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THE SURFACE ENERGY AND STRUCTURE
OF NUCLEI AT CALCIUM SULFATE DIHYDRATE
CRYSTALLIZATION FROM AQUEOUS SOLUTIONS

Crystallization of CaSO4 · 2𝐻2𝑂 at the varying Ca2+ and the constant SO2−
4 ion concentra-

tions has been studied. It is found that the concentration of 𝐶𝑎𝑆𝑂0
4 complexes can exceed the

concentration of 𝐶𝑎2+ ions, which influences the crystallization conditions, in particular, the
supersaturation. Based on the induction period measurements, the surface energy of nuclei
was determined. This parameter was found to change within an interval of 6.4–10.8 mJ/m2

depending on the ratio between the concentrations of Ca2+ ions and CaSO0
4 complexes. We

assume that the surface energy value depends on the prenucleus formation conditions. We
adopt that prenuclei are micelles the nuclei of which undergo the recharging when passing from
𝐶Ca2+ < 𝐶

SO2−
4

to 𝐶Ca2+ > 𝐶CaSO0
4
> 𝐶

SO2−
4

.

K e yw o r d s: crystallization, surface energy, concentrations of components, induction period,
micelles, photometry.

1. Introduction

The study of the crystallization mechanism of low sol-
uble salts has both fundamental (the phase transition
mechanism) and application (resistance to the salt de-
position onto technological surfaces) importance [1–
4]. When analyzing the formation of solid-phase nu-
clei in electrolytes, the value of the surface energy
plays an important role, because it governs the rate
of solid phase generation, as well as our understand-
ing of the mechanism of nucleus formation [5] and
its influence on the process running with surfactants
which are widely used to control the growth of de-
posits of insoluble salts in various industrial domains
[4, 6–8].
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The aim of this work was to determine the surface
energy of nuclei by measuring the induction period at
the crystallization of calcium sulfate dihydrate under
the conditions, when the concentrations of reactants
vary. We also intended to formulate a model of prenu-
clei (micelles) that further evolve into crystallization
nuclei.

A wide-spread method to determine the surface en-
ergy is the induction period method based on the
Gibbs–Volmer theory [9]. Its essence consists in the
analysis of the dependence of the induction period 𝑡𝑖
on the surface energy and the value of the supersat-
uration coefficient 𝑆 in the initial solution. To an ac-
curacy of lower-order terms, this dependence is given
by the expression

ln(𝑡𝑖) =
16𝜋𝑁A𝑉

2
𝜇

3(𝑅𝑇 )3(ln𝑆)2
𝜎3 + const, (1)
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where 𝑡𝑖 is the induction period, 𝑁A the Avogadro
number, 𝑉𝜇 the molar volume, 𝑅 the universal gas
constant, 𝑇 the thermodynamic temperature, and 𝑆
the supersaturation coefficient.

As follows from this formula, in order to determine
the surface energy, it is necessary, in addition to the
induction period measurements, to calculate the su-
persaturation of the initial solution under experimen-
tal conditions.

2. Experimental Part

A specific feature of our research was the presence
of the mode of quasicontinuous (with an interval of
10 s) measurement of the solution parameters (the
calcium ion concentration, the light transmittance,
and the temperature), which was provided by apply-
ing a computerized complex designed and manufac-
tured for non-disturbing physicochemical studies at
the Physico-Technological Laboratory of Water Sys-
tems (PTLWS) of the National University of Water
Management and Nature Resources Use (NUWM-
NRU) [7, 10].

Crystallization was initiated by the mixing of
CaCl2 solutions with concentrations of 27.5, 30, 34,
40, 50, 52, 55, 60, 65, 75, and 100 mmol/dm3

and the Na2SO4 solution with a concentration of
40 mmol/dm3. The Na2SO4 solution was pre-poured
into the reactor and thermostated to 25.1 ∘𝐶. Then,
the required amount of a CaCl2 solution was dosed to
the Na2SO4 solution in order to obtain the indicated
concentrations. The solutions were stirred through-
out the experiment. All solutions were prepared from
reagents of the c.p. grade.

