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PROTON AND NEUTRON PAIRING PROPERTIES
WITHIN A MIXED VOLUME-SURFACE PAIRING TYPE
USING THE HARTREE–FOCK–BOGOLYUBOV THEORY

This work aims at systematic investigations of the proton and neutron pairing properties and
Fermi energies in the region from the proton drip-line to the neutron drip-line. In order to
obtain a more accurate mass formula with the Skyrme (SKI3) force, the global descriptive
power of the Skyrme–Hartree–Fock–Bogoliubov model for pairing properties is applied. Syste-
matic Skyrme–HFB calculations with a mixed volume-surface pairing are carried out to study
the ground-state proton pairing gap, neutron and proton pairing energies, and the neutron
and proton Fermi energies for about 2095 even-even nuclei ranging from 2 6 𝑍 6 110 to
2 6 𝑁 6 236 . The calculated values of proton pairing gaps are compared with experimental
data, by using the difference-point formulas Δ(3), Δ(4), and Δ(5), and compared with the proton
pairing gap in the Lipkin–Nogami model. It is shown that the Skyrme (SKI3) force with the
mixed volume-surface pairing can be successfully used for describing the ground-state proton
pairing gap, proton and neutron pairing energies, and proton and neutron Fermi properties of
the investigated nuclei, in particular, the neutron-rich nuclei and the exotic nuclei near the
neutron drip-line. On the other hand, the calculated proton pairing gap shows the acceptable
agreement with the available experimental values of the proton pairing gap with the use of the
difference-point formulas Δ(3), Δ(4), and Δ(5) and with the data of the Lipkin–Nogami model
over the whole nuclear chart.
K e yw o r d s: Skyrme–Hartree–Fock–Bogoliubov theory (SHFB), proton pairing gap, proton
and neutron pairing energies, proton and neutron Fermi energies.

1. Introduction
The pairing correlations can be considered as a ma-
jor ingredient in describing the nuclear ground-state
properties for the finite nuclei. It is based on the so-
called BCS approximation, which was introduced by
Bardeen–Cooper–Schrieffer in superconductivity the-
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ory in metals. The nuclear pairing correlations were
established, for the first time, about 60 years ago [1,
2]. Till today, the study of the structure of exotic nu-
clei, which are lying away from the beta-stability line
and close to the proton or neutron drip-line, plays
an important role in describing and understanding
the properties of low-lying nuclei in the ground-state.
Those nuclei (exotic or halo nuclei) which are lying in
the regions far from the 𝛽-stability line have attracted
a wide attention and represent one of the most open
and active areas of research in the field of nuclear
physics, both theoretically and experimentally [3–7].

To describe the nuclear ground-state properties
such as the pairing gap and the pairing energy of ex-
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otic nuclei, especially on those regions on the neutron-
rich side of the 𝛽-stability valley, an appropriate the-
oretical framework is needed to describe these exotic
regions [8, 9]. The Hartree–Fock–Bogoliubov (HFB)
approach is a good theoretical framework to study
and describe the nuclear pairing correlations [10–
16]. In general, the HFB theory consists of two parts:
first, the self-consistent mean-field from the Hartree–
Fock (HF) theory which describes the long-range part
as the particle-hole (p-h) channel used in closed-
shell configurations, and the second part is the pair-
ing correlations obtained from the Bardeen–Cooper–
Schrieffer (BCS) theory [17] of superconductivity in
metals, which describes the short-range part as the
particle-particle (p-p) channel used in open-shell con-
figurations. By depending on the two channels, the
density matrix (𝜌𝑖𝑗) and the pairing tensor density
(𝜅𝑖𝑗) can be used to characterize the nuclear sys-
tem. The two parts were unified and achieved in a
general HFB formalism using a variational principle
[18, 19].

