GENERAL PHYSICS

https://doi.org/10.15407 /ujpe66.6.478

M.I. KOPP,! A.V. TUR,2 V.V. YANOVSKY 3

! Institute for Single Crystals, Nat. Acad. of Sci. of Ukraine
(60, Nauky Ave., Kharkiv 61001, Ukraine)

2 Université de Toulouse [UPS], CNRS, Institut de Recherche en Astrophysique et Planétologie
(9, Ave. du Colonel Roche, BP 44346, 31028 Toulouse Cedex 4, France)

3 V.N. Karazin Kharkiv National University
(4, Svobody Sq., Kharkiv 61022, Ukraine; e-mail: yanovsky@isc.kharkov.ua)

NONLINEAR VORTEX STRUCTURES
DRIVEN BY SMALL-SCALE NONHELICAL FORCES
IN OBLIQUELY ROTATING STRATIFIED FLUIDS

We study a new type of large-scale instability in obliquely rotating stratified fluids with small-
scale nonhelical turbulence. The small-scale turbulence is generated by the external force with
zero helicity and low Reynolds number. The theory uses the method of multiscale asymptotic
expansions. The nonlinear equations for large-scale motions are obtained in the third order of
perturbation theory. We consider a linear instability and stationary nonlinear modes. Solutions
in the form of nonlinear Beltrami waves and localized vortex structures such as kinks of a new

type are obtained.
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1. Introduction

The problem of generation of large-scale vortex mo-
tions and formation of stationary nonlinear vortex
structures in turbulent media is very important. The
characteristic scales of the velocity fields for these
structures are much greater than the characteristic
scales of turbulent motions or waves which engender
their appearance. The study of the mechanism of gen-
eration of large-scale vortex structures (LSVS) by the
small-scale turbulence has not only scientific inter-
est, but also applied one. For instance, tornados, cy-
clones and anticyclones represent the particular cases
of LSVS. They also play an important role in the dy-
namics of Earth’s atmosphere, since they determine
the global transport of air masses and are responsible
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for the weather and climate on our planet [1-3]. The
study of the mechanisms of LSVS generation is im-
portant for a number of astrophysical problems such
as the origin of the Great Spot of Jupiter, Venus super
rotation, vortex structures in solar prominences, and
so on [4-8]. The generation of LSVS in atmospheres
and bowels of the planets (or other space objects) is
essentially due to thermal phenomena occurring un-
der the influence of internal or external sources of the
thermal energy. Articles [9-11] present the theory of
convective vortex dynamos. It follows from this the-
ory that the small-scale helical turbulence leads to
a large-scale instability, which engenders the forma-
tion of one convective cell considered as a huge vor-
tex of the tropical cyclone type. Several of the nu-
merical [12] and laboratory [13] experiments confirm
this. The theory of convective vortex dynamo was fur-
ther developed in [14, 15] with the use of the method
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of multiscale asymptotic expansions. This method,
unlike the functional techniques [16, 17| used in [9-
11] allows one to determine strictly the principal or-
der of perturbation theory in which the instability
arises. The method of multiscale asymptotic expan-
sions to describe the generation of LSVS in reflective
noninvariant turbulence was first used in [18]. The
small Reynolds number is a parameter of the asymp-
totic expansions. The nonlinear stabilization of the
convective large-scale instability discussed in [14, 15]
leads to the formation of helical vortex solitons or
kinks of a new type. The generation of a helical tur-
bulence under natural conditions is usually associated
with the influence of the Coriolis force on the turbu-
lent motion [19,20]. Obviously, the question arises of
the possibility of the generation of large-scale vor-
tex fields in a rotating media under the influence of
small-scale forces with zero helicity. An example of
the generation of LSVS in a rotating incompressible
fluid was found in [21]. It was also shown that the
expansion of a large-scale instability in an inclined
rotating fluid generates nonlinear large-scale helical
vortex structures or localized Beltrami vortices within
the internal helical structure.

In this paper, we give a generalization of the a-
effect found in [21] in the case of a temperature-
stratified fluid. As a result of this generalization, we
obtain the large-scale instability which generates the
LSVS.

