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CONSISTENT THEORY OF ALPHA-DECAY

In the framework of the Goldberger–Watson decay theory, we consider the 𝛼-decay of nuclei as
a transition between the initial bound state of the nucleus and scattering states of the continuum
spectrum with 𝛼-particle. The scattering wave functions for the 𝛼-decay with arbitrary orbital
angular momentum are derived in the quasiclassical approximation. The 𝛼-particle is described
by the square-integrable wave packet formed by these functions, whose amplitude exponentially
grows outside the nucleus up to the wave front. The Moshinsky’s distortions of the 𝛼-wave
front are analyzed. The derived general expression for the decay rate is approximated by the
quasiclassical formula.
K e yw o r d s: decay theory, alpha-decay, tunneling, scattering theory.

1. Introduction

Among different kinds of nuclear decays, the most
attention is paid for many years to 𝛼-decay. The con-
temporary theory of 𝛼-decay [1–24] is based mainly
on the ideas of Gamov [25], as well as of Condon and
Gurney [26]. It is always supposed that, at the initial
moment 𝑡 = 0, there is a ready 𝛼 particle bound inside
the potential well, which approximates the nuclear
interaction. The subsequent tunneling through the
Coulomb barrier, surrounding the potential well, en-
sures the leaking of 𝛼-particle from the nucleus. Such
a situation is described by the Schrödinger equation
having the same form as the equations for stationary
bound levels [3,5]. The necessity to provide the decay
of the nucleus forced Gamov and his followers to in-
troduce the complex energy 𝐸0 − 𝑖Γ/2 instead of the
real energy of the level 𝐸0, where Γ stands for the
width of the level. The corresponding wave vector of
the emitted 𝛼-particle is also complex: 𝜅 = 𝜅′ + 𝑖𝜅′′

with 𝜅′ > 0, 𝜅′′ < 0. As a consequence, the wave
function, which describes the relative motion of nu-
clear fragments, diverges with the growing distance 𝑟
between them becoming not square-integrable.

Furthermore, it is always demanded that the en-
ergy levels of such quasibound states are determined
by the quasiclassical Bohr–Sommerfeld quantization
rule. In particular, trying to ensure this restriction
for every direction inside the deformed nuclei, Ismail
et al. [14] imposed a rather strange requirement that
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the depth of the nuclear potential well depends on
the direction of the 𝛼-particle emission. It is worth to
recall that just the Bohr–Sommerfeld condition in-
dicates the position of resonances in the case of the
scattering of particles in the potential field (see, e.g.,
Ref. [27]). For 𝛼-particles, the features of such a res-
onant scattering have been analyzed by Karpeshin et
al. [28].

Most consistently, the time-dependent task of de-
cay has been reduced to the stationary Schrödinger
equation by Silisteanu et al. [10], who introduced
the non-Hermitian Hamiltonian, which has complex
eigenvalues 𝐸 and diverging eigenfunctions.

Sitenko [27] indicated that this divergence can be
overcome, if the particle is described by the wave
packet Ψ(𝑟, 0), formed by the scattering wave func-
tions 𝜓𝐸(𝑟, 𝑡) with different real energies 𝐸 in a vicin-
ity of the resonant energy 𝐸0. He assumed that the
wave packet should be localized at 𝑡 = 0 inside the
nucleus in the region 0 < 𝑟 < 𝑅. Then it begins
to spread, leaking from the nucleus. The obtained
wave function Ψ(𝑟, 𝑡) again exponentially grows with
𝑟, but has the sharp wave front at the point 𝑟𝑓 = 𝑣𝑡,
where 𝑣 is the velocity of the 𝛼-particle. This provides
the normalization of Ψ(𝑟, 𝑡) to unity. In such an ap-
proach, the initial state Ψ(𝑟, 0) belongs to the contin-
uum spectrum. It describes a ready 𝛼-particle and the
daughter nucleus. But a more adequate representa-
tion of Ψ(𝑟, 0) is given by the shell model, which con-
siders all the nucleons as free particles contained in a
potential well. In this case, all the occupied levels are
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lower than the continuum spectrum, and, therefore,
this state of the parent nucleus occurs to be exactly
bound. The wave functions of these bound states 𝜙𝑎

are eigenfunctions of the unperturbed Hamiltonian
𝐻0. Their coupling to the states of the continuum
spectrum 𝜙𝑏 with a ready 𝛼-particle is realized by
a residual interaction 𝑉 ′, being the difference of the
complete Hamiltonian𝐻 and𝐻0. The transition from
𝜙𝑎 to 𝜙𝑏 is accompanied by the transfer of some
energy of the intrinsic motion of nucleons in frag-
ments into the energy of their relative motion 𝐸. The
value of 𝐸 is real and lies already in the continuum
spectrum.

To the best of my knowledge, there is the only pa-
per by Silisteanu et al. [10], who employed the same
idea, i.e., they considered a transition from the bound
state into scattering states triggered by 𝑉 ′. However,
from the very beginning, the authors operated with
complex energies and did not touch the space-time
evolution of the wave function for the 𝛼-decay.

It is necessary to mention also the papers by Gur-
vitz et al. [31–33], who developed the two-potential
model of decay. They assumed that, at 𝑡 < 0, there
was a bound level with the energy 𝐸0 in a spherically
symmetric potential 𝑈(𝑟), which includes the poten-
tial well at 0 ≤ 𝑟 ≤ 𝑅 and the impenetrable barrier of
a constant height 𝑈(𝑟) = 𝑉0 at 𝑅 ≤ 𝑟 <∞, for which
𝑉0 > 𝐸0. Then at 𝑡 = 0, another potential 𝑊 (𝑟) is
abruptly switched on, which transforms the initial po-
tential 𝑈(𝑟) to a more realistic 𝑉 (𝑟) = 𝑈(𝑟) +𝑊 (𝑟),
including already the barrier of finite width. The au-
thors considered the 𝑊 (𝑟) as a perturbation, which
ensures the decay of the initially bound state, and
described the time evolution of the wave function
by equations of the Goldberger–Watson decay the-
ory [32]. The continuous spectrum in Refs. [29, 30]
begins at the brim of the barrier 𝑉0 and, therefore,
does not overlap with the bound level 𝐸0. But in this
case, the energy conservation law forbids the decay
of such a bound state. In order to overcome this dif-
ficulty and to remove some singularities, the authors
introduced one more potential 𝑊̃ (𝑟) = 𝑊 (𝑟) + 𝑉0.
Such two-potential model was applied to the 𝛼-decay
in Refs. [21, 22].

In this paper, I consider the decay of the bound
state 𝜙𝑎 of the parent nucleus described by some
version of the shell model without any sets of nu-
cleons tightly bound into clusters. The clusters only
appear due to a residual interaction 𝑉 ′ between the

nucleons. Such description lays in the framework of
the Goldberger–Watson strict decay theory [32], who
split the Hamiltonian 𝐻 into the unperturbed Hamil-
tonian 𝐻0 and the perturbation 𝑉 ′,

𝐻 = 𝐻0 + 𝑉 ′. (1)

For the separation of 𝐻0 and 𝑉 ′ from 𝐻, we can
use Feshbach’s projection operator formalism [10,33].
Note also that the Goldberger–Watson decay theory
has been previously used by Jackson [18] for the cal-
culation of the 𝛼-decay width. However, he did not
derive a square-integrable wave function, which would
describe the 𝛼-decay. This task is solved here.

The eigenfunctions 𝜙𝑎 of the operator 𝐻0 describe
bound levels of the parent nucleus, while the eigen-
functions 𝜙+

𝑏 describe the states belonging to the con-
tinuous spectrum. The bound levels are drowned into
this continuous spectrum. Therefore, the interaction
𝑉 ′ coupling the states 𝜙𝑎 and 𝜙+

𝑏 , leads to the de-
cay of the initial state 𝜙𝑎 of the parent nucleus. Note
also that all the functions 𝜙𝑎 and 𝜙+

𝑏 are orthogo-
nal, because 𝐻0 is a Hermitian operator. They form
a complete set of basis vectors.

Applying such an approach, I consider the 𝛼-decay
as a transition between the initial bound state 𝜙𝑎 of
the parent nucleus and the final states in the contin-
uous spectrum 𝜙+

𝑏 . In the inverse process of the 𝛼-
scattering, the level 𝜙𝑎 manifests itself as a resonant
compound state, where the energy of the captured
𝛼-particle is shared among all the nucleons. In other
words, in the state 𝜙𝑎, the 𝛼-particle is dissolved in
the nucleus. In the initial moment 𝑡 = 0, there is only
the parent nucleus described by the wave function
Ψ(0) = 𝜙𝑎 without any 𝛼 particle. Afterward, the
wave function of the nucleus Ψ(𝑡) attributes compo-
nents ∼𝜙+

𝑏 , whereas the amplitude of the state 𝜙𝑎

exponentially attenuates. We shall see that a small
value of the transmission coefficient 𝑒−2𝑆 is only re-
alized far from the Bohr–Sommerfeld restriction im-
posed on the energy of the decaying nucleus.