In the previous paper [20], we have studied the
ground-state binding energy, two-neutron separa-
tion energy (𝑆2𝑛), quadrupole deformation parameter
(𝛽2), charge radii, neutron and proton rms radii, and
neutron pairing gaps of the whole nuclear chart. Our
previous study [20] with the Skyrme (SKI3) force
showed success in describing the ground-state proper-
ties by comparing the calculated results with the ex-
perimental data and other models such as the Finite
Range Droplet Model (FRDM), Relativistic Mean-
Field (RMF) model, and HFB calculations based on
the D1S Gogny force. The authors S.A. Changizi, et
al. in Refs. [21, 22] presented a systematic study of
the neutron pairing gaps predicted by HFB calcu-
lations with the Skyrme (SLy4) parameter with the
different volume, surface, and mixed volume-surface
pairing types. Thus, in order to make a comprehen-
sive perception to describe the nuclear landscape with
different Skyrme forces, we will investigate the prop-
erties of the proton pairing gap, proton and neu-
tron pairing energies, and neutron and proton Fermi
energies for about 2095 even-even nuclei with (He)
2 6 𝑍 6 110 (Ds) over a wide range of isotopes start-
ing from the neutron number 𝑁 = 2 to 𝑁 = 236
(4 6 𝐴 6 346). The investigated properties of the
whole nuclear chart are based on the HFB theory us-
ing Skyrme (SKI3) force [23] with a mixed volume-
surface pairing type. The calculated results for the

proton pairing gap have been compared with the pro-
ton pairing gap of the available experimental data by
the difference-point formulas Δ(3), Δ(4), and Δ(5),
and also compared with the proton pairing gap ob-
tained in the Lipkin–Nogami model (ΔLN

𝑝 ) data [24–
26] to show the consistence and the validity of our cal-
culated results. It is necessary to mentioned that the
studies of the whole nuclear chart with the Skyrme
(SKI3 parameter are few somewhat in the nuclear
structure, for this reason; this force (SKI3) was cho-
sen in this study, because it gives a good predictions
and results in describing the nuclear structure (see
Ref. [20], for example).

The structure of this paper is organized as fol-
lows. In Sec. 2, a brief theoretical framework of the
HFB approach is presented. The numerical details of
this study are given in Sec. 3. The results and discus-
sion are given in Sec. 4. Finally, the conclusions are
presented in Sec. 5.

2. The HFB Formalism

The HFB approach has been extensively discussed
in the literature [10–12], and we will only briefly in-
troduce it here. In the standard HFB formalism, the
two-body Hamiltonian of a system of fermions can be
expressed in terms of a set of annihilation and cre-
ation operators (𝑐, 𝑐†) [10, 11]:

𝐻 =
∑︁
𝑛1𝑛2

𝑒𝑛1𝑛2𝑐
†
𝑛1
𝑐𝑛2 +

+
1

4

∑︁
𝑛1𝑛2𝑛3𝑛4

𝑣𝑛1𝑛2𝑛3𝑛4
𝑐†𝑛1

𝑐†𝑛2
𝑐𝑛4

𝑐𝑛3
, (1)

where the first term corresponds to the kinetic energy,
and 𝑣𝑛1𝑛2𝑛3𝑛4

= ⟨𝑛1𝑛2|𝑉 |𝑛3𝑛4 − 𝑛4𝑛3⟩ is the matrix
element of the two-body interaction between anti-
symmetrized two-particle states. The HFB ground-
state wave function |Φ⟩ is defined as the quasiparticle
vacuum 𝛼𝑘|Φ⟩ = 0, where the quasiparticle operators
(𝛼, 𝛼†) are connected to the original particle opera-
tors via a linear Bogoliubov transformation [10, 11]:

𝛼𝑘 =
∑︀

𝑛(𝑈
*
𝑛𝑘𝑐𝑛 + 𝑉 *

𝑛𝑘𝑐
†
𝑛),

𝛼†
𝑘 =

∑︀
𝑛(𝑉𝑛𝑘𝑐𝑛 + 𝑈𝑛𝑘𝑐

†
𝑛),

}︃
(2)

which can be rewritten in the matrix form as:(︁𝛼
𝛼†

)︁
=

(︂
𝑈† 𝑉 †

𝑉 𝑇 𝑈𝑇

)︂(︁ 𝑐
𝑐†
)︁
. (3)
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The matrices 𝑈 and 𝑉 satisfy the relations [10, 11]:

