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FREE MOTION OF PARTICLES
IN THE LOBACHEVSKII SPACE IN TERMS
OF THE SCATTERING THEORY1

The problem of the motion of a free particle in the three-dimensional Lobachevskii space are in-
terpreted as scattering by the space. The quantum-mechanical case is considered on the basis of
the integral equation derived from the Schrödinger equation. After the separation of variables
in a quasi-Cartesian coordinate system, the integral equation is derived for the momentum
component along the axis of symmetry of a horosphere, which coincides with the 𝑧 axis. The
relationship between the scattering amplitude and analytical functions is established. The meth-
ods of iteration and finite differences are used to solve the integral equation.
K e yw o r d s: Lobachevskii space, horosphere, Fourier transform, coordinates, Schrödinger
equation, scattering, amplitude of scattering, analytical representation, method, iterations,
finite differences.

1. Introduction

In [1], the motion of a classical or quantum-mecha-
nical free particle in the three-dimensional Lobachev-
skii space was interpreted as the scattering by the
space itself. At the same time, the solution of the
quantum-mechanical problem was based on the exact
solution of the Schrödinger equation in the configura-
tion space in quasi-Cartesian coordinates, which are
essentially associated with the horospheres [2]. Below,
the same quantum-mechanical problem will be solved
using the usual Fourier transformation of the original
equation.

Note that the Fourier transformation in the Loba-
chevskii space is understood most often as the Shapiro
transformation [3] or the Gelfand–Graev transforma-
tion [4], which is actually the same (see also [5]). We
will use the usual Fourier transformation, which ulti-
mately leads to the formulation of a one-dimensional
integral equation for the momentum component along
the axis of symmetry of the horosphere after the sep-
aration of variables.

In view of the considerable convenience of the use of
integral equations in scattering theory such as, for ex-
ample, the Lippmann–Schwinger equation (see, e.g.,
[6]), the Logunov–Tavkhelidze–Kadyshevsky equa-
tion [7], and others, we will specially pay attention

c○ YU.A. KUROCHKIN, 2019

to the analysis of a particle motion in the Lobachev-
skii space in terms of the integral equation obtained
below.

We also note that the problem of the propagation of
electromagnetic waves and particles was considered in
[8–10], where the effect of a “mirror” was established,
i.e., the reflection of waves and particles under cer-
tain propagation conditions. The effect is explained
by the fact that, in the direction of the propaga-
tion of waves (particles), the space in the horospher-
ical or quasi-Cartesian coordinates imitates a non-
uniform medium that inhibits their propagation and
ultimately leads to the stopping and the reflection of
waves.

2. Quantum-Mechanical Problem.
Derivation of an Integral Equation

Let us consider the motion of a free quantum-me-
chanical particle in the three-dimensional Lobachev-
skii space as the scattering. To do this, starting from
the Schrödinger equation in the quasi-Cartesian co-
ordinates, we formulate the problem for the integral
equation. We write the Schrödinger equation

𝑖~
𝜕Ψ

𝜕𝑡
= 𝐻Ψ (1)

1 This work is based on the results presented at the XI Bolyai–
Gauss–Lobachevskii (BGL-2019) Conference: Non–Euclide-
an, Noncommutative Geometry and Quantum Physics.
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in the quasi-Cartesian coordinates of the three-
dimensional Lobachevskii space with the metric

𝑑𝑙2 = 𝜌2[𝑒2𝑧(𝑑𝑥2 + 𝑑𝑦2) + 𝑑𝑧2] (2)

and with Hamiltonian

𝐻 = − ~2

2𝑚𝜌2

[︂
𝑒2𝑧

(︂
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2

)︂
+ 𝑒2𝑧

𝜕

𝜕𝑧
𝑒2𝑧

𝜕

𝜕𝑧

]︂
. (3)

The stationary problem

𝐻Ψ = 𝐸Ψ (4)

for Eq. (1) with regard for Hamiltonian (3) can be
formulated as follows:[︂(︂

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2

)︂
+

𝜕

𝜕𝑧
𝑒2𝑧

𝜕

𝜕𝑧

]︂
Ψ(𝑥, 𝑦, 𝑧) =

= 𝑒−2𝑧𝑘2Ψ(𝑥, 𝑦, 𝑧), (5)

where

𝑘2 = −2𝑚𝐸𝜌2

~2
. (6)

In formula (6), 𝑚 is the mass of the particle, 𝐸 is its
energy, and 𝜌 is the radius of curvature of the space.