Since the induction period was most distinctly ob-
served in experiments on light transmittance mea-
surement, they were used in this work. The results
of measurements after their initial mathematical pro-
cessing are presented in Fig. 1. One can see a pro-
nounced dependence of the induction period (the ar-
eas of the kinetic curve, where the light transmit-
tance almost did not change), as well as the turbidity
dynamics and depth, on the initial concentration of
calcium ions. Such a behavior of the induction pe-
riod takes place because the growing concentration of
CaI+ increases the probability of a cluster (micelle)
formation from ions, as well as neutral and charged
calcium-based complexes, which generally shortens
the induction period and accelerates the formation
of crystallization nuclei.

Fig. 1. Kinetic curves of the light transmittance 𝑓 for the
initial concentrations of Ca2+ ions 𝐶0

Ca2+
= 100 (1 ), 75 (2 ),

40 (3 ), and 34 mmol/dm3 (4 )

The initial stage of solid phase formation is charac-
terized by a low consumption of calcium ions. Howe-
ver, the ionic composition of the solution may change
due to rapid formation reactions of ionic complexes
during the induction period.

3. Determination of the Solution
Composition and Relative Supersaturation

To determine the current concentrations of Ca2+,
Na+, SO2−

4 , and NaSO−
4 ions, we used the balance

equations for the molar component concentrations [8]
and the electroneutrality equations:

𝐶0
Ca2+ = 𝐶Ca2+ + 𝐶CaSO0

4
+ 𝐶CaSOhard

4
, (2)

𝐶0
SO2−

4
= 𝐶SO2−

4
+ 𝐶CaSO0

4
+ 𝐶NaSO−

4
+ 𝐶CaSOhard

4
, (3)

𝐶0
Na+ = 𝐶Na+ + 𝐶NaSO−

4
, (4)

2𝐶Ca2+ + 𝐶Na+ = 2𝐶SO2−
4

+ 𝐶NaSO−
4
+ 𝐶Cl− . (5)

In Eqs. (2) and (3), the notation 𝐶CaSOhard
4

means the
solid phase concentration. We consider the processes
within the limits of the induction period, so we may
put 𝐶CaSOhard

4
≈ 0 with an error less than 1%. Then,

Eqs. (2) and (3) are simplified,

𝐶0
Ca2+ = 𝐶Ca2+ + 𝐶CaSO0

4
, (6)

𝐶0
SO2−

4
= 𝐶SO2−

4
+ 𝐶CaSO0

4
+ 𝐶NaSO−

4
. (7)

To obtain a calculation procedure for the concen-
trations of the sulfate system components, let us as-
sume that the formation time of the NaSO−

4 and
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Fig. 2. Concentrations of the Ca2+, Na+, SO2−
4 , CaSO0

4, and
NaSO−

4 components (curves 1 to 5, respectively). The vertical
dashed lines denote the equality points 𝐶Ca2+ = 𝐶

SO2−
4

and

𝐶Ca2+ = 𝐶CaSO0
4
. The interval 𝐶0

Ca2+
= 36÷66 corresponds

to 𝐶
SO2−

4
< 𝐶Ca2+ < 𝐶CaSO0

4
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Fig. 3. Supersaturation dependence on the initial concentra-
tion of calcium ions

CaSO0
4 complexes is much shorter than the induc-

tion period. So, we can apply the known equilibrium
relations for the stability constants,

𝐾1 =
𝐶NaSO−

4

𝐶Na+𝐶SO2−
4

, 𝐾2 =
𝐶CaSO0

4

𝐶Ca2+𝐶SO2−
4

. (8)

At 𝑡 = 25 ∘𝐶, they equal 𝐾1 = 5.26× 10−3 dm3/mol
and 𝐾2 = 0.204 dm3/mol [11]. Together with
Eqs. (4), (6), and (7), we obtain the following equa-

tion to calculate the concentration of SO2−
4 ions:

𝐶3
SO2−

4
+

(︀
𝑎2 + 𝐶0

Ca2+

)︀
𝐶2

SO2−
4

+

+

(︂
𝑎1 +

1

𝐾1
𝐶0

Ca2+

)︂
𝐶SO2−

4
=

1

𝐾1𝐾2
𝐶0

SO2−
4
, (9)

𝑎1 =
1

𝐾1𝐾2
+

(︂
1

𝐾2
− 1

𝐾1

)︂
𝐶0

SO2−
4
,

𝑎2 =
1

𝐾1
+

1

𝐾2
+ 𝐶0

SO2−
4
.