𝑈†𝑈 + 𝑉 †𝑉 = 𝐼,

𝑈𝑈† + 𝑉 *𝑉 𝑇 = 𝐼,

𝑈𝑇𝑉 + 𝑉 𝑇𝑈 = 0,

𝑈𝑉 † + 𝑉 *𝑈𝑇 = 0.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (4)

In terms of the normal density 𝜌 and pairing tensor
𝜅, the one-body density matrices are:

𝜌𝑛𝑛́ = ⟨Φ|𝑐†𝑛́𝑐𝑛|Φ⟩ = (𝑉 *𝑉 𝑇 )𝑛𝑛́,

𝜅𝑛𝑛́ = ⟨Φ|𝑐𝑛́𝑐𝑛|Φ⟩ = (𝑉 *𝑈𝑇 )𝑛𝑛́.

}︃
(5)

The expectation value of Eq. (1) can be expressed in
an energy functional as [10, 11]:

𝐸[𝜌, 𝜅] =
⟨Φ|𝐻|Φ⟩
⟨Φ|Φ⟩

= Tr

[︂(︂
𝑒+

1

2
Γ

)︂
𝜌

]︂
− 1

2
Tr [Δ𝜅*],

(6)
where the self-consistent term is:

Γ𝑛1𝑛3
=

∑︁
𝑛2𝑛4

𝑣𝑛1𝑛2𝑛3𝑛4
𝜌𝑛4𝑛2

, (7)

and the pairing field term is:

Δ𝑛1𝑛2 =
1

2

∑︁
𝑛3𝑛4

𝑣𝑛1𝑛2𝑛3𝑛4𝜅𝑛3𝑛4 . (8)

The variation of the energy (Eq. (6)) with respect to
𝜌 and 𝜅 leads to the HFB equations [10, 11]:(︁
𝑒+ Γ− 𝜆 Δ

−Δ* −(𝑒+ Γ)* + 𝜆

)︁(︁
𝑈
𝑉

)︁
= 𝐸

(︁
𝑈
𝑉

)︁
, (9)

where the Lagrange multiplier 𝜆 has been introduced
to fix the correct average particle number, and Δ de-
notes the pairing potential.

3. Numerical Details

In this paper, the ground-state properties of the
even-even nuclei have been investigated by using the
code HFBTHO (v2.00d) [12] with the Skyrme (SKI3)
force [23], which utilizes the axial Transformed Har-
monic Oscillator (THO) single-particle basis to ex-
pand quasiparticle wave functions. It iteratively di-
agonalizes the HFB Hamiltonian based on general-
ized Skyrme-like energy densities and a zero-range
pairing interaction until a self-consistent solution is
found [11, 12].

The calculations were performed with a mixed
volume-surface pairing type using a cutoff quasipar-
ticle energy 𝐸cut = 60 MeV, which means that all the
quasiparticles with the energy lower than the cutoff
are taken into account in the calculations of the den-
sities. The Harmonic Oscillator (HO) basis was char-
acterized by the oscillator length 𝑏 = −1.0 fm, which
means that the code automatically sets 𝑏0 by using
the relation for the HO frequency [12]:

𝑏0 =
√︀

~/𝑚𝜔, (10)

where ~𝜔 = 1.2× 41/𝐴1/3. In order to obtain a more
accurate results, the number of oscillator shells (the
principal number of oscillator shells 𝑁) taken into
account was 𝑁max = 20 shells. The axial deformation
parameter (𝛽2) of the basis was 0.2 (the deforma-
tion value 0.2 is a value that mediates the values of
large and small deformations). The input data of the
pairing strength in the code HFBTHO (v2.00d) in
Eq. (11) for neutrons 𝑉 𝑛

0 and protons 𝑉 𝑝
0 have been

used as a pre-defined pairing force depending on a
standard value of each Skyrme force used in the code
HFBTHO. In the case of the SKI3 force, the pairing
strength value for neutrons 𝑉 𝑛

0 = −357.23 MeV and,
for protons, 𝑉 𝑝

0 = −388.56 MeV. It is always assumed
that the pairing force reads:

