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VARIATIONAL CALCULATION
OF LITHIUM-LIKE IONS FROM B*2 TO N** USING
B-TYPE ROOTHAAN-HARTREE-FOCK WAVEFUNCTION

Within the KaKfB, KaLa, and KBLa shells in the position space, the properties of a series
of three-electron systems, for instance, BY2, C™3, and Nt ions, have been studied. This
required the partitioning of the two-particle space-spin density and was explicit for the Hartree—
Fock description which have been proposed by considering a basis set based on single-zeta
B-type orbitals (BTOs). The one- and two-body radial electronic densities R(r1), R(ri,r2),
moments (r1), X-ray form factor F(s), nucleus density R(0), nuclear magnetic shielding
constant o4, and the diamagnetic susceptibility s in the position space are reported. Qur
results are realized via the Mathematica program and compared with previous theoretical values
in the literature.
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1. Introduction

The non-relativistic ground states of three-particle
systems have been a topic of the wide quantum
computational research using the Roothaan—Hart-
ree-Fock (RHF), configuration-interaction (CI), and
Hylleraas wavefunctions [1-4]. The RHF approxima-
tion is of crucial importance for the accuracy of
results in the estimation of fundamental physical
properties of atoms and molecules. Indeed, several
kinds of exponential-type orbital (ETO), for instance,
Slater-type orbitals (STOs) [5-7] and S-type orbitals
(8TOs) [8] have already discussed and realized in
the calculations of the electronic structure of atoms
and molecules. However, STOs can be represented
by linear combinations of the 8 function [9-11]. The
major feature of the [ function is its very sim-
ple Fourier transform [12] which is related to com-
pact general formulas for molecular integrals deriv-
able using the Fourier transform method [13]. Va-
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rious studies of three-electron systems, for instance,
in Refs. [14,15] present the nonrelativistic variational
calculation of Li-isoelectronic series using the Hyller-
aas functions. The radial properties of the electronic
density function in Refs. [16, 17] have been studied
in closed form for the 2S states. The density at nu-
clei expectation values, as well as quadrupole and oc-
tupole polarizabilities, have been considered in Refs.
[18-20], respectively. In Ref. [21], the scattering and
magnetic form factors were calculated, respectively,
for the ground states of Li-like ions obtained via
highly accurate configuration-interaction wave func-
tion. Indeed, the scattering form factors have studied
in Refs. [22, 23] for the ground states of the Li-like
ions with the full core plus correlation wave function.

Motivated by this, we carried out the HF wavefunc-
tion calculations for KaKg, KaLa, and KSLa shells
of three-electron systems that possess the basis sets
described by single-zeta STOs [8]. We mainly focus
on the theoretical technique for one- and two-radial
densities R(r1) and R(r1, r2), respectively, which have

ISSN 2071-0194. Ukr. J. Phys. 2021. Vol. 66, No. 8



Roothaan—Hartree—Fock Wavefunction

an important feature in the realization in the atomic
and molecular studies [24, 25] and determine the ra-
dial expectation moments (r7") for n = —2, ..., 2, elec-
tron density at a nucleus R(0), X-ray form factor
F(s), nuclear magnetic shielding constant o4, and the
diamagnetic susceptibility .

2. Wavefunction

The trial wavefunction of the RHF approximation is
considered to be a Slater determinant of mutually or-
thonormal single-particle states, and it satisfies the
antisymmetry with respect to the interchange of any
two particles[26]. We have

Vyp (X1, X2, ...,XN) =

xi(x1)  xa(x1) X (x1)
_ L Ixalxe)  xe(x2) XN (%2) (1)
VL z a
x1(xn)  x2(xn) XN (xn)

Here, x(x;) denote the spin-orbital components and
is defined as

J
X = ZCTZle(pnle (2)
=1

where CZle is the constant coefficient that is calcu-
lated by minimizing the total energy, and the basis
function ¢y, denotes the normalized STOs which
take the form

XQ?; (O‘; r,0, 90) = Nq,l rlYlm (97 (I)) Rq—l/2 (O‘T) (3)

where N, ; means the normalization of the radial part
[9,11,27,28]:

N 2itag!+t [al' (20 + 2q + 2) I'T (1 + 2q) (1)
L Y L2 +49)T(20+1)

where I'(z) is the gamma function; Y;™ (8, ®) denotes
the complex or real spherical harmonic:

1
—=Pim
o Uml

Here, P;;,| are normalized associated Legendre func-
tions for complex spherical harmonics. For real har-
monics, D, (P) has the form

1 cos|m| @, for m >0,
T (1+ 6,m0) \sin|m| @, for m <0,

ISSN 2071-0194. Ukr. J. Phys. 2021. Vol. 66, No. 8

Y™ (0,0) = (cos @) e™®. (5)

D, (P) = (6)

Rq_1/2 (ar) represents the reduced Bessel function
with integer ¢ > 1 and is given by

S CE 1C o L

prd T(qg—d)i2t
We will show that STOs have form of a linear com-
bination of STOs [8,9] due to the simplicity of their
Fourier transforms. This enables us to approximate
two-center distributions by a sum of one-center dis-
tributions placed at the line connecting the original
two centers [8,29]. Therefore, we have considered the
single Zeta BTOs basis sets that were obtained in
Ref. [8].