The organization of this paper is as follows. In
Section 2, we obtain the averaged hydrodynamic
equations in the Boussinesq approximation for an
obliquely rotating fluid forming the large-scale fields
using the method of multiscale asymptotic expan-
sions. The technical aspect of this question is descri-
bed in detail in Appendix I. The correlation functions
in the averaged equations are expressed in terms of
the small-scale fields in the zero-order approximation
with respect to R. In Appendix II in order to obtain
the averaged equations in the closed form, we find so-
lutions for small-scale fields in the zero-order approx-
imation. In Appendix III, we calculate the Reynolds
stresses using these solutions. In Section 2, we obtain
a closed system of nonlinear equations for large-scale
vortex fields (vortex dynamo). In Section 3, we con-
sider the generation of small large-scale vortex per-
turbations, which arise from an instability of the a-
effect type. The conditions of the appearance of this
instability are determined depending on the effects of
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rotation and stratification of the medium. In Section
4, an analytic and numerical analyses of the nonlin-
ear equations in a steady state is performed, which
shows the existence of nonlinear Beltrami waves and
localized vortex structures in the form of kinks. The
results obtained in the work can be applied to numer-
ous geophysical and astrophysical problems.

2. Equations for the Large-Scale Fields

Let us consider a system of equations for perturba-
tions of the velocity v, temperature T, and pressure
P in the Boussinesq approximation with the constant
temperature gradient V7 in the rotating coordinate
system:

v; ov; 10P i

E—F’Ukaixk ZI/AUZ'—5aim+2€ijkvj9k+g6iﬂT+E],

afT-l-va—T—Aev = xAT g;
5. k&rk EVE = X )

il (3)

The system of equations (1)—(3) describes the evo-
lution of perturbations against the background of
the basic equilibrium state T (z), P (z), which is set
by the constant temperature gradient VI = —Ae
(A > 0) (heated from below) and by the hydrostatic
pressure gradient: VP = pg — p [ x [ x r]], where
r is the radius-vector of a fluid element. We consider
the angular velocity of rotation €2 as constant (solid
rotation) and inclined to the plane (X,Y), as shown
in Fig. 1, i.e. for the Cartesian geometry problem:
Q = (21,99,9Q3) . Here, e = (0,0,1) is a unit vec-
tor in the direction of the axis Z, g is the gravity
directed vertically downward g = (0,0,—g), and 3
is the coefficient of thermal expansion. Equation (1)
includes the external force Fy, which models the ex-
citation source in the environment of small-scale and
high-frequency fluctuations of the velocity field with
small Reynolds number. Unlike the previous studies
[14,15], we consider here the nonhelical external force
with the following properties:

div FO = 0, FoI'Ot FO = 0, rot FO 7& 0,
T (4)
Fo= foFo|—;—
0 fO 0 ()\07 t())’

where )\ is the characteristic scale, and ty is the
characteristic time, and f is the characteristic ampli-
tude. The external force is given in the plane (X,Y),
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Fig. 1. In the general case, the angular velocity €2 is inclined
to the plane (X,Y’), where the external force Fg is located

where the perpendicular projection of the angular ve-
locity is located. We choose the external force in the
rotating coordinate system in the following form:

F; =0, Foo = fo(icoseps + jcosepy),
$1 = kix —wot, @2 = kox — wot, (5)
kl :kO (17070)7 k2 :ko (0,1,0)

Obviously, this nonhelical external force satisfies all
conditions (4). In Egs. (1)—(3), let us use the dimen-
sionless variables. For convenience, we will designate
these variables like dimensional ones:

t F P
X 2t v L Ry 2l P
Ao to U Jo PPo
)\(2) VoV Vol T (6)
th = — = — = — T — ——.
0 v y Po )\0 ) fO )\(2) ) )\OA

Then, in dimensionless variables, Eq. (1)—(3) takes
the following form:

ov; ov; oP —~ )

(;;z + Ruy, a;)k = Av; — e + €450 Dy, +e;Ral + F,
(7)

oT oT 1

— —_— = =Pr AT

5 + Ruy, . erVk r ; (8)

v;

axz_ = (9)

4

Here, Ra = %, Ra = gBVA is the Rayleigh number

for the scale \g, Pr = i is the Prandtl number, and
2
D; = % is the dimensionless parameter of rotation

for the scale Ay related to the Taylor number Ta; =
= D? which is the characteristic of the influence of
the Coriolis force on viscous forces.

We will consider the Reynolds number R =
= % < 1 on the scale \g as a small parameter of the
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asymptotic expansion. Concerning the parameters D;
and Ra, we do not choose any range of values for
the moment. Let us examine the following formula-
tion of the problem. We consider the external force
as small and of high frequency. This force leads to
small-scale fluctuations in the velocity and temper-
ature fields against the equilibrium background. Af-
ter the averaging, these quickly oscillating fluctua-
tions vanish. Nevertheless, due to the small nonlin-
ear interactions in some orders of perturbation the-
ory, nonzero terms can occur after the averaging. This
means that they are not oscillatory and are of large-
scale. From a formal point of view, these terms are
secular, i.e., they create the conditions for the solv-
ability of a large-scale asymptotic expansion. So, the
purpose of this paper is to find and study the solv-
ability equations, i.e., the equations for large-scale
perturbations. The method of asymptotic equations
is well presented in works [7], [14, 15]. In accordance
with these papers, we introduce spatial and temporal
derivatives in Egs. (7)—(9) in the form of asymptotic
expansions:

0
& — at + R43T,

— 0; + R*V,, (10)

0
6$i
where 0; and J; denote the derivatives with respect
to fast variables xo = (xo,t0) and V;, Or derivatives
with respect to the slow variable X = (X, T). The
variables xy and X can be called small-scale and
large-scale variables. To construct the nonlinear the-
ory, the variables v, T, and P are presented in the
form of asymptotic series:

1
v(x,t) = Ew_l (X)+vo+ Rvi+

+ R%vy + R3v3 + ...,

1
T(X, t) = fol (X) + To + RTl +

R (11)
+R*Ty + R*T3 + ...,
P(x,t) = iP_:», + iP_g + lP_1 + Py +
’ R3 R? R

+R(P+ P (X)) + R*P, + R¥P3 + ...

Substituting expansions (10)—(11) into the initial
equations (7)—(9) and then gathering together the
terms of the same order, we obtain the equations of
the multiscale asymptotic expansion and write down
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the obtained equations up to the order R? includ-
ing. The algebraic structure of the asymptotic expan-
sion of Egs. (7)—(9) in various orders of R is given
in Appendix I. It is also shown that in the order R3
we get the main secular equation or equation for the
large-scale fields:

OrWhy — AW, + 9 (ofef) = —ViPr, (12)

T\ — Pro'AT | = -V, (ugTO) (13)

Equations (12)—(13) with secular equations are ob-
tained in Appendix I:

—V,iP_3+Rae;T_1 + ei;sW,; Dy, = 0,

WE VW = =V, Py,

Wk ViT_1 =0,

VWi, =0,

Wz, =0.

These equations are satisfied by choosing the follow-
ing geometry for the velocity field:

W_, = (W= (2), WY, (Z), 0),

T, =T,(2) 14

P_1 = const.

In the frame of this quasi-two-dimensional approxi-
mation, we assume that the large-scale derivative over
Z is much larger than other derivatives, i.e.,

0 o 0

Then the system of equations (12)—(13) is simplified
and takes the following form:

OrW1 — VWi + Vz (0ivg) =0, W =Wy, (15)
OrWo — V2ZW2 +Vyz (vgvg) =0, ng =W, (16)

OrT_y — Pr*AT_y + VY, (viTy) = 0. (17)

Equations (15)—(16) describe the evolution of large-
scale eddy fields W. In order to obtain the final
closed form of Egs. (15)—(16), we have to calculate

the Reynolds stresses V (vkvd ). This shows that we
need to find solutions for the small-scale velocity
field vo. Appendix II contains a detailed technique
to calculate the velocity field in a rotating strati-
fied medium. Further, in Appendix III, the solutions
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for a small-scale velocity field vy are used to find
the Reynolds stresses. Then Egs. (15)—(16) take the
closed form:

. 2
(Or — VL)W, = %OD2VZ (@), (18)
. 2
(O — VE)Wo = —%ODNZ ('), (19)
where

ary = (1+ Wi, = Ra)(1 4+ Wi,) i,
ri2=(1+Wiy)* +
+2(D}, — Ra)(1— WE,) + (D}, — Ra).

To simplify the equations, we use here the designa-
tions: W7 =1 — Wy, Wy = 1 — Ws. Thus, in this
section, we obtain the closed equations (18)—(19),
which will be called the equations of nonlinear vor-
tex dynamo in obliquely rotating stratified fluids with
small-scale nonhelical force. If the rotation effect dis-
appears (2 = 0 ), then the usual diffusion dissipation
of large-scale fields occurs. In the limit of a homoge-
neous fluid, Egs. (18) and (19) coincide with the re-
sults of [21]. First, we consider the stability of small
perturbations of fields (linear theory) and then exam-
ine the question of the possible existence of stationary
structures.

3. Large-Scale Instability

Equations (18)—(19) describe the nonlinear dynam-
ics of large-scale disturbances of the vortex field
W = (W, Ws). Therefore, it is of interest to clarify
the question of the stability of small perturbations
of the field W. Then, for small values of (W7, W),
Egs. (18)—(19) are linearized and can be reduced to

the following system of linear equations:
8TW1 — VZZW1 — QQVZWQ = 0, (20)
8TW2 — VQZWQ + a1 VW, = 0,

where we have introduced the following designations
for the coefficients:

o] = f02D1 X
y [(D% —Ra—2)(2 — Ra) + Ra(4 + (D? — Ra)Q)]
(4+ (D? —Ra)?)? ’
(21)

Qo = ngg X

(D3 —Ra—2)(2 — Ra) + Ra(4 + (D3 — Ra)?)
. { (4+ (D3 — Ra)?)? ]
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Fig. 2. Relation of Cartesian projections of the rotation pa-
rameter D (or angular velocity of rotation ) with their pro-
jections in the spherical coordinate system

It is clear that Eqgs. (20) are similar to the equations
for the vortex dynamo [9-15]. To study the large-scale
instability described by the system of equations (20),
we choose perturbations in the form of plane waves
with wave vector K||OZ, i.e.