For problem (4), which is reduced to the solution
of Eq. (5), it is possible to separate the variables:(︂
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2

)︂
𝜒(𝑥, 𝑦) = 𝑘⊥

2𝜒(𝑥, 𝑦), (7)

𝜕

𝜕𝑧
𝑒2𝑧

𝜕

𝜕𝑧
𝑤(𝑧) = (𝑘2𝑒−2𝑧 − 𝑘⊥

2)𝑤(𝑧). (8)

Here, we presented the wave function as 𝛹(𝑥, 𝑦, 𝑧) =
𝜒(𝑥, 𝑦)𝑤(𝑧).

For our purposes, it is convenient to present Eq. (8)
in the form

𝑑2𝑤

𝑑𝑧2
− 2

𝑑𝑤

𝑑𝑧
− (𝑘2 − 1)𝑤 = −𝑘⊥

2𝑒2𝑧𝑤 (9)

or, as a result of the standard transformation and the
exclusion of the first derivative,(︂
𝑑2

𝑑𝑧2
− 𝑘2

)︂
𝜙 = −𝑘⊥

2𝑒2𝑧𝜙. (10)

As a solution to Eq. (7), we choose a plane wave
defined by the components 𝑝𝑥 and 𝑝𝑦 of the wave
vector, where 𝑝2𝑥 + 𝑝2𝑦 = 𝑘2⊥.

Now, we present the wave function in Eq. (9) in the
form of the Fourier transform

𝜙(𝑧) =

∞∫︁
−∞

̃︀𝜙(𝑝𝑧)√
𝜋

𝑒−𝑖𝑧𝑝𝑧𝑑𝑝𝑧. (11)

As a result, we get the integral equation

̃︀𝜙(𝑝𝑧) = 𝑘2⊥
−𝑝𝑧2 − 𝑘2

∞∫︁
−∞

̃︀𝜙(𝑝′𝑧)
𝑝′𝑧 − 𝑝𝑧 − 2𝑖

𝑑𝑝′𝑧. (12)

Equation (12) allows us to analyze the conditions
for the occurrence of bound states in the extended Lo-
bachevskii space, as well as to describe the scattering
under the action of the effective potential arising in
the Lobachevskii space, understood as a change in 𝑝𝑧.

The dependence 𝑝𝑧(𝑧) =
√︀
𝑘2 − 𝑘⊥

2𝑒2𝑧 follows, in
particular, from the solution of the Hamilton–Jacobi
equation given in [1].

For the latter case, Eq. (12) takes the form

̃︀𝜙(𝑝𝑧) = 𝛿(𝑝𝑧 − 𝜅) +
𝑘2⊥

−𝑝𝑧2 − 𝑘2

∞∫︁
−∞

̃︀𝜙(𝑝′𝑧)
𝑝′𝑧 − 𝑝𝑧 − 2𝑖

𝑑𝑝′𝑧.

(13)

3. Analysis of the Integral
Equation and Its Solutions

As is known, the bound states are determined by the
poles of the wave function in the complex plane and
correspond to negative energy values. In this case, the
preintegral expression in the second term of formula
(12) defines the Green function of Eq. (9); it shows a
pole for the energy value

𝐸 =
~2𝑝2𝑧
2𝑚𝜌2

. (14)

From expression (14), it can be seen that it can
take negative values only in the space of positive cur-
vature, which is realizable only in the imaginary Lo-
bachevskii space (in the three-dimensional de Sitter
space). The developed approach is applicable to the
description of the motion of a quantum-mechanical
particle in a given space under similar initial condi-
tions. It is enough to make a replacement 𝜌2 → −𝜌2

in (14). The use of other methods confirms the exis-
tence of bound states of a free particle (the discrete
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part of the spectrum of states) in the imaginary Lo-
bachevskii space, despite the non-compactness of this
space. The scattering problem with Eq. (13) will be
solved by the method of iterations. To do this, we sub-
stitute the original plane wave 𝛿(𝑝𝑧 − 𝜅) correspond-
ing to the zero approximation to the second term and
obtain the first (Born) approximation

̃︀𝜙(𝑝𝑧) = 𝛿(𝑝𝑧 − 𝜅)− 𝑘2⊥
𝑝𝑧2 + 𝑘2

1

𝜅− 𝑝𝑧 − 2𝑖
. (15)

Note that the modulus of the wave vector 𝜅 of a
plane wave which came from infinity satisfies Eq. (10)
without the right-hand side. We accept that this wave
vector is directed along the 𝑧-axis of a beam of the
classical problem.