3. Theoretical Consideration
3.1. Two-Radial Density Function R(r1,7T2)

The two-electron density function IT(z1,x2) denotes
the probability density of the electrons, whereas the
position of one electron at 71, while the other electron
at ro simultaneously, II(z1, 22) is defined by [30, 31]

IT (x1,x2) :N/dxp...dxq\Il(xl,xz,xp,...,xq) X

-+ Xq), (8)

where x; = (r;,0;, ®;,7;) represents the combination
of space and spin coordinates of N electrons, while
dx,, ...dx, correspond to the integration over all N
electrons except for 1 and 2. In particular, the con-
stant N' = [II(z1, x2)dz1dzy = NI/(2I(N — 2)!) is
the normalization one for electron pairs in the sys-
tem. The three-electron systems have three pairs, and
the total electron density function can be written as
e (r1,72) = T2 (41, 79) TGS (11, 72) +- 1185 (71, 7).
Let us now illustrate the concept of density functions
through a consideration of the three lowest electronic
states of the three-electron ions after the integration
over all spins and angular functions. This yields

,
X U (X1, X2, Xp, -

I (r1,m2) = 33, (r)xd (r2).

IG5 r2) = 500D ) 0N ), o
I (r1,72) = 5 06 )X (r2) 37X (72)
= 2x15(r1)x2s (r1) X1 (r2) X25 (r2))-

The two-particle radial density R(rq,r2) is the prob-
ability of that two electrons are located on a radius
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Fig. 1. Contour diagram of the radial two-density function
R(r1,72). Eq. (10) for B2 ion in atomic units (a.u.): the
ground state of R%ﬂ (r1,72) has maxima Rﬁﬂ (r1,m2) = 6.14435
located at 71 = ry = 0.210976a¢ (a); l%ﬁ?(rl,rg) has three
maxima Rﬁa(rl,rz) = 0.207 located at 11 = ro = 0.18aq,
Rﬁa(m,m) = 0.664 located at r; = 0.210,r2 = 1.52a9, and
R%{(’rl,rz) = 0.664 located at r1 = 1.523,r2 = 0.210ag (b);
and RE$ (r1,r2) has two maxima RE(r1,r2) = 0.677 located
at 71 = 0.210,72 = 1.492ap and Rg*(r1,r2) = 0.677 located
at 71 = 1.492,r2 = 0.210a9 (c)

at r; and 7o, respectively:
R?{ﬁ (Tl? TQ) = T%TSX%S (Tl)X%s (T2)7

o 7”27“2
Ry (r1,72) = =2 (02, (1) X3, (r2) + X3 (1) X3 (12)),

2
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,,,,2,,42
RS (r1,m2) = =52 (3 (r1) X34 (r2) + X34 (r1) x 34 (r2) —

2
= 2x1s(71)x25 (1) X158 (T2) X258 (72))- (10)

Equations (10) can be evaluated by the analysis of
RHF wavefunction based on single Zeta STOs of the
form given in Eqgs. (2) and (3).

3.2. One-radial density function
R(r1) and the expectation value (r})

The one-radial density function has paved a typical
issue for our study. It gives us the idea and charac-
terization of the dynamics of atomic and molecular
studies and is the basis of theories of the atomic den-
sity function [21-24, 30-32]. The one-radial quantity
R(r1) is the probability of finding the electrons in the
whole shell in the interval from r; to r1 + dry. The
radial density function is obtained via the integration
of Egs. (10) with respect to drs. We get

R(T‘1) :/R(Tl,T‘g)dTg. (11)
0

The expectation value (r}) is defined from Eq. (11)
as

o

(rf) = /R(rl) ridr.

0

(12)

Equation (12) is used to calculate the electron-nuclear
potential Vg, = —Z Zf=1<7”¢_1>7 were Z denotes the
atomic number, and the nuclear magnetic shielding
constant oq = —a?/3 2?21(7“;1>, with the fine struc-
ture constant o = 7.297353 x 1073 a.u. [15|. For
n = 2, we evaluated the diamagnetic susceptibility
§s = —a?/6 Z;Ll(rf) [15]. Some of the expectation
values can be related to several oscillator strength
sums [15].