𝑉 𝑛,𝑝
pair(r) = 𝑉 𝑛,𝑝

0

(︂
1− 𝛼

𝜌(r)
𝜌𝑐

)︂
𝛿(r − ŕ). (11)

Where 𝜌(r) is the local density, and 𝜌𝑐 is the satura-
tion density, fixed at 𝜌𝑐 = 0.16 fm−3, and the type
of a pairing force defined by the parameter 𝛼, which
can be volume, surface, or mixed volume-surface char-
acteristics [12]. More about numerical details can be
found in Refs. [20, 27].

4. Results and Discussion

In this section, the ground-state properties of the
pairing and Fermi properties for about 2095 even-
even nuclei with (He) 2 6 𝑍 6 110 (Ds) over a wide
range of isotopes starting from the neutron number
𝑁 = 2 to 𝑁 = 236 (4 6 𝐴 6 346) will be investigated
and discussed by using the skyrme–HFB theory with
the mixed volume-surface zero-range pairing force in-
teraction.

4.1. Proton pairing gap

The proton pairing gap can be expressed in the same
way as in the neutron pairing gap, only by keeping
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Fig. 1. (Color online) HFBTHO calculations with the mixed volume-surface pairing type for
759 even-even nuclei as a function of the proton (𝑍) and neutron (𝑁) numbers: (left panel)
the calculated proton pairing gap with Skyrme (SKI3) force, in comparison with the values of
the experimental formulas Δ

(3)
𝑁 (𝑍),Δ

(4)
𝑁 (𝑍) and Δ

(5)
𝑁 (𝑍) (right panel)

the neutron number (𝑁) constant and varying the
proton number (𝑍) around neighboring isotones. In
Fig. 1 (left panel), the calculated results for 759
even-even nuclei concerning the proton pairing gap
from 𝑍 = 4, 𝑁 = 2 to 𝑍 = 110, 𝑁 = 170 with
Skyrme (SKI3) force have been plotted as a function
of the proton (𝑍) and neutron (𝑁) numbers and com-
pared with the available experimental data of many
finite-difference formulas which are often interpreted
as a measurement of the empirical gap, as it seen in
Fig. 1 (right panel). The three-point Δ(3)

𝑁 (𝑍) formula

is expressed as [28, 29]:

Δ
(3)
𝑁 (𝑍) ≡ 𝜋𝑍

2
[𝐵𝐸(𝑁,𝑍 − 1) +𝐵𝐸(𝑁,𝑍 + 1)−

− 2𝐵𝐸(𝑁,𝑍)]. (12)

The four- Δ
(4)
𝑁 (𝑍) and five-point Δ

(5)
𝑁 (𝑍) formulas

can be defined as [2, 28, 30–32]:

Δ
(4)
𝑁 (𝑍) ≡ 𝜋𝑍

4
[𝐵𝐸(𝑁,𝑍 − 2) + 3𝐵𝐸(𝑁,𝑍)−

− 3𝐵𝐸(𝑁,𝑍 − 1)−𝐵𝐸(𝑁,𝑍 + 1)]. (13)
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Fig. 2. (Color online) Skyrme SKI3-HFBTHO calculations of proton pairing gap with the
mixed volume-surface pairing type for 759 even-even nuclei in comparison with the formulas
Δ

(3)
𝑁 (𝑍), Δ

(4)
𝑁 (𝑍), and Δ

(5)
𝑁 (𝑍) values (left panel) as a function of the neutron number (𝑁)

and (right panel) as a function of the proton number (𝑍)

Δ
(5)
𝑁 (𝑍) ≡ −𝜋𝑍

8
[𝐵𝐸(𝑁,𝑍 + 2) + 6𝐵𝐸(𝑁,𝑍)+

+𝐵𝐸(𝑁,𝑍 − 2)− 4𝐵𝐸(𝑁,𝑍 − 1)−

− 4𝐵𝐸(𝑁,𝑍 + 1)]. (14)