2. Main Definitions

Let the charge number of the parent nucleus be 𝑍,
and let the mass number be 𝐴. The nuclear decay
is considered in the c.m. frame. Both the nuclear po-
tential 𝑉𝑛(𝛽; 𝑟) and the Coulomb one 𝑉𝐶(𝛽; 𝑟), de-
pending on the deformation parameter 𝛽, can be ex-
panded in the series in 𝛽. The zeroth order terms
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𝑉𝑛(𝑟) and 𝑉𝐶(𝑟) represent spherically symmetric po-
tentials. The corrections to these potentials, depen-
dent on 𝛽, can be accounted by means of the coupled-
channels formalism [34]. Here, I only deal with the
spherical case.

In the 𝛼-decay channel, we have a ready 𝛼-particle
and the daughter nucleus, whose relative motion is
determined by the radius-vector r, while their in-
trinsic motion by the coordinates 𝜉𝛼 and 𝜉𝑑, respec-
tively. The same variables are used in the cluster
model (see, e.g., [35]) for any separated group of two
protons and two neutrons, as well as 𝐴 − 4 nucle-
ons of the parent nucleus. The parent nucleus in the
initial state, formed at 𝑡 = 0, contains no ready 𝛼-
particle. On the contrary, all the nucleons are initially
free particles, moving in some central potential well.

Let, at 𝑡 = 0, this initial state be described by the
function 𝜙𝑎 = 𝑔𝑝(𝜉, r), where 𝜉 = {𝜉𝛼, 𝜉𝑑}, while the
corresponding eigenvalue of 𝐻0 be 𝜀𝑎 = ℳ𝑝𝑐

2 + ℰ𝑝,
where ℰ𝑝 is the energy of the excited nuclear level,
the subscript 𝑝 specifies the spin 𝐼𝑝, its projection
𝑀𝑝 on the quantization axis and any other quantum
numbers. Hereafter, ℳ𝑝(𝑑) and ℳ𝛼 are the masses,
respectively, of the parent (daughter) nucleus and the
𝛼-particle being in the ground state.

In the 𝛼-decay channel, the unperturbed Hamilto-
nian 𝐻0 is a sum of the kinetic energy operator of the
relative motion of the fragments 𝐾, their potential
energy 𝑉 (𝑟), Hamiltonians for the internal motion of
the daughter nucleus 𝐻(𝑑)

in and the 𝛼-particle 𝐻(𝛼)
in :

𝐻0 = 𝐾 + 𝑉 (𝑟) +𝐻
(𝛼)
in +𝐻

(𝑑)
in , 𝐾 = − ~2

2𝜇
Δr, (2)

where the reduced mass 𝜇 = ℳ𝑑ℳ𝛼/(ℳ𝑑 +ℳ𝛼).
The eigenfunctions of 𝐻0 are

𝜙+
𝑏 (𝜉, r) = 𝜓+

𝜅 (r)𝑔𝑑(𝜉𝑑)𝑔𝛼(𝜉𝛼). (3)

These wave functions must be still antisymmetrized
[3, 10]. The factors 𝑔𝑑(𝜉𝑑) and 𝑔𝛼(𝜉𝛼) describe the in-
ternal motion of clusters and are determined by the
equations

𝐻
(𝛼)
in 𝑔𝛼(𝜉𝛼) = ℳ𝛼𝑐

2𝑔𝛼(𝜉𝛼),

𝐻
(𝑑)
in 𝑔𝑑(𝜉𝑑) = (ℳ𝑑𝑐

2 + ℰ𝑑) 𝑔𝑑 (𝜉𝑑),
(4)

where ℰ𝑑 is the excitation energy of the daughter nu-
cleus, the subscript 𝑑 of 𝑔𝑑(𝜉𝑑) includes spin 𝐼𝑑, its
projection 𝑀𝑑, etc.

The function 𝜓+
𝜅 (r), responsible for the relative

motion of fragments, satisfies the Schrödinger equa-
tion[︂
~2

2𝜇
Δr − 𝑉 (𝑟) + 𝐸

]︂
𝜓+
𝜅 (r) = 0, (5)

where 𝐸 = ~2𝜅2/2𝜇 is the energy of the relative mo-
tion of fragments.

The unperturbed energies associated with 𝜙+
𝑏 (𝜉, r)

are

𝜀𝑏 = (ℳ𝑑 +ℳ𝛼)𝑐
2 + ℰ𝑑 + 𝐸. (6)

The Coulomb field for bare uniformly charged nu-
clei is given by

𝑉C(𝑟)b =

⎧⎪⎪⎨⎪⎪⎩
(𝑍 − 2)𝑒2

𝑅

[︂
3− 𝑟2

𝑅2

]︂
, 0 ≤ 𝑟 < 𝑅,

2(𝑍 − 2)𝑒2

𝑟
, 𝑟 > 𝑅,

(7)

where 𝑅 is the nucleus radius.
Further, I shall only consider the decay of nuclei

surrounded by electrons. In this case, the 𝛼-particle
moves in the field
𝑉 (𝑟) = 𝑉𝑛(𝑟) + 𝑉C(𝑟), (8)

where 𝑉𝑛(𝑟) stands for the nuclear potential well and
𝑉C(𝑟) for the effective Coulomb field. At small dis-
tances, when the 𝛼-particle moves inside the nucleus
or under the barrier, the Coulomb contribution to
within a small correction ∼𝑟2 is [36, 37]

𝑉C(𝑟) ≈ 𝑉C(𝑟)b −Δ𝑄, (9)

where Δ𝑄 is the energy transferred to electrons. In
nonmetallic targets Δ𝑄 = 𝐵𝑝 − 𝐵𝑑, where 𝐵𝑝 and
𝐵𝑑 are the electron binding energies of the parent
and daughter atoms. The conductivity electrons give
a small correction [37].

Respectively, the nuclear energies are related by
𝜀𝑏 ≈ 𝜀𝑎−Δ𝑄 with uncertainty of the order of the de-
cay width Γ. The relative energy 𝐸 of clusters in the
𝑑th channel is spread about the mean energy 𝐸𝑑. For
the decay by screened nuclei [36, 37],

𝐸𝑑 = 𝑄𝑑 −Δ𝑄, (10)

where

𝑄𝑑 = (ℳ𝑝 −ℳ𝛼 −ℳ𝑑)𝑐
2 + ℰ𝑝 − ℰ𝑑, (11)

is the average nuclear energy released in this decay.
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3. Scattering Wave Functions

The functions 𝜓+
𝜅 (r) are normalized by

⟨𝜓+
𝜅′(r)|𝜓+

𝜅 (r)⟩ = 𝛿(𝜅′ − 𝜅). (12)

In the asymptotic region, 𝑟 → ∞, they are repre-
sented by a sum of the incident wave (2𝜋)−3/2𝑒𝑖𝜅r

and a spherical outgoing wave ∼ 1
𝑟 𝑒

𝑖𝜅𝑟.
The 𝜓+

𝜅 (r) can be expanded in partial waves [32]:

𝜓+
𝜅 (r) =

∞∑︁
𝑙=0

𝑙∑︁
𝑚=−𝑙

𝑖𝑙𝑒𝑖𝛿𝑙(𝜅)
𝑤𝑙(𝜅; 𝑟)

𝜅𝑟
𝑌 *
𝑙𝑚(𝜅̂)𝑌𝑙𝑚(r̂), (13)

where 𝜅̂ and r̂ denote the spherical angles of the vec-
tors 𝜅 and r, respectively. Here, the radial functions
𝑤𝑙(𝜅; 𝑟) satisfy the equation

𝑤′′
𝑙 (𝜅; 𝑟)−

[︀
𝑙(𝑙 + 1)/𝑟2 + 𝑣(𝑟)− 𝜅2

]︀
𝑤𝑙(𝜅; 𝑟) = 0, (14)

where the reduced potential

𝑣(𝑟) = 2𝜇𝑉 (𝑟)/~2. (15)

The regular functions at 𝑟 → 0 behave themselves
as

𝑤𝑙(𝜅; 𝑟) ∼ (𝜅𝑟)𝑙+1. (16)

With growing 𝑟, the screened Coulomb poten-
tial 𝑉C(𝑟) attenuates faster than a pure Coulomb
one. Respectively, as 𝑟 → ∞, the functions 𝑤𝑙(𝜅; 𝑟)
have a simpler asymptotics than the Coulomb func-
tions [32]:

𝑤𝑙(𝜅; 𝑟) ≈
√︂

2

𝜋
sin

(︂
𝜅𝑟 − 𝑙𝜋

2
+ 𝛿𝑙(𝜅)

)︂
, (17)

where 𝛿𝑙(𝜅) stands for the phase shift. These func-
tions are normalized as follows:
∞∫︁
0

𝑤𝑙(𝜅; 𝑟)𝑤𝑙(𝜅
′; 𝑟)𝑑𝑟 = 𝛿(𝜅− 𝜅′). (18)

Since the Hamiltonian of the closed nuclear system
𝐻 is invariant with respect to rotations, it is more
appropriate to expand the basis functions 𝜙+

𝑏 (𝜉, r) in
terms of the eigenfunctions of the operators I2 and 𝐼𝑧,
where I = I𝑑 + l is the total angular momentum op-
erator of the nuclear clusters, and 𝐼𝑧 is its projection
on the quantization axis 𝑧. Due to such symmetry

of 𝐻, the interaction 𝑉 couples the states with the
same total spin and its projection, i.e., 𝐼 = 𝐼𝑝 and
𝑀 =𝑀𝑝.