Wio = Aw, , exp(—iwt +iK Z). (22)

Substituting (22) into the system of equations (20),
we get the dispersion equation:

—iw+ K2)? —ajanK? = 0. 23
( ) (23)

From Eq. (23), we find the instability increment:

I'=Imw=+/ajon K — K> (24)

Solutions (24) show the existence of instabilities for
large-scale vortical perturbations, when ajas > 0. If
a1ag < 0, damped oscillations arise with frequency
wo = /a1 K instead of the instabilities. The coef-
ficients a1, ao give a positive feedback loop between
the components of the velocity. It should be noted
that, in the linear theory, the coefficients aq, as do
not depend on the amplitudes of the fields and depend
only on the rotation parameters D; 2, Rayleigh num-
ber Ra, and amplitude of the external force fj. Let us
analyze the dependence of these coefficients on the di-
mensionless parameters assuming, for simplicity, that
the dimensionless amplitude of the external force fy is
equal to fo = 10. In the coeflicients a1, ao, instead of
the Cartesian projections D1 and Do, it is convenient
to use their projections in the spherical coordinate
system (D, ¢,0) (see Fig. 2). The coordinate surface
D = const is a sphere, 0 is a latitude, 0 € [0,7], ¢
is a longitude ¢ € [0, 27]. We analyze the dependence
of the amplification coefficients a1, as on the effects
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of rotation and stratification, assuming for simplicity
that Dy = Dy, which corresponds to a fixed value of
a longitude ¢ = w/4+mn, where n = 0,1,2,..., k, k is
an integer. In this case, the amplification coefficients
of the vortex perturbations are, respectively, equal to:

a=q1 =ay = fgﬁDsinﬁ%,

a = 4(D?sin? 6 — 2Ra — 4)(2 — Ra) +

R
+ 5 (164 (D?sin? 0 — 2Ra)?),

b= (16 + (D?*sin®  — 2Ra)?)?.

We can see from this equation that, at the poles
(0 =0, 0 = ), the generation of vortex perturbations
is not effective, because a — 0. The dependence of «
coefficient on the stratification parameter of a fluid
(Rayleigh number Ra) at a fixed latitude 6 = 7/2,
and the number D = 2 is presented in the left part of
Fig. 3. It shows the case of a homogeneous medium
Ra = 0, where the generation of large-scale vortex
perturbations is caused by the external nonhelical
small-scale force and the Coriolis force [21]. Figure 3
shows that the presence of a temperature stratifi-
cation (Ra # 0) can engender a significant increase
in the coefficient a. Consequently, we have a faster
generation of large-scale vortex perturbations, than
in a homogeneous medium. This effect manifests
itself especially with the numbers Ra — 2. Further,
with the increase in Rayleigh numbers, the coefficient
« decreases. It is also interesting to find out the
influence of the rotation effect on the amplification
coefficients «. For these purposes, we take the value
of the Rayleigh number Ra = 2 at § = 7/2. In this
case, the functional dependence «(D) is shown in
the right part of Fig. 3. This shows that, for some
parameter D, the coefficient « reaches its maximum
value amax. Then, as D increases, the coefficient «
tends gradually to zero, i.e. the suppression of the
a-effect occurs. A similar phenomenon was described
in [19, 20]. The left part of Fig. 4 shows the plot
of the joint effect of rotation and stratification
in the plane (D,Ra). Here, the instability area is
highlighted in gray. The maximum increment of in-
stability I'nax = *4f2 is reached for the wave number
Kipax = 7”’2”2 The plot of the function I' versus the
wave number K (see the right part of Fig. 4) has a
standard form of the a-effect. Thus, the development
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Fig. 3. The plot of the a-effect of the parameter of stratifi-
cation of a medium Ra (Rayleigh number) (a), the plot of the
a-effect of the parameter of rotation D (b)

of a large-scale instability in the rotating stratified
atmosphere generates large-scale helical circularly
polarized vortices of the Beltrami type.