In Fig. 1 (left panel), the calculated results for the
proton pairing gap with the SKI3 force are ranged
from 0 MeV for many nuclei (for example, 40Ca)
up to the maximum value ≈3.44 MeV at 𝑍 = 4,
𝑁 = 6 (10Be), whereas the values of Δ

(3)
𝑁 (𝑍) are

ranged between 0.748 MeV at 𝑍 = 104, 𝑁 = 150

(254Rf) up to the maximum value 8.72 MeV at 𝑍 = 4,
𝑁 = 4 (8Be). The values of Δ

(4)
𝑁 (𝑍) are ranged be-

tween 0.53 MeV at 𝑍 = 40, 𝑁 = 66 (106Zr) up to the
maximum value 6.18 MeV at 𝑍 = 4, 𝑁 = 4 (8Be), and
the values of Δ(5)

𝑁 (𝑍) are ranged between 0.63 MeV
at 𝑍 = 104, 𝑁 = 152 (256Rf) up to the maximum
value 5.97 MeV at 𝑍 = 4, 𝑁 = 4 (8Be) as seen in
Fig. 1 (right panel).

Figure 2 (left panel) shows the calculated proton
pairing gap in comparison with the Δ

(3)
𝑁 (𝑍), Δ(4)

𝑁 (𝑍),

and Δ
(5)
𝑁 (𝑍) values as a function of the neutron
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Fig. 3. (Color online) HFBTHO calculations with the mixed volume-surface pairing type for
2076 even-even nuclei as a function of the proton (𝑍) and neutron (𝑁) numbers: (a) calculated
proton pairing gap with the SKI3 force in comparison with the (b) proton pairing gap in the
Lipkin–Nogami model [24]

Fig. 4. (Color online) Same as Fig. 3, but as a function of the neutron number 𝑁 only

number (𝑁). The calculated results with the Skyrme
(SKI3) force started with a high values at the light
nuclei regions (from 𝑍 = 2, 𝑁 = 4 to 𝑍 = 20,
𝑁 = 24) and decreased as the number of neutrons
increases. In general, the calculated results show the
clear consistency with the values of Δ(3)

𝑁 (𝑍), Δ
(4)
𝑁 (𝑍),

and Δ
(5)
𝑁 (𝑍) formulas (especially with the Δ

(4)
𝑁 (𝑍)

formula). The same behavior can be seen in Fig. 2
(right panel) which shows the calculated proton pair-
ing gap in comparison with the Δ

(3)
𝑁 (𝑍), Δ

(4)
𝑁 (𝑍),

and Δ
(5)
𝑁 (𝑍) values as a function of the proton num-

ber (𝑍). It is worth to mention that the values of
the calculated proton pairing gap for most nuclei
that have magic (or semimagic) numbers with 𝑍,
𝑁 = 8, 20, 28, 50, 82, and 126 found to be with a
zero values, while the difference pairing gap formu-
las (Δ(3)

𝑁 (𝑍), Δ
(4)
𝑁 (𝑍) and Δ

(5)
𝑁 (𝑍)) do not have a

zero values for the nuclei with magic (or semi-magic)
numbers.

In Fig. 3, a, the calculated results for even-even
proton pairing gaps (ΔSKI3

𝑝 ) with the SKI3 force have
been plotted as a function of the proton (𝑍) and neu-

tron (𝑁) numbers and compared with the available
data of the proton pairing gap (ΔLN

𝑝 ) in the Lipkin–
Nogami model [24] as seen in Fig. 3, b. In Fig. 3, a, the
calculated/measured values of ΔSKI3

𝑝 for 2076 even-
even nuclei from 𝑍 = 8, 𝑁 = 8 (16O) to 𝑍 = 110,
𝑁 = 236 (346Ds) are ranged from 0 MeV for many
nuclei (for example, 56Ni) up to the maximum value
≈2.72 MeV at 𝑍 = 12, 𝑁 = 8 (20Mg), whereas
the values of ΔLN

𝑝 are ranged between 0.72 MeV at
𝑍 = 108, 𝑁 = 160 (268Hs) up to the maximum
value 3.58 MeV at 𝑍 = 8, 𝑁 = 10 (18O) as seen
in Fig. 3, b. The values of ΔSKI3