The spin of the daughter nucleus and the orbital
angular momentum l are coupled, giving the eigen-
functions of I2 and 𝐼𝑧:

Y 𝑀
𝐼𝑙𝐼𝑑

(𝜉, r̂) =
∑︁
𝑚𝑀𝑑

(𝑙𝐼𝑑𝑚𝑀𝑑|𝐼𝑀)𝑌𝑙𝑚(r̂)𝑔(𝜉), (19)

where 𝑔(𝜉) = 𝑔𝑑(𝜉𝑑)𝑔𝛼(𝜉𝛼) and (𝑗1𝑗2𝑚1𝑚2|𝑗𝑚) are
the Clebsch–Gordan coefficients. The inverse trans-
formation is

𝑌𝑙𝑚(r̂)𝑔(𝜉) =
∑︁
𝐼𝑀

(𝑙𝐼𝑑𝑚𝑀𝑑|𝐼𝑀)Y 𝑀
𝐼𝑙𝐼𝑑

(𝜉; r̂). (20)

Note that the functions Y 𝑀
𝐼𝑙𝐼𝑑

(𝜉; r̂) are analogs of
the generalized spherical harmonics used by New-
ton [38]. By inserting (13) into (3) and using (20),
I rewrite the wave function 𝜙+

𝑏 as

𝜙+
𝑏 (𝜉, r) =

∑︁
𝐼𝑀

∞∑︁
𝑙=0

𝑤𝑙(𝜅; 𝑟)

𝜅𝑟
×

×Y 𝑀
𝐼𝑙𝐼𝑑

(𝜉, r̂)Y𝑀*

𝐼 (𝑙𝐼𝑑𝑀𝑑; 𝜅̂), (21)

where I introduced the notation

Y𝑀
𝐼 (𝑙𝐼𝑑𝑀𝑑; 𝜅̂) =

= 𝑖−𝑙𝑒−𝑖𝛿𝑙

𝑙∑︁
𝑚=−𝑙

(𝑙𝐼𝑑𝑚𝑀𝑑|𝐼𝑀)𝑌𝑙𝑚(𝜅̂). (22)

4. Quasiclassical Approximation

Let us solve the radial equation (14) in the quasi-
classical approximation (WKB), making use of stan-
dard matching rules [39] (more refined matching has
been applied recently in Ref. [40]). The WKB does
not “work” at 𝑟 ≈ 0, when the effective potential
quickly changes at the distance of the order of the
wavelength [39]. In order to overcome this obstacle,
Langer [41] replaced the variable 𝑟 by 𝑥:

𝑟 = 𝜅−1𝑒𝑥. (23)

The new coordinate 𝑥 varies on the whole axis from
−∞ to ∞ with 𝑥 → −∞ corresponding to the point
𝑟 = 0. By making the substitution

𝑤𝑙(𝜅; 𝑟) = 𝑒𝑥/2𝑦𝑙(𝑥), (24)
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we transform Eq. (14) into

𝑦′′𝑙 (𝑥) + 𝑞2(𝑥)𝑦𝑙(𝑥) = 0, (25)

with

𝑞2(𝑥) = 𝑒2𝑥
(︂
1− 𝑣(𝑥)

𝜅2

)︂
−
(︂
𝑙 +

1

2

)︂2
. (26)

Equation (25) can be solved already in the WKB
approximation (see also [33]). The inverse transfor-
mation with respect to the coordinate 𝑟 gives us

𝑞2(𝑥) = 𝑟2𝑘2𝑙 (𝑟), (27)

where 𝑘𝑙(𝑟) is the quasiclassical wave number

𝑘𝑙(𝑟) =
√︀
𝜅2 − 𝑣eff(𝑟), (28)

expressed in terms of the reduced effective potential

𝑣eff(𝑟) =
2𝜇

~2
𝑉eff(𝑟) (29)

with

𝑉eff(𝑟) = 𝑉 (𝑟) +
~2(𝑙 + 1/2)2

2𝜇𝑟2
. (30)

The classical turning points 𝑥1, 𝑥2 and 𝑥3 on the axis
𝑥 are the roots of the equation 𝑞(𝑥) = 0. They are
related, respectively, to the turning points 𝑟1, 𝑟2, and
𝑟3, where 𝑘𝑙(𝑟𝑖) = 0 (see Fig. 1).

Under the centrifugal barrier at 𝑥 < 𝑥1, the regu-
lar WKB solution is represented by the attenuating
exponent:

𝑦𝑙(𝑥) =
𝐶𝑙√︀
|𝑞(𝑥)|

exp

⎛⎝− 𝑥1∫︁
𝑥

|𝑞(𝑥′)|𝑑𝑥′
⎞⎠. (31)

By the conventional procedure [39], one finds the
function in the potential well, where 𝑥1 < 𝑥 < 𝑥2,

𝑦𝑙(𝑥) =
2𝐶𝑙√︀
𝑞(𝑥)

cos

⎛⎝ 𝑥∫︁
𝑥1

𝑞(𝑥′)𝑑𝑥′ − 𝜋

4

⎞⎠, (32)

as well as under the Coulomb barrier, where 𝑥2 <
< 𝑥 < 𝑥3,

𝑦𝑙(𝑥) =
𝐶𝑙√︀
|𝑞(𝑥)|

⎡⎣cos𝛼𝑙𝑒
−𝑆𝑙(𝑄) exp

⎛⎝ 𝑥3∫︁
𝑥

|𝑞(𝑥′)|𝑑𝑥′
⎞⎠ −

− 2 sin𝛼𝑙𝑒
𝑆𝑙(𝑄) exp

⎛⎝−
𝑥3∫︁
𝑥

|𝑞(𝑥′)|𝑑𝑥′
⎞⎠⎤⎦. (33)

Fig. 1. Effective potential energy for the relative motion of
the 𝛼-particle and daughter nucleus, which incorporates the nu-
clear potential well, screened Coulomb interaction, and Lange’s
centrifugal barrier. 𝐸 = 𝑄 − Δ𝑄 is the mean kinetic energy
of relative motion as 𝑟 → ∞, 𝑄 is the mean nuclear energy
released during the 𝛼-decay, Δ𝑄 is the energy absorbed by
electrons. The classical turning points are denoted as 𝑟1, 𝑟2,
and 𝑟3. In the case of square nuclear potential well, the nuclear
radius 𝑅 coincides with 𝑟2

Here, the action

𝑆𝑙(𝑄) =

𝑥3∫︁
𝑥2

|𝑞(𝑥′)|𝑑𝑥′ (34)

and the angle

𝛼𝑙 =

𝑥2∫︁
𝑥1

𝑞(𝑥)𝑑𝑥− 𝜋

2
(35)

were introduced.
Behind the barrier for 𝑥 > 𝑥3,

𝑦𝑙(𝑥) = − 𝐶𝑙√︀
𝑞(𝑥)

⎡⎣cos𝛼𝑒−𝑆𝑙 sin

⎛⎝ 𝑥∫︁
𝑥3

𝑞(𝑥′)𝑑𝑥′ − 𝜋

4

⎞⎠ +

+ 4 sin𝛼𝑒𝑆𝑙 cos

⎛⎝ 𝑥∫︁
𝑥3

𝑞(𝑥′)𝑑𝑥′ − 𝜋

4

⎞⎠⎤⎦. (36)

Let us return now to the radial coordinate 𝑟 by
means of Eqs. (23), (24). Action (34) and angle (35)
can be rewritten then as

𝑆𝑙(𝑄) =

𝑟3∫︁
𝑟2

|𝑘𝑙(𝑟)|𝑑𝑟 (37)
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and

𝛼𝑙 =

𝑟2∫︁
𝑟1

𝑘𝑙(𝑟)𝑑𝑟 −
𝜋

2
, (38)

with 𝑘𝑙(𝑟) defined by Eq. (28). Equation (37) com-
pletely defines the barrier penetrability 𝑒−2𝑆𝑙(𝑄). It
can be rewritten in a more familiar form:

𝑒−2𝑆𝑙(𝑄) = exp

⎧⎨⎩−2

~

𝑟3∫︁
𝑟2

√︀
2𝜇 (𝑉eff(𝑟)− 𝐸𝑑)𝑑𝑟

⎫⎬⎭. (39)

Starting from expression (36), one can represent
the wave function behind the Coulomb barrier (𝑟 >
> 𝑟3) in the form

𝑤𝑙(𝜅; 𝑟) = 𝐶𝑙

(︂
𝜅

𝑘𝑙(𝑟)