4. Stationary Nonlinear Vortex Structures

It is obvious that, as the amplitude increases, the
nonlinear terms decrease, and the instability becomes
saturated. As a result, the nonlinear vortex structures
appear. In order to find these structures, let us ex-
amine the stationary case of Egs. (18)—(19) and in-
tergrate once with respect to Z. For the sake of sim-
plicity, we assume that D; = Do and 6§ = 7/2. Con-
sequently, we get a system of nonlinear equations of
the following form:

AW —
le = —f2DV2(1 + W2 — Ra) x
x(1+WH et + 0y, (25)
dW? 1~ 1
7 = [8DV2(1+ W Ra) (14 W) 77 4G (26)
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Fig. 4. The plot for a in the plane (D, Ra), where the gray
color shows the region corresponding to positive values of «
(unstable solutions), and the white color — negative values of
a (a); the plot of the dependence of the instability increment
on the wave numbers K for the parameters D = 2, Ra = 2 (b)

Here,

ﬂ2=40+ﬁ?92

+4(D —2Ra)(1—W12) (D? — 2Ra)?.

C1, Cy are arbitrary constants of integration. It

should be noted that the dynamic system of equations
(25)—(26) is conservative and, hence, is a Hamiltonian

one:
dWw,  9H dW, OH
dz ow,  dZ ow,’
where the Hamiltonian has the form:
H = Hi(Wy) + Hy(Wa) + CaW1 — C1We.

The functions H; o are respectively equal to:

H12—foD\f/

(27)

+ Wl 2 Ra)dWl 2
1+ W1 2)T1 2
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Fig. 5. Phase plane of the dynamical system of equations
(25)—(26) with Cy = —1 and C3 = 1. One can see the presence
of closed trajectories around the elliptic points and separatrices
which connect the hyperbolic points

Fig. 6. A nonlinear helical wave which corresponds to a closed
trajectory on the phase plane (a); a localized nonlinear vortex
structure (kink) which corresponds to the separatrix on the
phase plane (C1 = —1, Co =1, D =Ra =2) (b)
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Let us put D = Ra = 2 and fy = 10. Then we can
calculate Hamiltonian (27):

o B s (WiVE+3)  Wa(W3 +3))
2 (WP +1)2 (W3 +1)2
2 s _ _ __
— ?5\/5 (arcth1 + arcthQ) + CoW1 — C1Ws.

Since Egs. (25)—(26) are Hamiltonian ones, only fixed
points of two types, namely, elliptic and hyperbolic,
can be observed in the phase space. This can be
checked, if we carry out a qualitative analysis of the
system of equations (25)—(26). Linearizing the right-
hand sides of Egs. (25)—(26) in the neighborhood of
fixed points, we establish their type and construct a
phase portrait. As a result of the analysis, we find the
appearance of four fixed points, two of the hyperbolic
type and two of the elliptic one. The phase portrait
of the dynamical system of equations (25)—(26) for
the parameters ¢4y = —1, Cy, = 1, D = Ra = 2,
and fo = 10 is shown in Fig. 5. The phase portrait
allows us to describe qualitatively the possible sta-
tionary solutions. The most interesting localized so-
lutions correspond to the phase portrait trajectories,
which connect the stationary (singular) points on the
phase plane. Figure 5 presents closed trajectories on
the phase plane around the elliptic points and sep-
aratrices which connect the hyperbolic points. The
closed trajectories correspond to nonlinear periodic
solutions or nonlinear waves. The separatrices corre-
spond to localized vortex structures of the kink type
(see Fig. 6).

5. Conclusions

In this paper, we have obtained a new type of large-
scale instability generated by the vertical tempera-
ture gradient and the small-scale force with zero he-
licity Forot Fg = 0 in an inclined rotating fluid. This
force supports small-scale fluctuations in the fluid
and models the effect of small-scale turbulence with
the Reynolds number R <« 1. It is assumed that
the external force is in the plane (X,Y’). The force
of gravity is directed vertically downward along the
axis OZ. Using the method of multiscale asymp-
totic expansions, we get the closed system of equa-
tions for large-scale perturbations of the velocity. For
small amplitudes, this system of equations describes
the instability which is called the hydrodynamic a-
effect, since there is a positive feedback between the

ISSN 2071-0194. Ukr. J. Phys. 2021. Vol. 66, No. 6
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components of the velocity. It is shown that the in-
stability arises only in the case where the angular
velocity vector of rotation deviates from the axis
OZ. The joint effect of rotation and stratification of
the medium (heated from below) leads to a substan-
tial enhancement of large-scale vortex perturbations,
unlike the case of a homogeneous medium [21]. This
phenomenon appears especially, when the parame-
ters of the medium are D — 2 and Ra — 2 (see
Fig. 3). In this case, there is a maximum generation
of small-scale helical motions due to the action of the
Coriolis force and the inhomogeneity of the medium
temperature. The rapid growth of vortex perturba-
tions contributes to the increasing role of nonlinear
effects and the consequent saturation of the instabil-
ity. The study of the stationary state by numerical
method with parameters D = Ra = 2 shows the exis-
tence of two types of solutions: nonlinear waves and
kinks. These solutions are similar to those found in a
homogeneous obliquely rotating fluid [21].