𝑝 in the regions with
8 6 𝑍,𝑁 6 50 are not so regular as in the same
regions for ΔLN

𝑝 values. However, the regions above
𝑍,𝑁 > 50 (green and blue colors with 0.72 and 1 MeV
6ΔSKI3

𝑝 6 1 and 1.5 MeV, respectively) up to the end
of the chart show the clear consistency with the val-
ues of ΔLN

𝑝 , except for some small regions (𝑁 > 82)
with red color (1.5 ↔ 2 MeV) that appear in ΔSKI3

𝑝

chart and do not found in ΔLN
𝑝 chart. Moreover, the

large values of ΔSKI3
𝑝 and ΔLN

𝑝 are concentrated in the
regions with light nuclei with 𝑁 6 43, as is clear from
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Fig. 5. (Color online) HFBTHO calculations with the mixed volume-surface pairing for 2095
even-even nuclei as a function of (𝑍) and (𝑁): (a) and (b) are calculated neutron and proton
pairing energies with Skyrme (SKI3) force, respectively, (c) and (d) are the calculated neutron
and proton Fermi energies with the Skyrme (SKI3) force, respectively

Fig. 3, a, b for ΔSKI3
𝑝 and ΔSKI3

𝑝 , respectively. Ano-
ther note that follows from Fig. 3, a is that the values
of the ΔSKI3

𝑝 for all the nuclei with the double magic
or semimagic numbers (𝑍 = 𝑁 = 2, 8, 20, ..., 184) are
0 → 0.72 MeV as expected. This behavior is not
found in proton pairing gap values in the Lipkin–
Nogami model ΔLN

𝑝 .
In Fig. 4, a, the calculated results for ΔSKI3

𝑝 with
the SKI3 force have been plotted as a function of the
neutron (𝑁) number and compared with the avail-
able data of ΔLN

𝑝 in the Lipkin–Nogami model [24],
as shown in Fig. 4, b. The values of ΔSKI3

𝑝 started with
a large values in the regions of light nuclei and began
to decrease toward the neutron drip-line as the neu-
tron number increases for both the calculated results
with ΔSKI3

𝑝 and the Lipkin–Nogami ΔLN
𝑝 data. The

calculated results with ΔSKI3
𝑝 are not so regular as

in the Lipkin–Nogami model with ΔLN
𝑝 . The regions

with the magic numbers (𝑁 = 82, 126 and 184) ap-
pear as peaks, as shown in Fig. 4, a, b for ΔSKI3

𝑝 and
ΔLN

𝑝 , respectively. Remarkably, the regions of those
nuclei which located between the magic numbers have
low values of ΔSKI3

𝑝 and ΔLN
𝑝 which is clearly seen

as fluctuations in Fig. 4, a, b for ΔSKI3
𝑝 and ΔLN

𝑝 ,
respectively.

4.2. Neutron and proton
pairing energies and Fermi energy

The pairing energy and the Fermi energy are the
important features in the description of the prop-
erties of nuclei. From the Fermi energy, we can ob-
tain an important information, especially about the
exotic nuclei near/at the neutron drip-line region
by showing the boundaries of the nuclear landscape
[25, 26, 33, 34].

The calculated results for the neutron pairing
energy 𝐸𝑛

Δ [Fig. 5, a], proton pairing energy 𝐸𝑝
Δ

[Fig. 5, b], neutron Fermi energy 𝜆𝑛 [Fig. 5, c],
and proton Fermi energy 𝜆𝑛 [Fig. 5, d] using the
mixed volume-surface pairing with Skyrme (SKI3)
force have been plotted as a function of the proton
(𝑍) and neutron (𝑁) numbers. In Fig. 5, a, the cal-
culated values of 𝐸𝑛

Δ for 2095 even-even nuclei from
𝑍 = 2, 𝑁 = 2 (4He) to 𝑍 = 110, 𝑁 = 236 (346Ds)
are ranged from 0 MeV for many nuclei (for exam-
ple, 4He) up to the maximum value ≈ −29.888 MeV
at 𝑍 = 46, 𝑁 = 110 (156Pd). The values of 𝐸𝑝

