficient value 7. = 3 + V12 ~ 6.46,
which was found in the work [6]. One of the quali-
tative explanations is as follows. As the dispersion of
mixture components grows starting from the r.-value,
the probability that the particles of the fine compo-
nent can slip through the gaps formed by, say, three
densely packed particles of the coarse component and
fill a new free volume that was previously inaccessi-
ble for them increases, which changes the compaction
and, as a consequence, can change the mixture prop-
erties (for example, as shown in [6], the packing rate).

548

The existence of some critical size difference be-
tween the components, which was experimentally dis-
covered in [6] and obtained theoretically by us, mani-
fests itself by its influence on the compaction rate and
is responsible for the principle possibility of obtaining
the maximum and minimum values of this parame-
ter. Hence, for a mixture with r < r,, it is possible to
use formula (3) where the coefficient nlngT,B(Tl’z) is
proportional to S12(0) (strictly speaking, this can be
done at separate points, provided the self-consistently
determined values of the volume fraction f). If r > r,
we cannot assume the proportionality between the co-
efficient nlngTﬁ(Tl’z) in formula (3) and S;2(0).

Note also that, by postulating the replacement of
the coefficient nlngTﬁgpl’Q) by the function S12(0) in
the Kirkwood-Buff formula (15)-recall that the func-
tion S12(0) was found in view of the previously estab-
lished possibility that the coefficient x12 and the fac-
tor S12(0) can coincide—and solving the corresponding
quadratic equation with respect to S12(0), we obtain
the following formula:

172811(0) =+ (1 — 56)2522(0)
2[1 — 2z(1 — z))

X{_L+¢1+4u—2a1—x»%um&xo

S12(0) =

[ﬂ&mm+uxV&xm1} (20)
In Fig. 6, the plots of the dependences of S12(0) on the
volume fraction f calculated using expression (20) are
compared with the analogous dependences calculated
using formula (19).

As follows from Fig. 6, the dependence of S12(0)
on the volume fraction f determined in the way de-
scribed above is non-monotonic; namely, it contains
a well-pronounced maximum. An increase in r di-
minishes the amplitude of the S;2(0) maximum and
shifts it toward smaller f-values. The plotted depen-
dences demonstrate the following relationships be-
tween the S12(0)-values calculated by formulas (19)
and (20): they almost coincide at r ~ 9, are quali-
tatively similar at r ~ 6, and are strongly different
at r =~ 3. Discrepancies are observed when the mix-
ture composition approaches the monodisperse limits
(f = 0and f — 1). In the interval of volume fraction
values f = 0.2+0.8, an almost complete coincidence
of the S12(0)-behavior is observed for all approaches
used for its determination.
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5. Conclusions

Taking the aforesaid into account, we come to the
conclusion that the application of the Carnahan—Star-
ling-Mansoori and Kirkwood-Buff models of binary
mixtures of hard spheres, which are effectively used
in molecular physics to describe the compressibility
properties of real granular materials, showed the non-
monotonic dependence of this parameter on the size
ratio and the mole fractions of the components. In
particular, two characteristic states characterized by
the dominant concentrations of either of the com-
ponents (which we, following the work (8], call the
gravel and pudding phases) and a transition region
where the compressibility coefficient reaches its max-
imum values can be distinguished. The availability of
the compressibility coefficient maximum at certain
volume fraction values makes it possible to charac-
terize and consistently describe (for example, in the
form of corresponding phase diagrams) the existence
of a transition zone in its behavior, which separates
the limit states (pudding and gravel) with the pre-
vailing concentrations of either of the mixture com-
ponents. Moreover, it is important to note that the
presence of the compressibility coefficient maximum,
which we have established theoretically, correlates
with a similar, experimentally revealed behavior of
the compaction factor [6]. Such a behavior, although
found at the model level, can help us to determine the
compaction values at which the compressibility coeffi-
cient calculated by formulas (3) reaches its maximum
and limit values. The intervals of the binary mixture
parameters (the limit states) at which only one of the
KSM [4] and KB [5] approaches used to describe the
mixture compressibility is applicable have been de-
termined, as well as the intermediate regions both of
them can be applied quite adequately, which is con-
firmed by the data of the corresponding experimental
measurements [6].
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BITAKYBAHHS{ TA CTUCJINBICTb
BIKOMIIOHEHTHUX MIKPOMEXAHIYHUX
(T'PAHYJIBOBAHUX CUCTEM

I3 BukOpucTaHHSIM MOeJell KOHIVIOMepalliii TBepaux cdep
Kapnaxana—Crapsinra—Mancypi Ta craructudsol Teopil Kipk-
Byna—Badda mociiaKyeTbes BIIMB KOMIakTH3alil (BrakyBa-
HH$I) Ha CTHCJIUBICTH GiHAPHOT rpanyiboBaHol cyMimi. Teopern-
9Hi Pe3yJbTaTH IIOPIBHIOIOTHCS 3 €KCIEPUMEHTAIbHIUMU, OTPU-
MaHUMU B AJIbTEPHATUBHUX JOCJII>KEHHSIX HA CUCTEMaX, BHY-
TPIIIHA CTPYKTypa AKHUX BiJIOBija€ KOHCTPYKTHBHUM Xapa-
KTepucTukam mojesii. [TokazaHo MOXKJIMBICTH icHyBaHHsS ede-
KTy MaKCHMaJIbHOI'O BIIAKYBAHHSI [IPY CIIEIIaJbHUX 3HAYEHHSX
nucrepcii i MmosibHOT dpakiiil KomnoneHTiB. [Ipogemoncrposa-
HO iCHyBaHHSI TPAaHUYHHX i IPOMIXKHHUX CTaHIB CyMiImi 3 mepe-
BaKHOIO KOHIIEHTPAIIIEI0 OJIHOrO i3 KOMIIOHEHTIB Ta IMOKA3aHO
MOXKJIMBICTH HaNOLIBIN aJeKBATHOIO OMKCY BJIACTHBOCTEH CH-
CTeMU B IMX CTaHaX 3a JIOIIOMOI'OI0 OHOTO i3 BUIIE3ralaHuX
nigxomis. BuagisieHo obiacTh 3Ha4eHb 06’€MHOT YACTKH KOMIIO-
HEHTIB, B siKiii 0OMJBa MiJXOJM TOTOXKHI Ta JOOpe OMUCYIOTH
naHi BiAIMOBIHUX €KCIIEPUMEHTIB.

Katwvwo0861i ca06a: rpaHy/IbOBaHI Marepiau, cyMimi, KOMIIa-
KTHU3allisi, CTUCIUBICTD.
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