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ON THE ACCURACY OF ERROR PROPAGATION
CALCULATIONS BY ANALYTIC FORMULAS OBTAINED
FOR THE INVERSE TRANSFORMATION

The accuracy of error propagation calculations is estimated for the transformation © — y =
f(z) of the normally distributed random variable x. The estimation is based on the formulas
for the error propagation obtained for the inverse transformation y — x of the normally
distributed random variable y. In the general case, the calculation accuracy for the mean value
and the variance of the random variable y is shown to be of the first order of magnitude in the

variance of the random variable x.
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1. Introduction

When analyzing the results of a physical experiment,
it is often necessary to calculate their accuracy by
proceeding from the known accuracy of measured
quantities. For example, in the X-ray diffraction anal-
ysis, the measured diffraction angles of X-rays are
used to determine the crystal lattice constants. The
formulas used for the calculation of the accuracy of
determined values are known well. They provide an
excellent result, if the error (mean-square deviation
0,) of the measured quantity z is so small that the de-
pendence of the calculated result on z, i.e. y = f(z),
can be considered to be a linear function within the
limits of this error [1]. However, it is quite possible
that the dispersion of the measured quantity is rather
large. As a result, the estimate of the error for the y-
value calculated on the basis of experimental data can
significantly change.

If the quantity x is characterized by a distribution
function F(z), for which the integrals [~ 2" F(z)dax
and [ f(x)"F(z)dz (n = 1,2) can be calculated
analytically, the mean value (mathematical expecta-
tion) and the variance of the quantity y can be ex-
pressed in terms of the parameters of the distribution
F(x). In this case, we can express, in principle, the
mathematical expectation y and the variance 05 of
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the quantity y via the mathematical expectation z
and the variance o2 of the quantity x. Such calcula-
tions were made, e.g., for the dependences y = cos =
[2] and y = 22 [3] in the case of normal distribution
for z, and for the dependence y = /x [4] in the case
of standard (with the zero mathematical expectation)
normal distribution for x. However, if the indicated
integrals cannot be calculated analytically, but the
integrals [%_y"G(y)dy and [Z_ g(y)"G(y)dy (n =
1,2) can be, where g(y) = z is a function inverse to
y = f(x), and G(y) is the distribution function for y,
we again obtain relations that connect the pair z and
o7 with the pair § and o7 [2, 3]. This procedure was
done in work [2] for y = arccos(x) and work [3] for
y = v/ (inverse transformations look like z = cosy
and x = y?, respectively).

It should be noted that if the function f(x) — and,
accordingly, g(y) — is nonlinear, the expression for the
distribution function of the random variable y differs
from that for the distribution of the random variable
x. For instance, if the random variable z is distributed
according to the normal law, then the distribution of
the random variable y = f(z) is not normal. However,
the author of works [2, 3] proposed the formulas ob-
tained for the inverse transformation y — = under the
assumption about the normal distribution of y to be
also used for the calculation of 7 and 012/ at the trans-
formation x — y = f(z) of the normally distributed
quantity x, i.e. ignoring the fact that the distribution
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of x is not normal for the y — z transformation. Un-
fortunately, the error arising due to the substitution
of a non-normal z-distribution by the normal y-one
was not discussed in the cited works. Nevertheless,
since the general idea of the calculation method pro-
posed in works [2, 3] seems interesting to us, it is
worth estimating its error.

The paper structure is as follows. In Section 2, the
stages of the general procedure used to calculate the
accuracy of statistical parameters characterizing the
distribution of the quantity y = f(x) are listed. The
calculation procedure itself is expounded in Section 3
in detail. In Section 4, an example of calculations for
the transformation f(x) = /x is given, and its com-
parison with the results of numerical calculations is
made. A brief conclusion is formulated at the end of
the paper.

2. Calculation Scheme

The accuracy of statistical characteristics y = f(z)
calculated by analytical formulas obtained for the in-
verse transformation 2 = ¢g(y) will be estimated using
the following scheme.

1. A random variable z is assumed to be charac-
terized by the normal distribution with mean value
7 and variance o2. A quantity y is related to x by
means of the relation y = f(x). The latter can be
expanded in a Taylor series.

2. The mean value § and variance 05 of the quan-
tity y are calculated.

3. Now, the random variable y is assumed to be
characterized by the normal distribution with mean
value 7, and variance O’;a. The quantity x is related
to the quantity y by the relation = = g(y), which can
also be expanded in a Taylor series.

4. The corresponding mean value 7, and variance
oy, of the quantity z are calculated. The obtained
distribition of z is obviously non-normal.

5. The values of z, and afw which characterize
the non-normal distribution of the quantity x for the
transformation y — x = g(y) of the normally dis-
tributed quantity y, are identified with the values of
7 and o2. It is this identification that forms the basis
of works [2, 3] and gives rise to the accuracy restric-
tion of the formulas quoted in those works.