Δ are
ranged between 0 MeV at 𝑍 = 2, 𝑁 = 2 (4He) up
to the maximum value –21.992 MeV at 𝑍 = 100,
𝑁 = 126 (226Fm), as is seen in Fig. 5, b. The values of
𝜆𝑛 are ranged between –30.504 MeV at 𝑍 = 6, 𝑁 = 2
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Fig. 6. (Color online) Same as Fig. 5, but as a function of the neutron number 𝑁 only

Fig. 7. (Color online) Same as Fig. 6, but as a function of the proton number 𝑍 only

(8C) up to the maximum value 2.96 MeV at 𝑍 = 20,
𝑁 = 72 (92Ca), as is seen in Fig. 5, c, and the val-
ues of 𝜆𝑝 are ranged between –36.522 MeV at 𝑍 = 8,
𝑁 = 34 (42O) up to the maximum value 3.889 MeV
at 𝑍 = 52, 𝑁 = 48 (100Te), as is seen in Fig. 5, d.

The calculated 𝐸𝑛
Δ, 𝐸𝑝

Δ, 𝜆𝑛, and 𝜆𝑝 with the SKI3
force have been plotted as a function of the neutron
(𝑁) number, as is shown in Fig. 6, a, b, c, d, respec-

tively. As can be seen from Fig. 6, a, the regions be-
tween the magic numbers (𝑁 = 50, 82, 126 and 184)
have a large values of 𝐸𝑛

Δ, and appear as peaks. It
should be mentioned that most nuclei with the neu-
tron magic numbers have a 𝐸𝑛

Δ value close to the
zero line (i. e., between 0 → −0.5 MeV). In contrast
to the Fig. 6, a, the regions with the magic numbers
(𝑁 = 50, 82, 126 and 184) have a large values of 𝐸𝑝

Δ
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and appear as peaks, as is shown in Fig. 6, b. Remar-
kably, the regions of those nuclei which are located
between the magic numbers have low values of 𝐸𝑝

Δ

which is clearly seen as fluctuations in Fig. 6, b. The
neutron Fermi energy 𝜆𝑛 in Fig. 6, c starts with large
values at the regions of light nuclei. Then, as the neu-
tron number begin to increase, the 𝜆𝑛 begin to de-
crease toward the neutron drip-line, until it reaches
the zero line.

In the regions with the magic numbers (𝑁 = 50, 82
and 126), we see that the 𝜆𝑛 values of these num-
bers are higher than (sharp drop) in the neighboring
regions, and this property can be observed, which ap-
pears in Fig. 6, c, as prominent peaks. The positive
energy values of 𝜆𝑛 are concentrated in the regions
of nuclei with 12 6 𝑁 6 94, 128 6 𝑁 6 136 and
186 6 𝑁 6 200, whereas the positive energy values
of 𝜆𝑝 are focused in the regions with 2 6 𝑁 6 154,
as can be seen in Fig. 6, c, d for the neutron and
proton Fermi energies, respectively. The 𝜆𝑝 values of
the isotopic chain are more regular in the process of
decreasing with the increasing of the neutron number
𝑁 , as is shown in Fig. 6, d.

The calculated results for 𝐸𝑛
Δ, 𝐸𝑝

Δ, 𝜆𝑛, and 𝜆𝑝 with
the SKI3 force have been presented as a function of
the proton (𝑍) number, as is shown in Fig. 7, a, b, c,
d, respectively. In contrast to Fig. 6, a, the regions
with the magic numbers (𝑁 = 28, 50 and 82) have
large values of 𝐸𝑛

Δ and appear as peaks. Remarkably,
the regions of those nuclei which are located between
the magic numbers have low values of 𝐸𝑛

Δ, as is shown
in Fig. 7, a, while that regions between the magic
numbers 𝑁 = 28, 50, and 82 have large values of the
proton pairing energy 𝐸𝑝

Δ, as is seen in Fig. 7, b. The
positive energy values of 𝜆𝑛 are concentrated in the
regions of nuclei with 4 6 𝑍 6 44, 54 6 𝑍 6 62 and
80 ≤ 𝑍 ≤ 88. The positive energy values of 𝜆𝑝 are
concentrated in the regions with 6 6 𝑍 6 110, as
can be seen in Fig. 7, c, d for 𝜆𝑛 and 𝜆𝑝, respectively.
Both 𝜆𝑛 and 𝜆𝑝 for the isotopic chain are more regular
in the process of decreasing with the increasing of the
proton number 𝑍.