)︂1/2
𝑋𝑙 sin

⎛⎝ 𝑟∫︁
𝑟3

𝑘𝑙(𝑟)𝑑𝑟 + 𝛾 +
𝜋

4

⎞⎠,
(40)

where the new parameters 𝑋𝑙 and 𝛾 satisfy the equa-
tions

𝑋𝑙 sin 𝛾 = cos𝛼𝑙𝑒
−𝑆𝑙 , 𝑋𝑙 cos 𝛾 = −4 sin𝛼𝑙𝑒

𝑆𝑙 , (41)

whose solutions are

𝑋𝑙 =
[︀
16 sin2 𝛼𝑙𝑒

2𝑆𝑙 + cos2 𝛼𝑙𝑒
−2𝑆𝑙

]︀1/2
(42)

and
𝛾 = − arctan

(︂
𝑒−2𝑆𝑙

4 tan𝛼𝑙

)︂
. (43)

At large distances, 𝑘𝑙(𝑟) approaches 𝜅. Therefore,
the integral in Eq. (40) can be rewritten as

𝑟∫︁
𝑟3

𝑘𝑙(𝑟)𝑑𝑟 =

∞∫︁
𝑟3

[𝑘𝑙(𝑟)− 𝜅]𝑑𝑟 + 𝜅(𝑟 − 𝑟3). (44)

Afterward, equating the function 𝑤𝑙(𝜅; 𝑟) with 𝑟 →
→ ∞ to its asymptotic form (17), one gets the am-
plitude

𝐶𝑙 =

√︂
2

𝜋

1

𝑋𝑙
(45)

and the scattering phase shift

𝛿𝑙 = 𝛿
(0)
𝑙 + 𝛾, (46)

where 𝛾 is given by (43) and

𝛿
(0)
𝑙 =

∞∫︁
𝑟3

[𝑘𝑙(𝑟)− 𝜅]𝑑𝑟 − 𝜅𝑟3 +

(︂
𝑙 +

1

2

)︂
𝜋

2
. (47)

The amplitude squared 𝐶2
𝑙 determines both the

rate of reactions with 𝛼 projectiles and the 𝛼-decay
rate. Therefore, it is interesting to examine its behav-
ior as a function of the deviation from the resonance
𝛿𝛼𝑙 = 𝛼𝑙 − 𝑛𝜋, where 𝑛 = 1, 2, ... . Recall that the
tunneling probability through the Coulomb barrier
𝑒−2𝑆𝑙 ≪ 1. If |𝛿𝛼𝑙| ≫ 𝑒−2𝑆𝑙/4, the angle 𝛾 and the
amplitude are very small:

𝛾 = −1

4
𝑒−2𝑆𝑙 cot𝛼𝑙, 𝐶2

𝑙 =
1

8𝜋

𝑒−2𝑆𝑙

sin2 𝛼𝑙

. (48)

In the opposite case where |𝛿𝛼𝑙| ≪ 1, 𝐶2
𝑙 versus 𝛿𝛼𝑙

is described by the Lorentzian function

𝐶2
𝑙 = 𝐶2

𝑙,res

(𝑒−2𝑆𝑙/4)2

(𝛿𝛼𝑙)2 + (𝑒−2𝑆𝑙/4)2
, (49)

where 𝐶2
𝑙,res = 2𝑒2𝑆𝑙/𝜋 is the resonant value of 𝐶2

𝑙 .
This Lorentzian function can be rewritten as a func-
tion of the energy:

𝐶2
𝑙 (𝐸) = 𝐶2

𝑙,res

(Γ𝑟/2)
2

(𝐸 − 𝐸𝑟)2 + (Γ𝑟/2)2
, (50)

where 𝐸𝑟 is the resonant energy, corresponding to
𝛼𝑙 = 𝑛𝜋, and Γ𝑟 the width of the resonance,

Γ𝑟 =
𝑒−2𝑆𝑙

2
(︀
𝑑𝛼𝑙

𝑑𝐸

)︀
𝐸=𝐸𝑟

. (51)

Thus, curve (50) has an extremely narrow width
Γ𝑟 ∼ 𝑒−2𝑆𝑙 . In the same case, 𝛾 is determined by
the formula

𝛾 = − arctan

(︂
𝑒−2𝑆𝑙

4𝛿𝛼𝑙

)︂
, (52)

which is easily reduced to the well-known expres-
sion [27]:

𝛿𝑙 = 𝛿
(0)
𝑙 − arctan

(︂
Γ𝑟/2

𝐸 − 𝐸𝑟

)︂
. (53)

From here, we see that 𝛿(0)𝑙 means that the phase shift
is far from the resonance.
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According to (38), the resonant condition is satis-
fied, if
𝑟2∫︁

𝑟1

𝑘𝑙(𝑟)𝑑𝑟 =

(︂
𝑛+

1

2

)︂
𝜋, 𝑛 = 1, 2, ... . (54)

This equality can be rewritten in the form∮︁
𝑝𝑙(𝑟)𝑑𝑟 = 2𝜋~

(︂
𝑛+

1

2

)︂
, 𝑝𝑙 = ~𝑘𝑙, (55)

differing from the Bohr–Sommerfeld quantization rule
[39] only by the extra term 𝜋~. Equations (54) and
(55) determine the energies of the quasistationary lev-
els inside the potential well.

Similarly, by using (23), (31) and (33), one finds the
WKB wave function inside the nucleus at 𝑟1 < 𝑟 < 𝑟2:

𝑤𝑙(𝜅; 𝑟) = 2𝐶𝑙

√︂
𝜅

𝑘(𝑟)
cos

⎛⎝ 𝑟∫︁
𝑟1

𝑘𝑙(𝑟
′)𝑑𝑟′ − 𝜋

4

⎞⎠ (56)

and under the centrifugal barrier as 0 < 𝑟 < 𝑟1

𝑤𝑙(𝜅; 𝑟) = 𝐶𝑙

√︂
𝜅

𝑘𝑙(𝑟)
exp

⎛⎝− 𝑟1∫︁
𝑟

|𝑘𝑙(𝑟′)|𝑑𝑟′
⎞⎠. (57)

For different nuclei, the deviation 𝛿𝛼𝑙 = 𝛼𝑙 − 𝑛𝜋,
determined by the nuclear energy, takes arbitrary val-
ues in the interval ranging from −𝜋/2 to 𝜋/2. Once
the factor 𝑒−2𝑆𝑙 is small, the probability for 𝛿𝛼𝑙 to
occur in the narrow resonant interval ∼𝑒−2𝑆𝑙 will
be extremely low. Therefore, below for the amplitude
𝐶𝑙, I use Eq. (48). Then, under the Coulomb barrier,
𝑤𝑙(𝜅; 𝑟) exponentially grows as 𝑟 increases:

𝑤𝑙(𝜅; 𝑟) =

√︃
2𝜅

𝜋|𝑘𝑙(𝑟)|
exp

⎛⎝− 𝑟3∫︁
𝑟

|𝑘𝑙(𝑟′)|𝑑𝑟′
⎞⎠, (58)

where 𝑟2 < 𝑟 < 𝑟3. Behind the barrier, 𝑟 > 𝑟3, it is
given by

𝑤𝑙(𝜅; 𝑟) =

√︃
2𝜅

𝜋𝑘𝑙(𝑟)
sin

⎛⎝ 𝑟∫︁
𝑟3

𝑘𝑙(𝑟
′)𝑑𝑟′ +

𝜋

4

⎞⎠. (59)

The irregular WKB solution 𝑤̃𝑙(𝜅; 𝑟) of the Schrö-
dinger equation (14) is calculated in the same man-
ner. It diverges at 𝑟 → 0,

𝑤̃𝑙(𝜅; 𝑟) ∼ exp

⎛⎝ 𝑟1∫︁
𝑟

|𝑘𝑙(𝑟′)|𝑑𝑟′
⎞⎠, (60)

and has the asymptotics

𝑤̃𝑙(𝜅; 𝑟) ≈ −
√︂

2

𝜋
cos

(︂
𝜅𝑟 − 𝑙𝜋

2
+ 𝛿𝑙(𝜅)

)︂
(61)

at 𝑟 → ∞. Note that the phase shift 𝛿𝑙(𝜅) is the same
here as in the regular solution 𝑤𝑙(𝜅; 𝑟).