(10)

Solutions (10) and the concentrations of other com-
ponents,

𝐶Ca2+ =
𝐶0

Ca2+

1 +𝐾2𝐶SO2−
4

,

𝐶Na+ =
𝐶0

Na+

1 +𝐾1𝐶SO2−
4

(11)

are shown in Fig. 2. One can see that the concen-
tration of free Ca2+ ions becomes higher than the
concentration of CaSO0

4 complexes only at the con-
centrations 𝐶0

Ca2+
> 66 mmol/dm3. At lower con-

centrations, the formation of nuclei is driven by sul-
fate complexes, and their properties (size, surface en-
ergy, solubility, density) have no stable values. To
calculate the saturation state in the process of solid
CaSO4 ·2H2O separation, we used the solubility prod-
uct 𝑃𝑟CaSO4 = 1.0× 10−5 mol2/dm3 [12].

For the induction period, the supersaturation coef-
ficient S was calculated according to Eq. (10),

𝑆 =
(𝐶Ca2+𝛾Ca2+)(𝐶SO2−

4
𝛾SO2−

4
)

𝑃𝑟CaSO4

, (12)

where 𝛾𝑖 are the activity coefficients. The latter were
determined using the Davis formula [13]

−lg(𝛾) = 𝑍2

(︂
0.522

√
𝜇

1 + 1.5
√
𝜇
− 0.2𝜇

)︂
, (13)

where Z is the ion charge, and 𝜇 the ionic strength
of the solution, which was calculated by the formula

𝜇 = 0.5(4𝐶Ca2+ + 𝐶Na+ + 4𝐶SO2−
4

+ 𝐶0
Cl−). (14)

Note that, in all experiments, 𝐶0
Cl−

= 2𝐶0
Ca2+

. The
values of the activity coefficients for the doubly
charged ions and the supersaturation coefficient 𝑆
were determined by Eqs. (13) and (12), respectively,
for various concentrations 𝐶0

Ca2+
. The dependence of
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the supersaturation coefficient 𝑆 on the initial cal-
cium concentrations is shown in Fig. 3.

The slope of the curve characterizes the rate of su-
persaturation decrease, and its variation testifies to
different conditions for the formation of nuclei at low
and high Ca2+ concentrations, which are reflected, in
turn, in the surface energy dependence on 𝐶0

Ca2+
.

4. Determination of Surface Energy

As was already mentioned, the surface energy was
determined with the help of formula (1), which can
be presented in the form

ln(𝑡𝑖) = 𝜎3𝐹 (𝑆) + const, (15)

where

𝐹 (𝑆) =
𝐴

(ln𝑆)2
, 𝐴 =

16𝜋𝑁A𝑉
2
𝜇

3(𝑅𝑇 )3
, (16)

and using the measurement data for the induction pe-
riod, see Fig. 1. The interpolated dependences on the
left- and right-hand sides of Eq. (13) change continu-
ously. This fact makes it possible to select a discrete
set of points in the interval of 𝐶0

Ca2+
variation, e.g.,

𝑥𝑘 = 27 + 𝑘, 𝑘 = 0, (17)

and, taking the value of 𝜎 to be constant within the
change interval Δ𝑘 = 1, to calculate the surface en-
ergy as a function of the initial concentration 𝐶0

Ca2+
,

see Fig. 4.

𝜎𝑘 = 3

√︃
ln(𝑡𝑖𝑘)− ln(𝑡𝑖𝑘+1)

𝐹 (𝑆𝑘)𝐹 (𝑆𝑘+1)
. (18)

From Fig. 4, one can see that 𝜎 changes from
𝜎1 = 6.4 mJ/m2 at 𝐶0

Ca2+
= 27.5 mmol/dm

3 to
𝜎2 = 10.8 mJ/m2 at 𝐶0

Ca2+
= 68 mmol/dm

3. At
𝐶0

Ca2+
> 66 mmol/dm

3, when the concentration of
free calcium ions becomes higher than the concen-
tration of ionic complexes CaSO0

4, 𝜎 becomes prac-
tically constant (about 10.4 mJ/m2) at 𝐶0

Ca2+
=

= 76 mmol/dm
3. The average value of 𝜎 over the

whole interval of 𝐶0
Ca2+

variation equals 8.5 mJ/m2,
which is close to a value of 8.4 mJ/m2 obtained in
work [14] and to a value of 4.98 mJ/m2 obtained in
work [6].