5. Conclusions

In this work, the ground-state properties for about
2095 even-even nuclei (2 6 𝑍 6 110) over a wide
range of isotopes (2 6 𝑁 6 236, 4 6 𝐴 6 346)
of the whole nuclear chart have been systematically
studied by using the Skyrme (SKI3) force with the

mixed volume-surface pairing in the framework of
the Hartree–Fock–Bogoliubov theory. The calculated
ground-state properties include the proton pairing
gap, neutron and proton pairing energies, and neu-
tron and proton Fermi energies. The calculated pro-
ton pairing gaps have been compared with the exper-
imental proton pairing gaps using the formulas Δ(3),
Δ(4), and Δ(5) and are compared with the proton
pairing gaps in the Lipkin–Nogami model. We con-
clude that the Skyrme (SKI3) force with the mixed
volume-surface pairing can be successfully used for
describing the proton pairing gap, neutron and pro-
ton pairing energies, and neutron and proton Fermi
energies of the investigated nuclei, in particular, the
neutron-rich nuclei and the exotic nuclei near the neu-
tron drip-line. Moreover, the calculated proton pair-
ing gaps show a good agreement with experimental
data with the use of the difference-point formulas
Δ(3), Δ(4), and Δ(5) and with the Lipkin–Nogami
model. Finally, we have obtained a regular agree-
ment of the calculated proton pairing gaps with the
difference-point formulas (in particular, with Δ(3)

and Δ(4)) for 20 6 𝑍 6 110, 20 6 𝑁 6 170, ex-
cept for some nuclei (with red color in the chart of
nuclei), as well as the agreement of the calculated
proton pairing gaps with those in the Lipkin–Nogami
model 26 6 𝑍 6 110, 26 6 𝑁 6 236, except for some
nuclei (with yellow color in the chart of nuclei).
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ВЛАСТИВОСТI ЗМIШАНОГО
ОБ’ЄМНО-ПОВЕРХНЕВОГО ДВIЙКУВАННЯ
ПРОТОНIВ I НЕЙТРОНIВ В ТЕОРIЇ
ХАРТРI–ФОКА–БОГОЛЮБОВА

Дослiджено властивостi двiйкування протонiв i нейтронiв
та їхнi енергiї Фермi в областi мiж протонною i нейтрон-
ною лiнiями стабiльностi. Щоб отримати бiльш точну ма-
сову формулу у випадку сили Скiрма (SKI3), ми застосу-
вали модель Скiрма–Хартрi–Фока–Боголюбова. В рамках
цiєї моделi, для змiшаного об’ємно-поверхневого утворення
пар протонiв i нейтронiв розраховано щiлину для двiйку-
вання протонiв в основному станi, енергiї двiйкування та
енергiї Фермi для близько 2095 парно-парних ядер у дiапа-
зонi 2 6 𝑍 6 110 i 2 6 𝑁 6 236. Ми спiвставили результати
розрахункiв щiлин для двiйкування протонiв з експеримен-
тальними даними, використовуючи рiзницево-точковi фор-
мули Δ(3), Δ(4) та Δ(5), i з результатами моделi Лiпкiна–
Ногамi. Зокрема, нам вдалося отримати цiлком прийнятнi
результати для ядер, багатих на нейтрони, та екзотичних
ядер бiля нейтронної лiнiї стабiльностi.

Ключ о в i с л о в а: теорiя Скiрма–Хартрi–Фока–Боголю-
бова, щiлина протонного двiйкування, енергiя двiйкування,
енергiя Фермi.
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