The matrix element of the scattering amplitude in
expression (15) is equal to

𝑀𝜅→𝑝𝑧
=

𝑘2⊥
𝜅− 𝑝𝑧 − 2𝑖

. (16)

The subsequent iterations give a zero contribution.

4. Analytic Representation of the Solution

As is known [11], for a function satisfying the condi-
tion of quadratic integrability on the entire number
axis
∞∫︁

−∞

|𝜙(𝑝𝑧)|2𝑑𝑝𝑧 < ∞, (17)

there is an analytic representation

𝑓(𝑧) =
1

2𝑖𝜋

∞∫︁
−∞

̃︀𝜙(𝑝′𝑧)𝑑𝑝′𝑧
𝑝′𝑧 − 𝑧

. (18)

Then the integral in expression (12) is obviously a
special case of integral (18), and the correspond-
ing analytic function has a fixed value of the imagi-
nary part of the argument in this case. In this case,
Eq. (10) takes the form

𝜙(𝑝𝑧) =
2𝑖𝜋𝑘⊥

2

−𝑝2𝑧 − 𝑘2
𝑓(𝑝𝑧 + 2𝑖). (19)

Expression (19) is conveniently solved within the
method of finite differences. Indeed, let us set 𝑝𝑧 = 0.
Theñ︀𝜙(0) = −2𝑖𝜋𝑘⊥

2

𝑘2
𝑓(2𝑖). (20)

We take 𝜙(0) as the given boundary value and shift
the real part of the argument by a small finite value
𝛿,𝛿 ≪ 1. On the next step, we have

̃︀𝜙(𝛿) = 2𝑖𝜋𝑘⊥
2

−𝛿2 − 𝑘2
𝑓(𝛿 + 2𝑖). (21)

Expanding 𝑓(𝛿 + 2𝑖) in a Taylor series with respect
𝛿 and taking the Cauchy–Riemann relations into ac-
count, we obtain 𝑓(𝛿 + 2𝑖) = 𝑓(2𝑖) and, as a result,
the expression

̃︀𝜙(𝛿) = 2𝑖𝜋𝑘⊥
2

−𝛿2 − 𝑘2
𝑓(2𝑖). (22)

Continuing the iteration, it is easy to verify that

̃︀𝜙(𝑛𝛿) = 2𝑖𝜋𝑘⊥
2

−𝑛2𝛿2 − 𝑘2
𝑓(2𝑖). (23)

Here, 𝑛 is an integer and the iteration order. Re-
placing 𝑓(2𝑖) in (23) according to formula (20), we
finally obtain

̃︀𝜙(𝑛𝛿) = 𝑘2

𝑛2𝛿2 + 𝑘2
̃︀𝜙(0). (24)

Expression (24) is consistent, because it becomes
the identity, when 𝑛 = 0. The results for a relativistic
scalar particle follow from those obtained above by
replacing

2𝑚𝐸 → 𝐸2

𝑐2
−𝑚2𝑐2 (25)

in formula (6). Here, 𝑐 is the speed of light.

5. Conclusion

Thus, the problem of the motion of a free particle
in the three-dimensional Lobachevskii space is inter-
preted as a scattering problem. The quantum-mecha-
nical case is considered on the basis of the integral
equation. The results can be used to construct phe-
nomenological models of hadrons and to solve prob-
lems of astrophysics and cosmology.
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Ю.А.Курочкiн

ВIЛЬНИЙ РУХ ЧАСТИНОК
У ПРОСТОРI ЛОБАЧЕВСЬКОГО
В ТЕРМIНАХ ТЕОРIЇ РОЗСIЯННЯ

Р е з ю м е

Рух вiльних частинок у тривимiрному просторi Лобачев-
ського трактується як розсiяння у просторi. Квантовомеха-
нiчний випадок розглядається на основi iнтегрального рiв-
няння, отриманого з рiвняння Шредiнгера. Пiсля роздiлен-
ня змiнних у квазiдекартовiй системi координат виводиться
iнтегральне рiвняння для компоненти iмпульсу вздовж осi
симетрiї горосфери, яка збiгається з вiссю 𝑧. Встановлено
взаємозв’язок амплiтуди розсiяння та аналiтичних функ-
цiй. Використано методи iтерацiй та кiнцевих приростiв для
розв’язання iнтегрального рiвняння.
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