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EQUATIONS FOR PARTICLES WITH SPIN
S =0 AND S =1 IN SPINOR REPRESENTATION!

Equations for particles with spin S = 0 and S = 1 are presented in the form of a system of
two Dirac equations with additional conditions (constraints) imposed on the components of the
wave functions. In case of identical masses (or at the high-energy limit, where the difference
in mass s negligible), the joint system of equations is formulated having particular solutions
coinciding with those for spin S = 0 and S = 1 cases, and simultaneously being the two Dirac
equations for two independent particles with spin S = 1/2. A principle of constructing the
equations for a particle with an arbitrary spin in the spinor representation is proposed.
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and S = 1.

1. Introduction

The first-order differential equations for free elemen-
tary particles can be written in different forms. In
the present paper, we derive the equations for par-
ticles with spin S = 0 and S = 1 in the form of a
system of two Dirac equations with additional condi-
tions (constraints) imposed on the components of the
wave functions. Preliminary version of this article can
be found in [1].

We start with the well-known equations [2-4] for
the particles with zero and unitary spin and make
an identical transformations with these equations to
obtain a system of Dirac equations. An additional
conditions arise automatically without additional as-
sumptions.

In the next section, we start with equations for a
particle with spin S = 0. Then, in section 3, we con-
sider the cases S = 0 and S = 1 and formulate the
systems of two Dirac equations with additional con-
ditions for the components of the wave functions. At
the end of the section, we propose a principle of for-
mulating the equations for a particle with an arbi-
trary spin in the form of a system of Dirac equations
with additional conditions (constraints). In section 4,
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we consider the case of equal masses of particles with
spin S = 0 and S = 1, and we formulate for them
a joint system of equations, where an appearance of
degrees of freedom with spin S = 1/2 is observed. In
section b, a brief conclusion is given.

2. Preliminary Transformations
of the Duffin—-Kemmer—Petiau Equations
for a Particle with Spin S =0

We remind that the well-known Duffin-Kemmer—Pet-
iau first-order differential equations [2—4] for a parti-
cle with spin S = 0 can be derived from the Klein—
Gordon-Fock equation (here and further, i = 1 and
c=1)

(D — m2) p=0 (1)
by introducing the new fields A, (x=0,1,2,3)
A, =0up. (2)

Then, instead of (1), one has the system of Duffin—
Kemmer—Petiau equations

81‘/90 = AO)
—0Ag = (V- A) + m?ep,
A= *VQD,

3)

for the five-component wave function (¢, Ag, A). The
system of equations (3) is often written in a matrix

I This work is based on the results presented at the 2024 “New
Trends in High-Energy and Low-x Physics” Conference.
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form [2, 3] (in particular, we give below the corre-
sponding relations from [3], where another notations
of space-time indices are used: 1,2,3,4 instead of
0,1,2,3; and, in this case, A4 corresponds to iAg
from (2)),

(Bﬂa# + m) ¥ =0, (4)

where W is a five-component column of wave functions

R
Jm

and matrices BA# from (4) have the form [3]:

\Ij,u = A,Lu H= 1,2,3,4, ¥s5= \/E(,O, (5)

00000 00000
. 00001 . 00000
— (00000 —[o00001
b 00000’62 00000 |’
01000 00100 6
00000 0000—i (6)
R 00000 R 0000 0
— (00000 — (00000
Bs 00089 ) A 0000 0
00010 i0000

The above-presented Duffin—-Kemmer—Petiau equa-
tions (3) contain the second power of the mass of
particle which is not natural for the first-order dif-
ferential equations. The number of the wave function
components is “excessive”’, since the number of inde-
pendent (free) components should be 2 (2S5 + 1) [4],
i.e., two for S = 0. Moreover, in the limit m — 0, the
system of equations (3) (after differentiating the last
equation by time variable) splits into the system of
four closed equations

{—atAo =(V-A),

7
OA = —VA,, (7)

with an additional condition
[V x A] =0, (8)

following from the last equality of the system (3) due
to identity [V x V] = 0, and a separate equation
Orp = Ap, which becomes rather a definition of an
additional field .