APPENDIX I.
Multiscale asymptotic expansions

Let us find the algebraic structure of the asymptotic expansion
in various orders of R, starting from the lowest one. In the
order R~3, there is only one equation:

6¢P,3 =0=P_3=P_3 (X) . (28)
In the order R~2, we have the equations:
61'P_2 =0=>P =P (X) . (29)

In the order R~!, we obtain a more complicated system of
equations:

HWE + WF W = —0;P_1 — V;P_s+ 0fW' | +

+ e W;jDgey + Rae;T1, (30)
HT_1 —Pr Y27 = —Wk 9,11 + W2, (31)
/Wi, =0. (32)

The averaging of Egs. (30)—(32) over the fast variables give the
following secular equations:

—ViP_3 +Rae;T_1 +¢;;,W; Dy, = 0, (33)
Wz, =0. (34)
In the zero order in R?, we have the equations:

6“)6 + Wflakvé -+ ’U(IfakWil = —-0;Py — V;P_o+

+ 820} + €410 Dy, + Rae; To + F{, (35)
& To — Pr1o2Ty = —WF 0, To — 8 (WET—1) + &, (36)
v = 0. (37)
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These equations give one secular equation:
VP_2 =0 = P_3=const. (38)
Let us consider the equations in the first approximation in R!:
vt + WE apvl + vk opvl + koW + WE v WE | =

= —V;P_1—0; (PL+ P1) +97vi +

+20, Vi Wi, + Rae;T1 + €¢jkv{Dk, (39)
Ty — Pr12T — Pr120,V, To1 = —WF 9, Ty —

—WF VT 1 — 0§08, To — vF0,T_1 + v7, (40)
vt + VWi =0. (41)
The secular equations follow from this system of equations:
WFE VWi = -V, P_q, (42)
Wk VT 1 =0, (43)
VWi, =0. (44)

The secular equations (42)—(44) are satisfied by choosing the
following geometry:

W_, = (Wfl (2), WY, (Z),o), (45)

T_1=T-1(Z), P_1 = const.
In the second order in R?, we obtain the equations:
s +WE Opvl 4ol oot + WE Vol kv Wi +
+oF Ol + vEOW | = =V Py — Vi Py +
+ 8,%1)% + 28kvkv8 + P’{\éeiTg + aijkv%Dk, (46)
Ty — Pr1o2Ty — Pr120,V To = —WE 0, Tn —
—WE Ve To —v§0,T1 — v§ Vi T—1 —
— PO To — vE0LT—1 + v3. (47)
Avh +Vvh =0 (48)
It is easy to see that there are no secular terms in this or-
der. Let us consider now the most important order R3. In this
order, we obtain the equations:
O + O Wi + WE 8pvl + vf oy + WE Vit +
+ 0E Vvl + vFopvt + o8V W ok apul + koW, =
= —8;P3 — V; (P1 + P1) +0fv5 +20, Vvl + AWE, +
+l€€5‘eiT3 +5iij§Dk7 (49)
T3 + 0pT_1 — Pro1o2Ts — Pr120,V, 11 —
—Pr AT = —WF 8,5 — W* V, Ty —
- vgakTg - véVkTo - vale — U]kaT,1 —
— 050, To — vE0,T_1 + v3, (50)
v + Vvl = 0. (51)
After the averaging, this system of equations with the fast

variables, we obtain the main system of secular equations to
describe the evolution of large-scale perturbations:

BTWil — AWil + Vi (’L)g’ué) = 7viﬁ1, (52)
OrT_1 — ProlAT_, = —V, <v§T0>. (53)
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APPENDIX II.
Small-scale fields in the zero order in R

In Appendix I, we obtain the equations in the zero order in R,
which can be written in the following form:

Bwvé = 781'P0 —+ ﬁ;ieiTo —+ Eijk’ung —+ Fg, (54)
ﬁgTO = ekvlg, (55)
b =0, (56)

where we introduce the following designations for operators:
Dw =08y — 02 + W* 8y, Dg=08; — Pr—'02 + WF, 9y,
Small-scale oscillations of the temperature are easily found
from Eq. (55)
z

Tp = 2.