We connect the surface energy dependence on the
concentration of calcium ions with a change in the

20 30 40 50 60 70 80 90 100
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m
J
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2

C
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2+, mmol/dm

3

Fig. 4. Surface energy dependence on the initial calcium con-
centration. Symbols are the results of calculations by formula
(18), and the curve is a result of the smoothing over 3 points

a b

Fig. 5. Element of the core of a spherical micelle: the PDI is
SO2−

4 (𝑎) or Ca2+ (𝑏)

concentration of the potential-determining ion (PDI)
in the micelle core (the micelle is considered to be
a prenucleus of crystallization). When passing from
𝐶0

Ca2+
< 𝐶CaSO0

4
to 𝐶0

Ca2+
> 𝐶CaSO0

4
, such a recharg-

ing is quite a natural phenomenon under the given
conditions, which can occur according to the follow-
ing schemes:

for 𝐶0
Ca2+

< 𝐶SO2−
4

(Fig. 5, a),

𝑚(CaSO4)𝑛SO
2−
4 (𝑛− 𝑥)Ca2+𝑥Ca2+; (19)

for 𝐶0
Ca2+

> 𝐶SO2−
4

(Fig. 5, b),

𝑚(CaSO4)𝑛Ca
2+(𝑛− 𝑥)SO2−

4 𝑥SO2−
4 . (20)

Let the surface energy change be associated with
the micelle core recharging (see Fig. 5). Then, it fol-
lows that the surface energy is determined by the
electrical energy of the surface, which is proportional
to the number of ions adsorbed on it. According to

ISSN 2071-0194. Ukr. J. Phys. 2021. Vol. 66, No. 8 711



V.R. Gayevskii, V.Z. Kochmarskii, S.G. Gayevska

Fig. 5, the maximum number of particles on the mi-
celle surface, 𝑁max, depends on the PDI size (see
Fig. 5, 𝑎 for SO2−

4 and Fig. 5, 𝑏 for Ca2+) 𝑟1 or 𝑟2, and
on the size 𝑟01 or 𝑟02 of micelles, which we consider as
crystallization prenuclei. Then, for the spherical mi-
celles, the numbers of adsorbed ions are equal to

𝑁1max =
4𝜋(𝑟01 + 𝑟1)

2

𝜋𝑟21
, 𝑁2max =

4𝜋(𝑟02 + 𝑟2)
2

𝜋𝑟22
,

(21)

and the electrostatic energy W of the micelle is de-
termined by the known formula

𝑊 =
𝑞2

2𝐶
, (22)

where 𝑞 is the charge of a sphere with radius 𝑅, and
𝐶 = 4𝜋𝜀𝜀0𝑅 is its capacitance. Let us take into ac-
count that 𝑞1 = 2𝑒𝑏1𝑁1max and 𝑞2 = 2𝑒𝑏2𝑁2max,
where 𝑒 = 1.6 × 10−19 𝐶 is the elementary charge,
and 𝑏1 and 𝑏2 are coefficients that take into account
how densely the ions fill the micelle surface.

By calculating the radii of micelles 𝑟01 and 𝑟02 in
the framework of the Gibbs–Volmer theory,

𝑟01 =
2𝜎1𝜇

𝑅𝑇 ln(𝑆1)𝜌
, 𝑟02 =

2𝜎2𝜇

𝑅𝑇 ln(𝑆2)𝜌
, (23)

where 𝜇 = 0.172 kg is the molar mass, 𝜌 =
= 2320 kg/m3 is the density [11], 𝜎1 = 6.4 mJ/m2,
𝜎2 = 10.8 mJ/m2, and 𝑆1 = 𝑆2 = 2.34 (the value
taken in a vicinity of 𝐶0

Ca2+
≈ 𝐶0

SO2−
4

), we obtain

𝑟01 = 4.51×10−10 m and 𝑟02 = 7.61×10−10 m. Using
those values, taking the values 𝑟1 = 2.95 × 10−10 m
and 𝑟2 = 1.06× 10−10 m for the ion radii [15], on the
basis of Eqs. (17) and (18), and assuming 𝑏1 ≈ 𝑏2, we
obtain