Thus, in the limit m — 0, the structure of the
system of the Duffin-Kemmer—Petiau equations is
changed essentially: a five-component field becomes
a four-component one, and a system of equations (3)
is reduced to the system (7) with an additional condi-
tion (8). It might seem that the equations in the form

890

(4) with linear mass overcome this problem. But the
limit m — 0 for system (4) is even less regular. Real-
ly, in this limit, the system of equations (4) is reduced
to only one equation

Uy +(V-®)=0 9)

and trivial result for ¥s, namely, ¥5 = Const. Equa-
tion (9) is insufficient for determining the solutions
for all the components of .

Now, we are going to construct another system of
equations having the regular limit at m — 0. Let us
introduce, instead of (Ag, A) (2), the following four
components (By, B):

By=(—0;+1

oo (10)
B = 7VQ07

where ¢ obeys Eq. (1). Then, one has

(0 +1im) By = — (0r +im) (0y —im) p =

=— (07 + m®) ¢. (11)

Due to the main equation (1), the last expression
equals — (a,? + m2) ¢ = —Ap. Taking into account
the identity Ay = (V- V) and the definition of B
from (10), one has, instead of (11):
(0r +im) By = (V - B). (12)
Taking the derivative 9; from the second equality
from (10) and using the first definition from (10) to
remove the field ¢ from consideration, we obtain:

0B =—-V0o,po =VBy—imVp =

= VB +imB. (13)

Thus the obtained equations (12) and (13) may serve
to be the closed system of equations for (B, B):

{8tBQ = (V . B) — imBo, (14)
0:B = VBy +imB,

with the additional condition

[V x B] =0. (15)

The latter follows from the definition of B (the
last equality from (10)) and the known identity
[V x Vg] =0.
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It is important to note that the Klein—-Gordon—Fock
equation for By immediately follows from the system
of equations (14). But to obtain the Klein-Gordon—
Fock equation for B, one has to use the additional
condition (15) together with the system of equations
(14). Thus, the additional condition (15) is an oblig-
atory part of the obtained system of equations. It
should be noted that the mass m is present in (14)
in the first degree on par with derivatives. The limit
m — 0 for the system of equations is trivial and does
not change the number of equations and components
of the field.

A connection of Egs. (14), (15) with the Duffin—
Kemmer—Petiau ones (3) becomes obvious, if one ac-
counts for the relations B = A and By = — Ay +imp.

Now, let us write down the obtained equations in
matrix form. We introduce the notations:

(18)
which enable us to rewrite the system of equations
(14) as

i0,® =i(a-V)®+ mbd. (19)

An additional condition (15) can be rewritten in the

form:
(@&-V)d =0, (20)

where a three-dimensional vector @ has the following
components:

(,:11 = —1 (&2&3 — &3&2)7
(112 = —1 (&3&1 — 01&3), (21)
(,:)3 = —1 (&1&2 — &2&1)

If matrices Gy, are presented as (17), then, for matrices

Wk, one has
00 0 0 000 00 00
~ _[ooo 0\ ~ (oo00i) ~_ [00—:0 929
01=|000-i s @2=[0 000 | ®=|o0i oo (22)
007 0 0—300 00 00
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Matrices (17) can be changed by nondegenerate
ones. For this purpose, we can add the expression in
the left-hand side of (20) (which is equal to zero),
multiplied by 4, to the right-hand side of equation
(19). Then, instead of (19), one has an equivalent
equation:

i0,% =i (a V) & + mbd, (23)
where
a=a+w. (24)

The explicit form of matrices ay is the following:

010 0 010 00 01

s s (o o004\ = _[o00—i0

a1=(p00-i ) @2=(1 000} @=|0i oo) (25
00i 0 0-i00 10 00

It can be directly verified that these matrices with
detap =1 for k =1, 2, 3 obey the relations:

(Y]

Gl b @
ékan = iém,

where I is a unitary matrix, and indices in the last

equality are (k,n,m) = (1,2,3),(2,3,1),(3,1,2).
Relations (26) are known to define the Pauli ma-

trices. Thus, in another representation, matrices ak

could be reduced to (Cé’“ gk), where 6, are the well-

known Pauli matrices.