Again assuming that 𝑒−2𝑆𝑙 ≪ 1, one finds that, in
the region 𝑟 > 𝑟3,

𝑤̃𝑙(𝜅; 𝑟) = −

√︃
2𝜅

𝜋𝑘𝑙(𝑟)
cos

⎛⎝ 𝑟∫︁
𝑟3

𝑘𝑙(𝑟
′)𝑑𝑟′ +

𝜋

4

⎞⎠, (62)

while, under the Coulomb barrier,

𝑤̃𝑙(𝜅; 𝑟) = −

√︃
2𝜅

𝜋|𝑘𝑙(𝑟)|
exp

⎛⎝ 𝑟3∫︁
𝑟

|𝑘𝑙(𝑟′)|𝑑𝑟′
⎞⎠ (63)

and, inside the nuclear potential well at 𝑟1 < 𝑟 < 𝑟2,

𝑤̃𝑙(𝜅; 𝑟) = −

√︃
2𝜅

𝜋𝑘𝑙(𝑟)
𝑒𝑆𝑙 cos

⎛⎝ 𝑟2∫︁
𝑟

𝑘𝑙(𝑟
′)𝑑𝑟′ − 𝜋

4

⎞⎠. (64)

In addition, let us introduce the complex functions

𝑑
(±)
𝑙 (𝜅; 𝑟) = 𝑤𝑙(𝜅; 𝑟)± 𝑖𝑤̃𝑙(𝜅; 𝑟), (65)

which are described at 𝑟 → ∞ by the running waves:

𝑑
(±)
𝑙 (𝜅; 𝑟) ≈ ∓𝑖

√︂
2

𝜋
exp

{︂
±𝑖

[︂
𝜅𝑟 − 𝑙𝜋

2
+ 𝛿𝑙(𝜅)

]︂}︂
. (66)

Equation (14) is invariant with respect to the re-
flection of 𝜅 to −𝜅. Therefore, its solutions 𝑤𝑙(𝜅) and
𝑤̃𝑙(𝜅) can only change the sign at such a transfor-
mation. Then in correspondence with their boundary
conditions (17) and (61), one gets the following sym-
metry conditions:

𝑤𝑙(−𝜅; 𝑟) = (−1)𝑙+1𝑤𝑙(𝜅; 𝑟),

𝑤̃𝑙(−𝜅; 𝑟) = (−1)𝑙𝑤̃𝑙(𝜅; 𝑟).
(67)

The substitution of (67) into (65) gives another useful
relation

𝑑
(+)
𝑙 (−𝜅; 𝑟) = (−1)𝑙𝑑

(−)
𝑙 (𝜅; 𝑟). (68)

In close vicinities to the turning points, the solu-
tions are described by the Airy functions 𝐴𝑖(𝑧) and
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𝐵𝑖(𝑧) [39, 49]. In particular, near the point 𝑟3, the
regular functions take the form

𝑤𝑙(𝜅; 𝑟) =

√︃
2𝜅

|𝑘𝑙(𝑟)|
|𝑧|1/4𝐴𝑖(|𝑧|) at 𝑟 ≤ 𝑏 (69)

and

𝑤𝑙(𝜅; 𝑟) =

√︃
2𝜅

𝑘𝑙(𝑟)
𝑧1/4𝐴𝑖(−𝑧) at 𝑟 ≥ 𝑏, (70)

while the irregular functions become

𝑤̃𝑙(𝜅; 𝑟) = −

√︃
2𝜅

|𝑘𝑙(𝑟)|
|𝑧|1/4𝐵𝑖(|𝑧|), at 𝑟 ≤ 𝑏, (71)

and

𝑤̃𝑙(𝜅; 𝑟) = −

√︃
2𝜅

𝑘𝑙(𝑟)
𝑧1/4𝐵𝑖(−𝑧), at 𝑟 ≥ 𝑏, (72)

where

𝑧 =

(︂
3

2
𝜉

)︂2/3
(73)

with

𝜉(𝑟) =

𝑟∫︁
𝑏

𝑘𝑙(𝑟
′)𝑑𝑟′. (74)

5. Evolution of the Wave
Packet which Describes the Alpha Decay

Let the initial state Ψ𝑎(0) = 𝜙𝑎 of the parent nucleus
be formed at 𝑡 = 0. The time evolution of this wave
function at 𝑡 ≥ 0 is governed by the equation [32]

Ψ𝑎(𝑡) = − 1

2𝜋𝑖

∞∫︁
−∞

𝑑𝜀𝑒−𝑖𝜀𝑡/~𝒢+(𝜀)Ψ𝑎(0), (75)

where the retarded Green’s operator

𝒢+(𝜀) = (𝜀+ 𝑖𝜖−𝐻)−1, 𝜖→ +0. (76)

The wave function Ψ𝑎(𝑡) can be expanded in terms
of the functions 𝜙𝑎 and 𝜙+

𝑏 :

Ψ𝑎(𝑡) = 𝑐𝑎(𝑡)𝜙𝑎 +
∑︁
𝑏

𝑐𝑏(𝑡)𝜙
+
𝑏 , (77)

where the sum over 𝑏 denotes the integral over the
wave vector 𝜅, as well as the sum over quantum num-
bers of the daughter nucleus 𝐼𝑑𝑀𝑑. The expansion co-
efficients are defined by

𝑐𝑎(𝑏)(𝑡) = − 1

2𝜋𝑖

∞∫︁
−∞

𝑑𝜀𝑒−𝑖𝜀𝑡/~⟨𝜙+
𝑎(𝑏)|𝒢

+(𝜀)|𝜙𝑎⟩, (78)

where the Green matrix is determined by the rela-
tions [32]

𝒢+
𝑎𝑎(𝜀) =

1

𝜀− 𝜀𝑎 −ℛ+
𝑎𝑎(𝜀)

(79)

and

𝒢+
𝑏𝑎(𝜀) =

ℛ+
𝑏𝑎(𝜀)

(𝜀+ 𝑖𝜖− 𝜀𝑏)(𝜀− 𝜀𝑎 −ℛ+
𝑎𝑎(𝜀))

. (80)

Here, ℛ+
𝑏𝑎(𝜀) = ℛ𝑏𝑎(𝜀+ 𝑖𝜖) is the matrix of the level

shift operator satisfying the integral equation [32]

ℛ(𝜀) = 𝑉 + 𝑉
1−𝒬𝑎

𝜀−𝐻0
ℛ(𝜀) (81)

with the projection operator

𝒬𝑎 = |𝑎⟩⟨𝑎| (82)

on the initial state |𝑎⟩. The solution of Eq. (81) can
be expanded in powers of 𝑉 :

ℛ(𝜀) = 𝑉 + 𝑉
1− Λ𝑎

𝜀−𝐻0
𝑉 + ... . (83)

The complex number ℛ+
𝑎𝑎(𝜀𝑎) is usually written

down as [32]

ℛ+
𝑎𝑎(𝜀𝑎) = 𝐷(𝜀𝑎)− 𝑖

Γ

2
, (84)

where 𝐷(𝜀𝑎) and Γ mean the shift and width of the
decaying parent level (below, for brevity, a small level
shift 𝐷(𝜀𝑎) will be omitted). The total width Γ is a
sum of all the partial widths:

Γ =
∑︁
𝑏

Γ𝑏. (85)

The partial 𝛼 decay width reads

Γ𝑏 = 2𝜋
∑︁
𝑀𝑑

∫︁
𝑑Ω𝜅̂|ℛ+

𝑏𝑎(𝜀𝑎)|
2𝜚(𝜀𝑏), (86)
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where the density of final states

𝜚(𝜀𝑏) = 𝜅𝑏𝜇/~2 (87)

depends on the wave number

𝜅𝑏 =
√︀

2𝜇𝐸𝑏/~. (88)

The width (86) is proportional to the squared am-
plitude 𝐶2

𝑙 of the wave 𝜙+
𝑏 . Therefore, according to

Eqs. (48) and (49), Γ𝑏 ∼ 𝑒−2𝑆𝑙 far from the Bohr–
Sommerfeld condition, and Γ𝑏 ∼ 𝑒2𝑆𝑙 in the case of
resonance, as 𝛿𝛼𝑙 = 0. The latter corresponds to the
immediate decay of the nucleus and contradicts all
experimental data.

Green’s functions (79), (80) have a pole at the point
𝜀0 = ℛ+

𝑎𝑎(𝜀𝑎) on the second sheet of the complex
Riemann 𝜀 surface. Moreover, 𝒢+

𝑏𝑎(𝜀) has a pole at
𝜀 = 𝜀𝑏 − 𝑖𝜖. Inserting Green’s functions into (78) and
performing the contour integration (for details, see
Ref. [32]), one arrives at

Ψ𝑎(𝑡) = 𝜙𝑎𝑒
−𝑖𝜀𝑎𝑡/~−Γ𝑡/2~ +

+
∑︁
𝑏

ℛ+
𝑏𝑎(𝜀𝑎)𝜙

+
𝑏

𝜀𝑏 − 𝜀𝑎 + 𝑖Γ2

[︁
𝑒−𝑖𝜀𝑏𝑡/~ − 𝑒−𝑖𝜀𝑎𝑡−Γ𝑡/2~

]︁
. (89)

From here it immediately follows that the proba-
bility of finding the parent nucleus in the initial state
is described by the exponential decay law [32]:

𝑃𝑎(𝑡) = 𝑒−Γ𝑡/~. (90)

The probability of finding the clusters at the moment
𝑡 with energy in the interval from 𝐸 to 𝐸 + Δ𝐸 for
the decay through the 𝑑th channel can be written as

Δ𝑃𝑑(𝐸, 𝑡) =𝑊𝑑(𝐸, 𝑡)Δ𝐸. (91)

From Eq. (89), it follows that the probability density
at 𝑡→ ∞ is

𝑊𝑑(𝐸,∞) =
1

𝜋

Γ𝑑/2

(𝐸 − 𝐸𝑑)2 + (Γ/2)
2 . (92)

The corresponding branching ratio will be

∞∫︁
0

𝑊𝑑(𝐸,∞)𝑑𝐸 =
Γ𝑑

Γ
. (93)

The level shift operator ℛ(𝜀) is invariant with res-
pect to rotations. Therefore, ℛ(𝜀) only couples states

with the same total angular momentum 𝐼 = 𝐼𝑝 and
its projection 𝑀 = 𝑀𝑝. With (21), the off-diagonal
matrix elements ℛ𝑏𝑎 can be represented in the form

ℛ+
𝑏𝑎(𝜀𝑎) = 𝜅−1

∑︁
𝑙

Y
𝑀𝑝

𝐼𝑝
(𝑙𝐼𝑑𝑀𝑑; 𝜅̂)I𝑙𝐼𝑑(𝜅), (94)

where I𝑙𝐼𝑑(𝜅) denotes the integral

I𝑙𝐼𝑑(𝜅) =

∫︁
𝑑r′

𝑤𝑙(𝜅; 𝑟
′)

𝑟′
×

×
∫︁
𝑑𝜉Y

𝑀𝑝*
𝐼𝑝𝑙𝐼𝑑

(𝜉, r̂′)ℛ+(𝜀𝑎)𝑔𝐼𝑝𝑀𝑝
(𝜉, r′). (95)

Next, substituting (94) into (86), one obtains the
decay width Γ𝑏:

Γ𝑏 = 2𝜋
∑︁
𝑙

|I𝑙𝐼𝑑(𝜅)|2𝜚(𝜀𝑏). (96)

Here, 𝑙 runs the values from |𝐼𝑑 − 𝐼𝑝| to 𝐼𝑑 + 𝐼𝑝. The
sum reduces to a single term, if 𝐼𝑝 or 𝐼𝑑 equals zero.