Dy
Let us substitute (57) into (54). Using the condition of
solenoidality of the fields vg, Fo, we can find the pressure Py:

(57)

Py = Piug + Pavo + Pswo. (58)
Here, we introduced the following designations for operators:

~ D20, — D30y ﬁz _ D30y — D10,

P = 92 ) 52 )
~ D10y — D20, ~ 0
P3= 10y 21+Ra/\z

02 Dyo?

and velocities: v§ = wuo, vg = vp, v§ = wp. Using represen-
tation (58), we can eliminate the pressure from Eq. (54) and
obtain the system of equations for the velocity fields in the zero
approximation:

(Dw + Pra)uo + (P2o — D3) vo + (P3z + D2) wo = F,
(D3 + B1y) uo + (Dw + Pay)vo + (P3y — D1)wo = FY,  (59)
(P12 — D2) uo + (P22 + D1) vo+
N Ra
+<L)WA+p3z>w0=0.
Dy
The components of the tensor have the following form:

~ D2azaz - DSazay ﬁ D383 — Dlazaz
= — 7 oy = ——————————

o2 ’ 02 ’

. D1030y — D202 — 8,0.

= ? + Ra—m—>,
P3x 52 + &Deaz
N D20y0. — D302 _ D390y 0x — D10y0,
Py = Ty, P2y = %, (60)
R D102 — D28y0y,  —~ 8,0,
P3y = Y 52 Y + Ay P

DyO

. D82 — D380, D30,8, — D162
Plz = Ta P2z = Tv
~ D10:0y — D20.0, — 02

= Ra—>—.
P3z 52 + aD982

The solution for system (59) can be found in accordance
with Cramer’s rule:

1 /~ ~
ug = X (d1 F(gf + do Fg), (61)
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1 -

=% (d3 FE +dy Fg), (62)
1 /~ ~

wo = 1 (d5 F& +dg Fg), (63)

where

- . N ~ Ra

di = (Dw + P2y) (DW - = +p3z> -
Dy

— (P22 + D1) (P3y — D1),

d2 = (P32 + D2) (P22 + D1) —

. ~ Ra
— (p2z — D3) <DW - = +p3z>7
Dy

ds = (P3y — D1) (Pr= — D2) —
(s Ra  _
— (D3 + piy) (DW - = +p3z>7
Dy

N Ra

dy = (DW +Plz> (DW - = +P3z> -
Dy

- (ﬁ3z + DQ) (ﬁlz - D2),
ds = (D3 + B1y) (P2- + D1) — (Dw + b2y) (Br= — D2),
dg = (P2 — D3) (P12 — D2) — (Dw + P1z) (P22 + D1).
Here, A is the determinant of the system of equations (59):
A = (Dw + pra) d1 + (P2o — D3) d3 + (Pse + D2) ds. (64)
In order to calculateexpressions (61)—(64), we present the ex-
ternal force (6) in complex form:
Fo = i@ ei?2 4 j fo el L ce. (65)

2 2
Then all operators in formulae (61)—(64) act from the left on
their eigenfunction. In particular:

Dy, rei®t = ¢%1 Dy g (K1, —wo),

Bw,eeim — ¢id2 ﬁwﬂ(k% —wp), (©6)

66

Aet?1 = 1 A(ky, —wo),

Ae??2 = ei%2 A(ka, —wo).

To simplify the formulae, we choose kg = 1, wp = 1 and intro-
duce new designations:

Dw (k1, —wo) = ﬁ;vl =1—i(1—Wy),

Dw (ka, —wo) = Dy, =1—1i(1—Wa),

Do(k1, —wo) = ﬁ;l =Pr ! —i(1-wy),

Dp(ka, —wo) = Dy =Pr=t —i(1—Wp).
Complex-conjugate quantities will be denoted by aster-
isk. When performing further calculations, a part of tensor
components p;j(ki, —wo) and p;j(k2, —wo) vanishes. In view

of this, the velocity field in the zero approximation is repre-
sented as

_Jo A3

i P2 —
ug = — =—=—=——¢€"%2 4 c.c. = up3 + uo4, 68
2 43Dy, + D3 (68)
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Ax ;

vo = % — 1 5 1 4 c.c. = vo1 + vo2, (69)

AlDW1 + Dy

D ) D i

v _@ﬁem n fjﬁem i

2 A;Dyy, + D} 2 A3Dyy, + D3
+ c.c. = wo1 + wo2 + wo3 + Wo4, (70)
where
I
A1,2 = DW1,2 - D* ()

01,2

Components of the velocity satisfy the following relations:

wo2 = (wo1)*, wosa = (wo3)*, wo2 = (vo1)”,

voa = (v03)*, wo2 = (uo1)", wosa = (uo3)™.