Equation (23) looks very similar to the Dirac equa-
tion written in the Heisenberg form
i0,® = HP, (27)
but with constraint (20). Unlike the veritable Dirac
equation for a particle with spin S = 1/2, Eq. (23)
can be reduced to the Klein—-Gordon—Fock equation
for each component of the wave function & only with
the additional condition (20) taken into account. A
very similar situation is observed in the case of equa-
tions [5, 6] for a particle with spin S = 1. This seems
to be almost common situation [4] for the first-order
differential equations for particles with definite spin.

In the next section, we demonstrate that the first-
order differential equations for a particle with spin
S = 0 and those for a particle with spin .S = 1 can be
written in the form of two Dirac equations, but with
additional constraints (different for the cases S = 0
and S =1).
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3. A System of two Dirac Equations
for Particles with Spin S =0and S =1

We recall that quaternions, or hypercomplex numbers
of the form

a = o + pier + faes + pzes, (28)
with real numbers py, are elements of four-dimen-
sional linear space with a certain multiplication rule,
which is suitable to define by the following table of
mutiplication for e, ez, e3:

el =e3=e5=—1,
€1e; = €3, ege3 =e;, e3e = ey, (29)
€e; = —€3, €3ey = —€;, €;e3 = —€j.

For each quaternion g, one may consider the conju-
gate quantity q :
q = {o — H1€1 — [42€2 — [3€3. (30)
Then the absolute value squared of quaternion (28)
is determined as

2 _ _
la* = da = q@ = p§ + pf + 43 + 13- (31)
Quaternions (28) can be represented by means of ma-
trices 2 x 2. In particular, let us represent the quater-
nions q with the use of Pauli matrices 6, as follows:
& = pol —ip61 — ipads — ipsos, (32)
where the Pauli matrices are commonly used in the
form

~ _ (0 1 ~ _ (0 —2 ~ _ (1 0

= (1 0) =) #=(-1)
In representation (32), the formally defined rules
of multiplication (29) for quaternions (28) are valid
due to ordinary general properties of matrices and
well-known properties of the Pauli matrices. In ma-

trix representation of quaternions, the absolute value
squared (31) can be calculated as

(33)

A|2

a (34)

1 /=
= 5t (Q4) = pg + 4t + i + 4,

where § is a conjugate matrix to § (compare with
(3

2)):
q = pol 4 ip161 + ipgdy + ipsos.
892

(35)

Since pu, are assumed to be real numbers, the value q
(35) coincides with the Hermitian conjugate matrix,
= q’r.

Now, we are going to generalize (32) and assume py,
to be complex numbers. This means that, instead of
quaternions with real p, we now can consider general
complex matrices q of 2 x 2 dimension parameterized
by complex numbers p;, according to (32) with the use
of the Pauli matrices expansion. The absolute value

el

squared for the new “numbers” is %tr (QTQ) ==|uo \Q—I—
|1 [*+ ol + | s], where
a" =yl +ipior + iphea +iphos. (36)

Instead of ® in the form (16), we now consider the
wave function for a particle in the form:

& =Byl —iB,61—iBy63—iBs63= Byl —i (B-&), (37)

where By and By (k = 1,2,3) are the same values
as in (10) or (16). In these notations, the system of
equations (14) can be written in the form:
i0,® = (i (6 - p) +m) ®F, (38)
where p = —iV is the momentum operator, and Pt
is a Hermitian conjugate matrix to ®. It is suitable
to accomplish (38) with the equation for ®1:
i0, 0" = (—i (6 - p) +m) d. (39)
Each of the two equations (38), (39) is equivalent to
the system of equations (14). Now, we unite the func-
tions ® and ®' into one matrix 1 (having four rows
and two columns)

Bo+iBs iB1+ B2
b= &N  (Bol+i(6'B)\ [ iBi—B: Bo—iBs
“\&/) \Byi-i(6:B)) | Bo—iBs —iBi—-B
—iB1+ B2 Bo+iBs