The relative motion of the clusters in the decay
channel 𝑑 = 𝐼𝑑𝑀𝑑 is described by the wave function

Φ𝑑(r, 𝑡) = ⟨𝑔𝑑𝑔𝛼|Ψ𝑎(𝑡)⟩ 𝑒𝑖(𝜀𝑏−𝐸)𝑡/~. (97)

With the aid of expression (89), one has

Φ𝑑(r, 𝑡) =
2𝜇

~2

∫︁
𝑑𝜅

ℛ+
𝑏𝑎(𝜀𝑎)𝜓

+
𝜅 (r)

𝜅2 − 𝜅2𝑑 + 𝑖Γ𝜇/~2
×

×
[︁
𝑒−𝑖𝐸𝑡/~ − 𝑒−𝑖𝐸𝑑𝑡/~−Γ𝑡/2~

]︁
. (98)

If expressions (13) and (94) are inserted here, the
calculation of the integral over the spherical angles 𝜅̂
gives:∫︁
𝑑Ω𝜅ℛ+

𝑏𝑎(𝜀𝑎)𝜓
+
𝜅 (r) =

=
∑︁
𝑙𝑚

(𝑙𝐼𝑑𝑚𝑀𝑑|𝐼𝑝𝑀𝑝)I𝑙𝐼𝑑(𝜅)
𝑤𝑙(𝜅; 𝑟)

𝜅2𝑟
𝑌𝑙𝑚(r̂). (99)

For calculation of the remaining integral over the ra-
dial variable 𝜅, it is convenient to extend the integra-
tion to the whole region −∞ < 𝜅 <∞. For this aim,
the denominator of (98) is rewritten as

1

𝜅2 − 𝜅2𝑑 + 𝑖Γ𝜇/~2
=

1

2𝜅0

[︂
1

𝜅− 𝜅0
− 1

𝜅+ 𝜅0

]︂
, (100)
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where
𝜅0 ≈ 𝜅𝑑 − 𝑖

Γ

2~𝑣𝑑
, (101)

𝑣𝑑 = ~𝜅𝑑/𝜇 is the mean velocity of the relative motion
of clusters.

Furthermore, it should be taken into account that
I𝑙𝐼𝑑(𝜅)𝑤𝑙(𝜅; 𝑟) is an even function of 𝜅, and

𝑤𝑙(𝜅; 𝑟) =
𝑑
(+)
𝑙 (𝜅; 𝑟) + 𝑑

(−)
𝑙 (𝜅; 𝑟)

2
, (102)

Then expression (98) for the wave function transforms
to

Φ𝐼𝑑𝑀𝑑
(r, 𝑡) =

𝜑𝐼𝑑𝑀𝑑
(r, 𝑡)

𝑟
(103)

with
𝜑𝐼𝑑𝑀𝑑

(r, 𝑡) = −𝜋𝑖 𝜇

~2𝜅𝑑

∑︁
𝑙𝑚

(𝑙𝐼𝑑𝑚𝑀𝑑|𝐼𝑝𝑀𝑝)×

×
[︀
ℱ+

𝑙 (𝑟, 𝑡) + ℱ−
𝑙 (𝑟, 𝑡)

]︀
𝑌𝑙𝑚(r̂), (104)

where the following notations are introduced:

ℱ±
𝑙 (𝑟, 𝑡) =

𝑖

2𝜋

∞∫︁
−∞

𝑑±𝑙 (𝜅; 𝑟)I𝑙𝐼𝑑(𝜅)

𝜅− 𝜅0
×

×
[︁
𝑒−𝑖𝐸𝑡/~ − 𝑒−𝑖𝐸𝑑𝑡/~−Γ𝑡/2~

]︁
𝑑𝜅. (105)

Here, the integration is concentrated mainly around
𝜅𝑑 in a very narrow interval Δ𝜅𝑑 = 𝜅 − 𝜅𝑑 of the
order of Γ/~𝑣𝑑. Therefore, it is possible to use the
approximate equality

𝑒−𝑖𝐸𝑡/~ ≈ 𝑒−𝑖𝐸𝑑𝑡/~𝑒−𝑖𝑣𝑑𝑡Δ𝜅𝑑 . (106)

Further, I will consider the wave function of the
𝛼-decay only outside the nucleus, where the smooth
function I𝑙𝐼𝑑(𝜅) can be replaced by I𝑙𝐼𝑑(𝜅𝑑). Then
the function ℱ±

𝑙 (𝑟, 𝑡) transforms to

ℱ±
𝑙 (𝑟, 𝑡) = I𝑙𝐼𝑑(𝜅𝑑)𝐼

±
𝑙 (𝑟, 𝑡)𝑒−𝑖𝐸𝑑𝑡/~, (107)

where

𝐼±𝑙 (𝑟, 𝑡) =
𝑖

2𝜋

∞∫︁
−∞

𝑑±𝑙 (𝜅; 𝑟)

𝜅− 𝜅0
×

×
[︁
𝑒−𝑖𝑣𝑑𝑡(𝜅−𝜅𝑑) − 𝑒−Γ𝑡/2~

]︁
𝑑𝜅. (108)

The integrand in (108) has a simple pole 𝜅0 =
= 𝜅𝑑 − 𝑖Γ/2~𝑣𝑑 in the lower part of the complex 𝜅

plane. If 𝑣𝑑𝑡 < 𝑟, the integration contour in 𝐼+𝑙 (𝑟, 𝑡) is
supplemented by a semicircle 𝐶 of the radius 𝑅→ ∞
in the upper half-plane 𝜅 = 𝜅′ + 𝑖𝜅′′. If 𝑣𝑑𝑡 > 𝑟,
it is done in the lower half-plane. The integration
along these semicircles 𝐶, where 𝑑±𝑙 (𝜅,𝑅) ∼ 𝑒±𝑖𝜅𝑅,
gives zero. Then the integral 𝐼+𝑙 is easily calculated
by means of the residue theory. As to the function
𝐼−𝑙 (𝑟, 𝑡), it appears to be proportional to the differ-
ence of two exponents 𝑒−Γ𝑡/2~ at any time moment
𝑡. Hence, 𝐼−𝑙 (𝑟, 𝑡) = 0.

Finally the wave function outside the nucleus takes
the form
𝜑𝐼𝑑𝑀𝑑

(r, 𝑡) = −𝑖
√︂
𝜋

2

∑︁
𝑙𝑚

𝒜(𝑙𝑚)
𝐼𝑑𝑀𝑑

𝑑
(+)
𝑙 (𝜅0; 𝑟)𝑌𝑙𝑚(r̂)×

× 𝑒−𝑖𝐸𝑑𝑡/~−Γ𝑡/2~Θ(𝑡− 𝑟/𝑣𝑑), (109)

where the amplitude

𝒜(𝑙𝑚)
𝐼𝑑𝑀𝑑

= −
√
2𝜋

𝜇

~2𝜅𝑑
(𝑙𝐼𝑑𝑚𝑀𝑑|𝐼𝑝𝑀𝑝)I𝑙𝐼𝑑(𝜅𝑑) (110)

and the Heaviside step function

Θ(𝑥) =

{︂
1, 𝑥 > 0,

0, 𝑥 < 0.
(111)

Note that 𝑑𝑙(𝜅0; 𝑟) in (109) depends on the com-
plex number 𝜅0 defined by Eq. (101). Therefore, in
the asymptotic region, where 𝑑+𝑙 (𝜅0; 𝑟) is defined by
Eq. (66), the wave function takes the form

𝜑𝐼𝑑𝑀𝑑
(r, 𝑡) =

∑︁
𝑙𝑚

𝒜(𝑙𝑚)
𝐼𝑑𝑀𝑑

𝑒𝑖(𝜅𝑑𝑟−𝑙𝜋/2+𝛿𝑙)𝑌𝑙𝑚(r̂)×

× exp [−𝑖𝐸𝑑𝑡/~− Γ(𝑡− 𝑟/𝑣𝑑)/2~] Θ(𝑡− 𝑟/𝑣𝑑). (112)

We see that the emitted 𝛼-particles are described by
a spherically diverging wave, which propagates with
the wave vector 𝜅𝑑 and has a sharp wave front de-
fined by the radial coordinate 𝑟𝑓 = 𝑣𝑑𝑡. The inten-
sity of this wave ℐ𝑑(𝑟, 𝑡) = |𝜑𝐼𝑑𝑀𝑑

(𝑟, 𝑡)|2 in units of
|𝜑𝐼𝑑𝑀𝑑

(𝑟𝑓 , 𝑡)|2 can be written as

ℐ𝑑(𝑟, 𝑡) = exp

[︂
− 𝑡

𝜏𝑛

(︂
1− 𝑟

𝑟𝑓

)︂]︂
, (113)

where 𝜏𝑛 = ~/Γ is the nuclear lifetime. The depen-
dence of the intensity ℐ𝑑(𝑟, 𝑡) on 𝑟 at the fixed time
moment 𝑡 = 2𝜏𝑛 is shown in Fig. 2.