3.8. Atomic form factor F(s)

Theoretical atomic form factors F(s) are utilized to
characterize the performance of the scattering of a
given atom and the direction, respectively. Indeed, it
is evaluated from the Fourier transform of the one-
radial density function [15, 33-35]:

F(s) = /R(rl)jo(srl)drl, (13)
0
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Fig. 2. One-radial density function R(r1) by Egs. (11).
R¢P(r1) (a), RS (r1) = R22(r1) (b), and total R(r1) (c).
Dashed, dot-dashed, and solid curves correspond to B2, C13,
and N4, respectively

where jg is the first-kind spherical Bessel function
(jo(z) = 7 tsinz), s is the magnitude of the vector
of momentum transfer that depends on the radiation
wavelength A and the scattering angle 20 according
to s = 4dmsind/\.

4. Results and Discussions

Our results are implemented via the Mathemat-
ica Program version (10.1.01). Furthermore, we have
studied the ground state B*2, C*3, and N** ions
by using the RHF wavefunction. The basis sets are
examined and illustrated by single-zeta STOs (see
Egs (2) and (3), respectively). Afterward, we have
computed R(ry,73), R(r1), (r"), and F(s), as well as
some physical properties.

Figure 1 shows the contour shapes for KaKpg,
KalLa, and KGLa shells and the two-radial density
function for B2 ion by Eqgs. (10). We note that the
probability distribution is statically uncorrelated, but
it remains correlated in the space-spin configuration
space. Due to the antisymmetry condition, the radial
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Fig. 3. Scattering form factor F(s) by Egs. (13) versus s.
F2P(s) (a), Fao(s) = F2%(s) (b), and total F(s) (c). Dashed,
dot-dashed, and solid curves correspond to Bt2, C*3, and
N+t4, respectively

two-density functions in Figs. 1, b and ¢ show differ-
ent two particle spin-free densities with respect to the
coupling of spin and space coordinates.

Furthermore, due to the Fermi heap, the exchange
term increases the probability for two electrons to be
in the same spatial region (see Fig. 1, b), while the ex-
change term reduces the probability for two electrons
to be close to each other (Fermi hole, Fig. 1, ¢).

For the KaKg3, KaLa, and KfLa shells, Fig. 2
shows the one-radial density functions for B¥2, C*3,
and N4 ions which are obtained via single-Zeta
BTOs with the RHF wavefunction. The curves in
Fig. 2, a show the probability to find an electron
at the distance r; from the center of the atom. The
maxima Rf’éﬁ (ry) for B¥2, Ct3, and N** are 2.47878,
3.01521, and 3.54955, respectively. For different max-
imum points, their distances to the nucleus increase
with Z due to the attraction force of the nucleus. In
Figs. 1, b, ¢, the one-radial density functions for in-
dividual shells, as well as the total R(r1), have two
maximum points, one of them is related to the proba-
bility of finding the electron in the K-shell, while the
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The expectation value (r}') for different exponent parameters n,
the nuclear magnetic shielding constant o4, and the diamagnetic susceptibility §s in a.u.

Tons Shells (ri?) (rih (rh (r?) og x 1074 §s x 1075 R(0)
B+2 K 44.444 4.668 0.326 0.144 1.657 0.256 34.459
B+2 KL 23.280 2.694 1.147 2.403 0.956 4.266 17.979
ct+3 K 65.114 5.660 0.268 0.097 2.009 0.173 60.748
Cc+3 KL 34.234 3.281 0.926 1.567 1.165 2.781 31.831
N+4 K 89.762 6.651 0.228 0.070 2.361 0.124 97.970
N+4 KL 47.2874 3.866 0.778 1.103 1.372 1.959 51.422

second one determines the probability of finding the
electron in the L-shell. In particular, the K-shell has
one peak higher than in the L-shell according to the
attraction force.

In Fig. 3, we show the scattering form factor given
by Eq. (13) for KaKp, KaLa, and KL« shells of
B*2, C*3, and N** ions. If the scattering angle is
zero, we note that F(s) depends on the number of
electrons in the ion shell. In particular, the total
scattering occurs according to the constructive in-
terference of X-rays that are scattered on the elec-
trons and then gradually degenerate, by increasing
the scattering angle till to a decline of the minimum
value which is different for different shells of atoms
or ions.