(40)

with the absolute value squared

1 PO
[Bol* +|Bi* + [Bof +|Bof* = tr (916).  (41)

It is obvious that the equation for 1[) has the form:
i) = (& - p) P+ mBi,

where Gy, and 3 are the Dirac matrices in the following
representation:

(42)

G =626y, B=61®1. (43)
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Thus, we have the Dirac equation (42) for two four-
component columns, or (written for each column sep-
arately) the system of two Dirac equations for or-
dinary four-component wave functions. But it is es-
sential to consider the additional condition (15) or
(20). It is also important to account for that the both
four-component wave functions are bounded between
themselves (see (40)), since we have only four com-
ponents B, where u = 0, 1, 2, 3. And due to ad-
ditional condition ((15) or (20)), one has only two
independent components of the wave function in the
considered case where S = 0.

Now, let us consider the case of a particle with spin
S = 1. We omit a detailed discussion of the neces-
sity to transform the Proca—Duffin—-Kemmer—Petiau
equations for a particle with spin .S = 1 into the sys-
tem of equations [5, 6] having regular limit at m — 0
(which is nothing but Maxwell set of equations for
massless photons). Similar discussion and transfor-
mations were carried out above for a particle with
spin S = 0. Here, we simply use the results of ref-
erence [5, 6] and formulate the system of two Dirac
equations for a particle with spin § = 1.

The first-order differential equations for a particle
with § =1 can be written in the form [5, 6]:

Opu = —[V X v] + imu,
. (44)
Ov = [V xu] —imv,
with the additional conditions
(V-u)=0, (V-v)=0. (45)

Let us introduce the wave function ¢ in the form of
a matrix (having two four-component columns):

Ug Uy — iUy

. _ (&) | uytiu —u

Y= ((Erv)) - U; ’ v, —Sz’vQ <46)
v, +1v, —v,

with the absolute value squared

° 1

2 2 At A
> (0lF + 1ulf) = 5tr (219). (47)
k=1

In these notations, the system of equations (44) takes
the form of the Dirac equation for the wave func-
tion (46)

i0p = (& p) g +mPP (48)
ISSN 2071-0194. Ukr. J. Phys. 2024. Vol. 69, No. 11

(or the system of two Dirac equations for each of the
two columns of the wave function ¢). In Eq. (48), ma-
trices &y identically coincide with the Dirac matrices

given in representation (43), while /3 has another rep-
resentation:
B=—-6301. (49)
Obviously, one can carry out a similarity transfor-
mation for matrices and obtain Eq. (48) in the same
representation as the one of (42). It is necessary to
keep in mind that the components of the wave func-
tion (46) obey conditions (45).

Thus, we have an important conclusion that the
wave functions of the both particles with spin S =0
and S = 1 formally obey the same system of two
Dirac equations, but also are constrained with differ-
ent additional conditions: (15) for S = 0, and (45)
for S = 1. In essence, the additional conditions “con-
struct” particles with even spin (S =0 or S = 1) from
two particles with spin S = %

We omit here a detailed discussion concerning the
system of equations for a particle with spin S = %,
for which it is well-known [3,4, 7] that it can be writ-
ten as a system of a few Dirac equations with addi-
tional conditions (constraints). This system of equa-
tions for a particle with spin S = %, and the above-
considered examples of the equations for particles
with spin § = 0 and S = 1 lead us to an important
generalization — an assumption that the first-order
differential equations for a particle with a given spin
S can be formulated in the form of the system of a
few Dirac equations with some additional conditions
(constraints) imposed on the components of the wave
function in order to fix the total spin S.