APPENDIX III.
Calculation of the Reynolds stresses

To close Egs. (15)—(16), we have to calculate the Reynolds

stresses TF = vév’g or its components:

T3 = Wowo = wo1 (wo1)™ + (wo1)* uo1 +

+wo3 (u03)"™ + (wo3)™ uo3, (72)
T32 = Wowo = wo1 (vo1)* + (wo1)* vo1 +
+wo3 (vo3)™ + (wo3)™ vo3- (73)

Substituting the solutions for the small-scale velocity fields
(68)—(70) obtained in Appendix II into Egs. (72)—(73), we can
find the following expression for the correlators:
2 A A
s1 _ Jo D2(A2+ A7)
T°°" = TP weL (74)
| 42D, + D3|
32 _ _ﬁ Dy (A1 + A7) (75)
= 1
4 ‘Al DW1 + D%’
Then, with the definition of operators (67) and (71), we write
down the series of useful relations for the calculation of 73!
and T32:
2

’ﬁwl,Q :ﬁwl,ZE;VLQ = 1"",V‘V/VIQ,%

= 2_ 5 Ax -2 | T2

’DGLQ :D9112D91’2 =Pr +W1,27

~ 2 I e

’Al 2’ — A1 Al =14+ Wiy —
1—Priv2 2

_ 2R 1,2 Ra

a, —— + —
2 2 ’

L+ Pr?Wi, 1+Pr*Wg,
EWI,QBQI,Q + B";VLQB;LQ = 2(Pr71 - W12,2):
Dw, ,Ar2 + Diy, ,Ai 5 =
— 1 +PrW2
=2(1-W2,) —2Ra———12

’ 1+ Pr2wi,
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Here, we apply the following designations: Wl =1- W,
Wsy = 1—W5. Using these relations, we can obtain the following

expressions:
R
- ) (76)

2172-"-;4\* =2(1—- ————
b2 14 Pr2W2,

A i 2 |2 _ 72 \2
DW1,2AL2 +Dig| = 1+ W1,2) +

1+ W2,
1+ PrQWiQ
2+ WE,Q*Pr Wflg*(l + PIWE,Q)(I - D%,z)

1+ PIQWE’2 ’

Substituting (76) in (74)—(75), we can find an expressions for
Reynolds stresses in the general form. For instance, for the
atmosphere, the Prandtl number is approximately equal to one
Pr = 1. In this case, the expressions for the components of
Reynolds stresses are simplified:

ﬁD (1+ W2 - Ra)

+Ra® +2D7 (1= Wiy) + Di 5 —

—2Ra

731 — 5 2 (77)
2 1+ W3)re
2 (1+W2-R
g2 — _Jop A+ WP —Ra) (78)
2 14+ W32)r
where

r1,2=(1+ Wﬁzf + Z(D%,Q —Ra)(1 - W12,2) + (D%,z —Ra)?.
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M.H. Konn, A.B. Typ, B.B. Snoscvrut

HEJIIHIFHI BUXPOBI CTPYKTYPH,
SIKI 3BYIIXKYIOTBHCSI 30BHIIITHBOIO
HECTIIPAJIBHOIO CUJIOIO

B CTPATUOIKOBAHII PIJIMHI,

11O [TOXUJIO OBEPTAETLCH

JocumiKyeThbCsl BeIMKOMACIITaOHa HECTIHKICTD B cTrpaTudiko-
BaHiil pijuHi, 10 M0X1JI0 00EPTAETHC Ta € HECIIIPAJIBHO Ty pPOy-
neraTHOP. TypOyneHTHICTh 30y1XKYEThCS 30BHIIIHBOIO JIPIGHO-
MAacCIITabHOIO CHJIOIO 3 HYJILOBOIO CIIPaJIbHICTIO 1 MaIuM <Iu-
csaom Peitnosibsica. Teopis mobyioBana Ha OCHOBI MeTojy Oa-
raroMacmTabHUX aCHMITOTUYHHX po3kiaaniB. Hesmimiitai pis-
HSHHS JIJIsI BEJIMKOMACIITAOHUX PYXiB OTPUMAHO B TPETHOMY
nopsiiky Teopil 30ypenb. JlocmiiazkeHo JiHIiHY HeCTiWKiCTb i
cranioHapHi HesiHiHI pexxumu. OTpUMaHO PO3B’SI3KU y BUIIS-
Ol HeJIHIMHUX XBWIbL BesibTpami Ta JIOKaJIi30BaHUX BHUXPOBUX
CTPYKTYP-KiHKiB HOBOI'O THILY.

Katowoei caoea: PIBHAHHS TiAPOAMHAMIKM B HaOJIMKEH-
Hi Byccinecka, cua Kopiosica, 6araromaciirabai acuMnTroru-

4qHi pO3KJIaau, ApibHOMacmITabHa CllipajibHA TYypPOYJIE€HTHICTB,
a-edexT.
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