𝑁2max

𝑁1max
= 1.5, (24)

i.e. the number of Ca2+ ions adsorbed by micelles at
𝐶0

Ca2+
> 𝐶0

SO2−
4

is larger than the number of SO2−
4

ions at 𝐶0
Ca2+

< 𝐶0
SO2−

4

. Taking Eqs. (18) and (19)
into account, we see that the differences in the num-
bers of adsorbed Ca2+ and SO2−

4 ions testify that the
surface energy change observed in the experiment is
a result of the micelle recharging.

5. Conclusions

1. It has been shown that the limiting surface energy
value equals 𝜎1 = 6.4 mJ/m2 for the concentrations
𝐶0

Ca2+
< 𝐶0

SO2−
4

and 𝜎2 = 10.4 mJ/m2 for the concen-

trations 𝐶0
Ca2+

> 𝐶0
SO2−

4

. A wide interval of 𝜎 varia-

tion is connected with adsorption conditions for Ca2+
ions and micelle recharging, when the concentration
𝐶0

Ca2+
changes.

2. The surface energy dependence on 𝐶0
Ca2+

(see
Fig. 4) is associated with a specific feature of the sys-
tem Ca2+ + SO2−

4 + 2H2O, which consists in a high
concentration of CaSO0

4 complexes (see Fig. 2, from
which one can see that, at 𝐶0

Ca2+
< 66 mol/dm3, the

concentration of complexes is higher than the con-
centration of Ca2+ ions). This situation affects the
deposition of Ca2+ ions on the micelle surface and
the micelle recharging in the course of prenucleus for-
mation.

3. The average surface energy determined using the
induction period value equals 8.5 mJ/m2, which is
consistent with the experimental data of other re-
searchers (8.4 mJ/m2 [14] and 4.98 mJ/m2 [6]).

4. According to the micellar structure of prenu-
clei, which was proposed in this work, the depen-
dence of their surface energy on the calcium concen-
tration testifies that the formation of the surface, its
structure, and the size of nuclei depend on the cal-
cium concentration. In particular, the size of the nu-
clei should determine their other characteristics, e.g.,
solubility [16].

5. The analysis of experimental data with the as-
sumption that micellar forms are prenuclei of the
crystallization makes it possible to consider that, at
the next stage of crystallization, the micelles will co-
agulate and create an amorphous form [5], which will
turn later into a crystalline phase.
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Translated from Ukrainian by O.I. Voitenko

В.Р. Гаєвський, В.З.Кочмарський, С.Г. Гаєвська

ПОВЕРХНЕВА ЕНЕРГIЯ ТА СТРУКТУРА
ЗАРОДКIВ ПРИ КРИСТАЛIЗАЦIЇ ДИГIДРАТУ
СУЛЬФАТУ КАЛЬЦIЮ З ВОДНИХ РОЗЧИНIВ

Дослiджувалась кристалiзацiя CaSO4 · 2H2O при змiнi кон-
центрацiї iонiв Ca2+ i постiйнiй концентрацiї SO2−

4 . Вста-
новлено, що концентрацiя комплексiв CaSO0

4 може пере-
вищувати концентрацiю iонiв Ca2+, що впливає на умови
кристалiзацiї, зокрема, на перенасичення. За даними ви-
мiрювань iндукцiйного перiоду визначено поверхневу енер-
гiю зародкiв i встановлено, що вона змiнюється в межах
6,4–10,8 мДж/м2 залежно вiд спiввiдношення мiж концен-
трацiями iонiв кальцiю i комплексiв CaSO0

4. Вважаємо, що
величина поверхневої енергiї залежить вiд умов формува-
ння протозародкiв. Приймаємо, що протозародками є мiце-
ли, ядра яких при переходi вiд 𝐶Ca2+ < 𝐶

SO2−
4

до 𝐶Ca2+ >

> 𝐶CaSO0
4
> 𝐶

SO2−
4

зазнають перезарядки.

Ключ о в i с л о в а: кристалiзацiя, поверхнева енергiя, кон-
центрацiя компонентiв, iндукцiйний перiод, мiцели, фото-
метрiя.
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