4. The High Energy Limit

Consider the case, where the masses of particles with
spin S = 0 and S = 1 coincide. This case may be
observed in the limit of high energies, where the dif-
ference between the experimental values of masses of
particles is negligible. Thus, let us assume that the
both particles (with spin S =0 and S = 1) have the
same mass m. If we introduce the wave function

. f+iug u,+u,

~  (I-f4+i(6-u) U, —u f—iu
F={. = Lo . 3 50
(I~g+i(6’~v)) g+ivg vy 4v, | (50)

W, — v, g—1iv,
893
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then the Dirac equation

i F = (6-p) F + mBE (51)

combines the both systems of equations for the case
S = 0 (see (14), (15)) and for S = 1 (see (44),
(45)). In order to make this fact obvious, we rewrite
system (51) in an explicit form (without use of ma-
trices):

of =—(V-v)+imf,
v =—V[f+[V xu]—imv,
dg = (V-u)—img,
ou = Vg — [V x v] 4+ imu.

(52)

One can immediately see that, at f = 0and g = 0, we
obtain, from (52), the system of equations (44), (45)
for a particle with spin S = 1, while, at f = 0 and
v =0 (or g =0 and u = 0), we obtain the system of
equations (14), (15) for a particle with spin S = 0 (in
other notations for the field components). Thus, the
wave functions for particles with spin S =0or S =1
are partial solutions of system (52).

At the same time, if we make a transition from
eight independent components f, g, u, and v of the
wave function F' (50) to eight components &,, and 7,,
(=1, 2, 3, 4) according to

fHiug U+ Uy & m

2~ U, —U f—iu & n

F= 17 U2 / 3 | S22
g+ivg 10+ v, 53 M5 ’ (53)
10—, g—1iv, [N

we find that the system of equations (51) is nothing
else but the set of two Dirac equations for two inde-
pendent particles with spin S = %

Thus, at high energies, there arise new degrees of
freedom (with spin S = ) instead of original ones
(with spin S = 0 and spin S = 1). But, at low ener-
gies, where the difference in masses of real particles
can not be neglected, these new degrees of freedom
(with spin S = %) disappear together with the valid-
ity of Eq. (51). This seems to be very similar to quark
degrees of freedom explicitly present at high energies,

but “disappearing” at low energies.

5. Conclusions

To summarize, we would like to mention the following

conclusions and make the following generalizations.
Equations for a particle with spin S can be for-

mulated in the form of a system of Dirac equations

894

with additional conditions (constraints) imposed on
the components of the wave function. In particular,
this is demonstrated for equations for particles with
spin S =0and S =1.

The equations for particles with spin S = 0 and
S =1 in the limit of high energies can be united into
the system which reveals new degrees of freedom be-
ing particles with spin S = % without any preliminary
assumptions about their existence.
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PIBHAHHSA 1J151 YACTUHOK 31 CITIHOM
S=01S5=1VY CIIIHOPHOMY ITPEJICTABJIEHHI

PiBusinus st gacTuHOK 31 ciinom S = 01 S = 1 upejcraBiieHo
y dopwmi cucremu ABoX piBHsiHB Jlipaka i3 70/1aTKOBUMU yMOBa-
MU (B’I36IMH), sIKI HAKJIAQJAIOTHCS HA KOMIIOHEHTH XBHJIBOBUX
dbyuxuiit. ¥ Bunaaxky Torokuux mMac (a0 B rpaHMIll BUCOKUX
€Hepriii, KOJM PI3HUIEI0 MaC MOXKHA HEXTYBaTH), COOPMYJIBO-
BaHO OO’€QHAHY CHCTEMY PIBHSHDL, TACTHHHI PO3B’A3KH SKOI
CIIBIIAJAIOTH i3 TUMH, [0 BUILUIMBAIOTH 3 DIBHAHb JJIs CIIHY
S =018 =1, iogHouyacHo € ABOMa piBHsiHHsAMU [lipaka st
[IBOX HE3aJIe’KHUX YacTHHOK 3i cminom S = 1/2. Banpomono-
BaHO IPUHIMII [TOOY/I0BM PiBHSAHB JJISI YACTHHOK i3 JIOBIIBHUM
CIIIHOM y CHIHOPHOMY IID€JICTaBJIEHHI.

Karwwoei caosa: piBaarHA [lipaka, piBHAHHS IIEPIIOTO II0-
PAJIKY BiJTHOCHO MOXiAHUX It YAcTUHOK 3i cminom S = 0 i

S=1
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