The probability of that, at the time moment 𝑡, one
can detect the 𝛼-particle emitted in the 𝑑th channel
reads

𝑃𝑑(𝑡) =
∑︁
𝑀𝑑

∫︁
|Φ𝐼𝑑𝑀𝑑

(r, 𝑡)|2𝑑r. (114)
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For large enough times, when 𝑡 ≫ 𝑟𝑎/𝑣𝑑, the main
contribution into this integral is from the region out-
side the atom of the radius 𝑟𝑎. Then, substituting the
asymptotic expression (112) into (114), one immedi-
ately gets

𝑃𝑑(𝑡) =
Γ𝑑

Γ
(1− 𝑒−Γ𝑡/~). (115)

According to Eq. (85), the sum of the decay prob-
abilities into all possible channels and the survival
probability (90) at any moment 𝑡 equals unity, which
confirms the correctness of the above calculations.

6. Moshinsky Function

In the asymptotic region, one can avoid approxima-
tion (106) and calculate the wave function with the
aid of the Moshinsky function [42–48]

𝑀(𝑟, 𝜅0, 𝑡) =
𝑖

2𝜋

∞∫︁
−∞

𝑒−𝑖~𝜅2𝑡/2𝜇𝑒𝑖𝜅𝑟

𝜅− 𝜅0
𝑑𝜅, (116)

where Im𝜅0 < 0. Then the strict expression for the
wave function 𝜑𝐼𝑑𝑀𝑑

(r, 𝑡) reads

𝜑𝐼𝑑𝑀𝑑
(r, 𝑡) =

∑︁
𝑙𝑚

𝒜(𝑙𝑚)
𝐼𝑑𝑀𝑑

𝑀(𝑟, 𝜅0, 𝑡)×

× 𝑒−𝑖𝑙𝜋/2+𝑖𝛿𝑙(𝜅)𝑌𝑙𝑚(r̂). (117)

The alternative expression for the Moshinsky func-
tion is [45]

𝑀(𝑟, 𝜅0, 𝑡) =
1

2
𝑒−𝑖~𝜅2

0𝑡/2𝜇𝑒𝑖𝜅0𝑟erfc(𝑦), (118)

where erfc(𝑦) is the complementary error func-
tion [49]:

erfc(𝑦) = 1− erf(𝑦) (119)

expressed in terms of the error function

erf(𝑦) =
2√
𝜋

𝑦∫︁
0

𝑒−𝑢2

𝑑𝑢 (120)

depending on

𝑦 = 𝑒−𝑖𝜋/4𝑥, 𝑥 =
(︁ 𝜇

2~𝑡

)︁1/2
(𝑟 − 𝑣0𝑡) (121)

and 𝑣0 = ~𝜅0/𝜇. Since |arg 𝑦| < 𝜋/4, one can choose
the integration path in (120) as a direct line on the

Fig. 2. Intensity dependence of the wave function, which
describes the relative motion of the decay fragments, on the
relative coordinate 𝑟 at 𝑡 = 2𝜏𝑛. The coordinate 𝑟𝑓 = 𝑣𝑑𝑡

determines the position of the wave front, and 𝑟𝑎 is the atom
radius

Fig. 3. Dependence of the function (1/2)|erfc(𝑦)| with 𝑦 =

= 𝑒−𝑖𝜋/4𝑥 on the variable 𝑥

complex plane 𝑢 = 𝑢′+ 𝑖𝑢′′, crossing the points 𝑢 = 0
and 𝑦.

Bearing in mind Eq. (101), one can reduce function
(118) to

𝑀(𝑟, 𝜅0, 𝑡) = 𝑒𝑖𝜅𝑑𝑟−𝑖𝐸𝑑𝑡/~𝑒−Γ(𝑡−𝑟/𝑣𝑑)/2~ 1

2
erfc(𝑦).

(122)

Here, 𝑣0 is changed by 𝑣𝑑, since Γ ≪ 𝐸𝑑. At last,
making substitution (122) into (117), one arrives at
the same expression (109) for the 𝛼-wave function,
but with Θ(𝑡− 𝑟/𝑣𝑑) replaced by (1/2)erfc(𝑦).

At the wave front 𝑟 = 𝑟𝑓 = 𝑣𝑑𝑡, the complementary
error function erfc(0) equals unity by definition. For
the analysis of its behavior at large values of |𝑦|, let
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us make the substitution 𝑢 = 𝑒−𝑖𝜋/4𝜍 giving

erf(𝑦) =
√︂

2

𝜋
(1− 𝑖)

⎛⎝ 𝑥∫︁
0

cos 𝜍2𝑑𝜍 + 𝑖

𝑥∫︁
0

sin 𝜍2𝑑𝜍

⎞⎠.
(123)

As |𝑥| → ∞, these integrals reduce to the table inte-
grals [50]
∞∫︁
0

cos 𝜍2𝑑𝜍 =

∞∫︁
0

sin 𝜍2𝑑𝜍 =
1

2

√︂
𝜋

2
(124)

leading us to the conclusion that

1

2
erfc(𝑦) →

{︂
1, 𝑥→ −∞,

0, 𝑥→ ∞.
(125)

Thus, far from the point 𝑦 = 0, the (1/2)erfc(𝑦)
coincides with the Heaviside step function. The re-
sults of numerical calculations of (1/2)|erfc(𝑦)| are
displayed in Fig. 3. They demonstrate that the wave
front is considerably distorted only in the interval
|𝑥| ∼ 10.

It corresponds to the time interval Δ𝑡 = 𝑡 − 𝑡0 of
the order of

|Δ𝑡| ∼ 10

𝑣𝑑

√︂
2𝑟

𝜅𝑑
, (126)

where 𝑡0 = 𝑟/𝑣𝑑 designates the arrival moment of
the 𝛼-wave packet to the detector located at the
point 𝑟. Simple estimations show that, for the dis-
tance between the target and detector ∼1 m, the en-
ergy 𝐸𝑑 ∼ 5 MeV, the arrival time will be 𝑡0 ∼ 10−6 s,
and the time interval |Δ𝑡| ∼ 10−14 s. Unfortunately,
such negligible time window makes the observation of
the Moshinsky transient effect in the 𝛼-decay to be
unreal.

7. Approximate Calculations

Let us consider now the decay of even-even nuclei
from the ground state, in which 𝐼𝑝 = 0 and 𝑙 = 𝐼𝑑.
Then the sum over 𝑙 in Eq. (96) reduces to the single
term

𝜆𝑙 ∼ |I𝑙(𝜅𝑙)|2, (127)

where the integral I𝑙𝐼𝑑(𝜅) is defined by Eq. (95). It
is natural to demand that the parameter |I𝑙|2 be de-
termined by the overall intensity of the 𝛼-wave inside

the nucleus, i.e.,

|I𝑙|2 = N 2

𝑟2∫︁
𝑟1

𝑤2
𝑙 (𝜅𝑙; 𝑟)

𝜅2𝑙
𝑑𝑟, (128)

where the coefficient N has the dimensionality of
energy. Writing (128), I neglected the exponentially
attenuating tail of 𝑤𝑙(𝜅; 𝑟) under the centrifugal bar-
rier. Then, far from the Bohr–Sommerfeld condition,
the decay constant of the rigid nucleus transforms to

𝜆𝑙 = N 2 4𝜇

~3
𝑒−2𝑆𝑙

sin2 𝛼𝑙

𝑟2∫︁
𝑟1

𝑑𝑟

𝑘𝑙(𝑟)
×

× cos2

⎛⎝ 𝑟∫︁
𝑟1

𝑘𝑙(𝑟
′)𝑑𝑟′ − 𝜋

4

⎞⎠. (129)

As usual (see, e.g., Ref. [29]), the quickly oscillating
squared cosine is replaced by 1/2 giving

𝑇𝑙 =
2𝜇

~

𝑟2∫︁
𝑟1

𝑑𝑟

𝑘𝑙(𝑟)
, (130)

which may be interpreted as a quasiclassical period
of the 𝛼-particle oscillations inside the nucleus be-
tween the turning points 𝑟1 and 𝑟2. The correspond-
ing knocking frequency is 𝜈𝑙 = 1/𝑇𝑙.