Figure 3, a indicates that, due to the higher attrac-
tion force toward the nucleus with respect to other
electrons, the values of F(s) are greater than those
for other shells, and F(s) values decrease, as the
path difference of the scattered waves increases. Ac-
cording to the charge distribution at the internal
shell, we show in Figs. 3, b and 3, it ¢ that F(s)
values having a maximum point will sharply de-
crease followed by the curvature and then slowly
decline. The total atomic scattering factor was cal-
culated in Ref. [21] for the ground state of Li-like
ions from Z = 4-10 via the configuration interaction
framework. Our results show a good agreement with
Ref. [21, 35].

Table presents the examination of (r}) for differ-
ent exponent parameters n for KaKg, KaLa, and
KpLa shells for BT2, C*3, and N** ions. For several
Z, the (r}") increases, when the exponent n goes from
n = —1 to n = —2 and decreases, when n = 1 to
n = 2 according to the weak attractive force between
the nucleus and the electrons in outer shells. Our re-
sults have a good agreement with Refs. [5, 6, 8]. The
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total values of moments (r}) for ions determine the
average value for different shells in an atom (r}) =
= 1 ((r"k + 2(r?) k). The nuclear magnetic shield-
ing constant o4 increases as the number of electrons
increases from 3 to 5 due to the magnetic field pro-
portional directly to the number of electrons, while
the diamagnetic susceptibility J; decreases, as Z in-
creases. In particular, the nuclear magnetic shielding
constant for the K-shell is larger, than for the KL-
shell due to the attraction force. The nucleus densi-
ties R(0) for B¥2, C™3 and N** ions increase with
the atomic number Z. This happens for all shells in
each atom in the sequence. Indeed, the nucleus den-
sity R(0) for the K-shell is greater, than that for the
KL- shell due to the increased distance among the
electrons and the nucleus.

5. Conclusions

We have studied the properties of the KaKg, KaLa,
and KBLa shells of B*2, C*3, and N** ions by con-
sidering a basis set based on single-zeta STOs and
the RHF wavefunction which characterize the global
properties quite well. The one- and two-body radial
electronic densities R(r1) and R(r1,r2) in the position
space have been discussed, as well as the expectation
values for several moments (r}) studied with the use
of R(r1). We have studied some physical properties
such as the nucleus density R(0), X-ray form factor
F(s), nuclear magnetic shielding constant, and the
diamagnetic susceptibility J, that increase (decrease),
as Z increases. This provides a valuable reference for
other researched subjects in future. Inded, we read off
that the full scattering of X-rays occurs at § = 0, and
04 increases with the atomic number Z.

I thank Prof. Dr. Khalil Al-Bayati for insightful
comments.
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Xemio Eav-/lowcibbypi

BAPIAIIMHNI PO3PAXYHOK

Li-TIOJIBHMX MOHIB BIJI B2 JJO N+4

3 BUKOPUCTAHHSIM XBUJILOBOT

OYHKIII XAPTPI-®OKA-PYTAAHA B-TUITY

BuBueHo BHIACTHBOCTI HU3KU TPHUEJIEKTPOHHUX CHCTEM B Me-
xax npocroposux obosonok KaKpg3, KaLa i KSLa, nanpu-
kmag, BT2, C13 i N4 jionis. Ile Bumaraso mposeaerns po36u-

690

TTS JIBOYACTUHKOBUX (DYHKIIN IIPOCTOPOBOI i CIIIHOBOI I'yCTHH,
[0 MOXKJIMBO B paMKax mojesi Xaprpi—Poka 3 6a3ucamu, 1mo-
OymoBanumu Ha lz opbitanax [-tumy. 3HalIeHO OHO- 1 ABO-
YACTUHKOBI pajiajbHi eJeKTpoHHI po3noainu rycruau R(r1) i
R(ry1,r2), momenTr (r}"), dopMmdaKTOpH PEHTreHiBCHKOIO BU-
npominoBanua F(s), rycruny sapa R(0), KOHCTAHTY sifiepHO-
ro MarHiTHOrO eKpaHyBaHHS 04 1 JiaMar”iTHy CHpUITHSTIIA-
BicTb 0. Pesymbpratn OTpUMaHO 3 BUKOPHUCTAHHSAM IIPOTDAME
Mathematica i TOpiBHSIHO 3 BiJOMHMM TEOPETUIHUMU JAHUMU.

Karwwosei caosa: Mmeron Xaprpi—-Poka—-Pyraana, opbita-
i B-tuny, dopMdaKkTOp PEHTreHIBCLKOr0 BUIIPOMIHIOBAHHS,
KOHCTaHTa $JEPHOIO MArHITHOIO €KpaHyBaHHs:, JdiaMarHiTHa
CIIPUIHATINBICTD.
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