Then (129) is reduced to the expression

𝜆𝑙 = 𝑝𝑙𝜈𝑙𝑒
−2𝑆𝑙 (131)

differing from the classical Gamov formula by the
factor

𝑝𝑙 =
8𝜋2

sin2 𝛼𝑙

(︂
N

~𝜔𝑙

)︂2

, (132)

which may be interpreted as a formation probability
of the 𝛼-particle. Here, ~𝜔𝑙, where 𝜔𝑙 = 2𝜋𝜈𝑙, means
the phonon energy of the 𝛼-particle vibrations. It is
worth noting that Eq. (131) for 𝑝𝑙 = 1 coincides with
the quasiclassical expression for 𝜆𝑙 derived in [30].

Employing Eqs. (130)–(131) with 𝑝𝑙 = 1, I calcu-
lated the partial half-lives 𝑇1/2 for the 𝛼-decay of the
ground states of even-even uranium isotopes into the
rotational bands of thorium ones. The nuclear inter-
action is approximated by a square potential well with
depth 𝑈0 = 55 MeV, whose radius is determined by
the familiar expression (see, e.g., [8, 9])

𝑅 = 𝑟0[(𝐴− 4)1/3 + 41/3] (133)
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Partial half-lives (in seconds)
for the alpha-decay of the ground states
of uranium isotopes into rotational
bands of thorium (𝐴92U → 𝐴−4

90 Th)

𝐴 𝐼𝑑 𝑄 (MeV) 𝑇 exp
1/2 𝑇 calc

1/2
𝑇 calc
1/2

[12]

230 0+ 6.0308 2.67× 106 2.85× 106 2.48× 106

2+ 5.9586 5.62× 106 1.04× 107 6.51× 106

4+ 5.8044 4.73× 108 1.93× 108 5.53× 107

6+ 5.5835 2.57× 1012 1.67× 1010 1.43× 109

232 0+ 5.4513 3.19× 109 3.34× 109 3.39× 109

2+ 5.3935 6.89× 109 1.17× 1010 8.49× 109

4+ 5.2645 7.25× 1011 2.08× 1011 7.00× 1010

6+ 5.0731 4.26× 1015 1.88× 1013 1.89× 1012

234 0+ 4.8954 1.09× 1013 0.99× 1013 1.00× 1013

2+ 4.8422 2.73× 1013 3.71× 1013 2.70× 1013

4+ 4.7213 3.87× 1015 8.19× 1014 2.74× 1014

236 0+ 4.6109 9.99× 1014 1.00× 1015 1.08× 1015

2+ 4.5614 2.84× 1015 3.85× 1015 2.97× 1015

4+ 4.4486 4.93× 1017 8.96× 1016 3.17× 1016

6+ 4.2775 5.28× 1020 1.30× 1019 1.38× 1018

238 0+ 4.3078 1.78× 1017 2.35× 1017 4.10× 1017

2+ 4.2582 6.71× 1017 9.96× 1017 1.26× 1018

4+ 4.1448 1.81× 1020 2.98× 1019 1.77× 1019

with 𝑟0 = 1.27 fm. The results are compared in Ta-
ble with the experimental data and calculations made
by Denisov and Khudenko [12]. It is curious that the
square potential rather well reproduces the experi-
ment. This success of the simple square potential is
tightly bound to the fact, lying in the basis of the
Bohr–Mottelson equations, that the density of nu-
clei is practically constant through the nuclear vol-
ume. Although I considered only spherical nuclei, my
calculations agree with the experimental data for de-
formed nuclei at spin 𝐼 > 0 somewhat better than the
results of Ref. [12]. This can be explained by the fact
that these authors did not account for the dependence
of the assault frequency 𝜈𝑙 on the orbital momentum
𝑙 and, moreover, took a standard centrifugal barrier
∼ 𝑙(𝑙+1) instead of the quasiclassical one ∼ (𝑙+1/2)2.

8. Conclusion

So, a straightforward solution of the time-dependent
Schrödinger equation is reported for the 𝛼-decay. It
is based on the idea that the parent nucleus, obtained
at 𝑡 = 0 in any nuclear process, occurs in the bound

state 𝜙𝑎 described by the shell model treating all the
nucleons as an ideal gas. Each level in the potential
well occupied by nucleons has a negative energy ly-
ing lower than the continuous spectrum. Therefore,
the wave function 𝜙𝑎 corresponds to a really bound
state. Such a function is orthogonal to the scatter-
ing functions 𝜙+

𝑏 of the continuous spectrum, which
describe, in turn, the 𝛼-particle and the daughter nu-
cleus. Only the residual interaction 𝑉 ′ gives rise to
the decay of the state 𝜙𝑎, by coupling it with the
states 𝜙+

𝑏 .
The value of the isolated energy level 𝜀𝑎 of the

initial state is dictated by the character of the nu-
clear forces, Pauli principle, etc., but not by our de-
sire to fulfil the Bohr–Sommerfeld quantization rule
(54). Recall that this requirement determines the res-
onance levels 𝐸𝑟 in the scattering of particles by any
potential well [27]. At these energies the density of
the wave function of the incident particle inside the
well reaches a maximum, while the scattering cross-
section attributes a bump with the width Γ𝑟. This is
well illustrated for the scattering of 𝛼-particles by nu-
merical calculations [28]. Furthermore, if there is an
𝛼-wave packet inside the nucleus at 𝑡 = 0, which is
spread in the energy interval Δ𝐸 ≫ Γ𝑟 and is concen-
trated at the resonance energy 𝐸𝑟, then it exponen-
tially decays later with the lifetime 𝜏 = ~/Γ𝑟 [27]. It
is curious that the decay constant 𝜆 = 1/𝜏 for such
a quasistationary level derived in Eq. (51) is easily
transformed to the Gamov formula 𝜆 = 𝜈𝑒−2𝑆 with 𝜈
being reciprocal to the period of vibrations 𝑇 deter-
mined by Eq. (130).

According to Eqs. 95) and (96), the 𝛼-decay width
Γ is proportional to the squared amplitude of the
wave function 𝐶2

𝑙 . In accordance with Eqs. (48) and
(50), the 𝐶2

𝑙 ∼ 𝑒−2𝑆𝑙 far from the resonance, while
𝐶2

𝑙 ∼ 𝑒2𝑆𝑙 , if the resonance condition (54) is exactly
fulfilled. Hence, only far from the resonance in non-
vibrating spherical nuclei, we come to the correct re-
sult 𝜆 ∼ 𝑒−2𝑆 . In the case of a decay deeply under
the barrier, the probability of that the energy 𝜀𝑎 of
the parent nucleus is lying in the narrow resonance
window Γ ∼ 𝑒−2𝑆𝑙 , is too tiny to be realized in a rigid
nucleus.

In standard approach to the problem, the station-
ary Schrödinger equation is solved, which resulted in
the complex energy and in the exponentially diverg-
ing wave function, which is spread over the whole
space. Instead, I have constructed the wave packet
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Φ(𝑟, 𝑡) as a superposition of the scattering wave
functions. These functions are calculated quasiclassi-
cally. Exponentially growing with 𝑟 outside the nu-
cleus, the Φ(𝑟, 𝑡) is truncated at the point 𝑟𝑓 = 𝑣𝑑𝑡,
which ensures its proper normalization. The profound
analysis has shown that some distortions of the wave
front, calculated by means of strict Moshinsky’s ap-
proach, appear in a very narrow space-time interval
and, therefore, can be ignored in the experiment.

Equations (48) and (50) were transformed to the
quasiclassical expression (131), which was used in nu-
merical calculations of 𝑇1/2 for the 𝛼-decay of the ura-
nium isotopes into the rotational bands of the daugh-
ter nuclei. Although the calculations agree with the
experimental data somewhat better than the results
in [12], there remains a large discrepancy of the calcu-
lations with experiment, as the spin 𝐼𝑑 of a daughter
nuclei grows. For explanation of this effect, a depen-
dence of the potential energy on the deformation pa-
rameter 𝛽 will be taken into consideration in the next
paper.
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О.Я.Дзюблик

ПОСЛIДОВНА ТЕОРIЯ АЛЬФА-РОЗПАДУ

В рамках теорiї розпадiв Гольдбергера i Ватсона 𝛼-розпад
розглядається як перехiд мiж початковим зв’язаним ста-
ном ядра та станами неперервного спектра з 𝛼-частинкою.
В квазикласичному наближеннi виведенi базиснi хвильо-
вi функцiї для 𝛼-розпаду з довiльним орбiтальним куто-
вим моментом. Альфа-частинка описується квадратично-
iнтегровним хвильовим пакетом, утвореним цими функцiя-
ми, амплiтуда якого ззовнi ядра експоненцiйно росте аж до
хвильового фронту. Аналiзується ефект Мошинського по-
шкодження хвильового фронту. Виведений вираз для швид-
костi розпаду апроксимується квазикласичною формулою.

Ключ о в i с л о в а: теорiя розпаду, 𝛼-розпад, тунелювання,
теорiя розсiювання.
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