6. Finally, the §- and o;-values are compared with
the 7,- and Jga—ones, respectively. The difference be-
tween them characterizes the error of the method pro-
posed in works [2, 3] for the calculation of the mathe-
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matical expectation and the variance obtained at the
transformation x — y = f(x) with the help of ana-
lytical formulas obtained for those quantities at the
inverse transformation y — x = g(y) of the normally
distributed quantity y.

3. The Accuracy of Error

Propagation at the Transformation z — y
on the Basis of the Results Obtained

for the Transformation y — «

Let a random variable x be characterized by a nor-
mal distribution function F(x) with mean value T
and variance o2 (i.e. o, is the root-mean-square

T
deviation):
(z — $)2]

1
F(z) = -
(@)= —— exp[ =

This distribution function satisfies the following for-
mulas, in which n is an integer:

(1)

oo

/ (x — )" F(x) dx = 0, (2)

— 00
oo

/ (x — )" F(x)de = (2n — D)o (n>1), (3)

oo

/ F(z)dz = 1. (4)

— 00

The variables y and x are related to each other by
the relation y = f(z), which can be rewritten in the
form of the Taylor series

fz) =) an(e—2)", (5)
n=0

where
14"
n! dxn

() (6)

an =

T=I

3.1. Mean value and variance
at the transformation y = f(x)

Taking formulas (2) and (3) into account, we can de-
termine the mean value § for the function y = f(z),
if the random variable z is distributed according to
law (1):

y _4f(l’)F(w) dx = ;an/(x —Z)"F(z)dx =

— 00
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=aqag+ Z agn(2n — o2, (7)

n=1
With the fourth-order accuracy in o,, we obtain
¥ = ap + as0? + 3a,0%. (8)

The variance of y (mean square deviation from the
mean value) equals

oo oo

= [0 = [ Pr@d-g o)

— 00 — 00

The mean value of 32,

y? y*F () da, (10)
— 00

can be written in the form

P3N o [@-o T E@ ()
n=0m=0 5o

or, equivalenly,
oo oo 0
Z Z ndm—n / i‘)mF(ﬂf) dx. (12)

In view of formulas (2) and (3), equality (12) can also
be expressed as

o0
oo

7= Y awtamn / (z— )2 F(z) dz. (13)

n={4 e

Here, the square brackets mean the integer part of
a number. The last expression can be written in the
form

) o0
y2 = apag + Z apagm / (x — Z)*"F(z)dr +
o

m=1

+ Z Z nA2m—n / (x — Z)*"F(z) dx.

RS

(14)

— 00

From whence, as well as from Egs. (2) and (3), it
follows that

y2 = apag + Z aoagm(2m - 1)!!Uim +

m=1

o0
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Agm—n(2m — 1)Nlo2™,

ZZ (15)
n=tm=[ 2]

Within an accuracy of o, the latter expression looks
like

Y2 = agag + (2apas +a?)o? + 3(2apay + 2a1a3 +a3)ol
(16)
With regard for Egs. (8), (9), and (16), we obtain

)
02 =a}o? +2(a3 + 3ara3)0r. (17)

The obtained expressions — formula (8) for § and for-
mula (17) for o — are completely identical to those
obtained for f(z) = 2? in work [3| (ap = 2, a1 = 27,
as = 1, a3 = a4 = 0) and identical with an accu-
racy of o4 to the results obtained for f(x) = cosx
in work [2] (ag = cosZ, a; = —sinZ, ag = —%cosg’c,
as = %sinfc, a4 = icosa’c).

3.2. Mean value and variance
at the transformation r = g(y)

Now, let us consider the function z = g(y), which
is inverse to y = f(z). The random variable y is as-
sumed to be distributed according to the normal law

1 (y— %)2]
G(y) = exp | — 18
(v) o0 vom P [ 202 (18)
with the mean value 7 and the variance o7 (0y, is

the root-mean-square deviation). Let the Taylor se-
ries expansion of the function g(y) look like

¥)=> baly—w)", (19)
n=0
where
1 dn
by = — 9o = f(Z) = ao. 2
AW, o=@ =a (20)

We should calculate the mean value ., and the vari-
ance o2 of the values given by the function z = g(y).
Note that the point yg, at which the function g(y) was
expanded in the Taylor series (19), does not coincide
in the general case with the maximum of the distri-
bution G(y), which is achieved at y = 7. Therefore,

it is convenient to write the function ¢g(y) in the form
Y)=> by —Ta+0)", (21)
n=0
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where § = T, — 4o, and to use the integrals

o0

/ (v — 7)1 Gly) dy = 0.

— 00

(24)

while calculating 7, and 0’3’1. To the fourth-order ac-
curacy in oy, , we obtain

o

Ty = / G(y)g(y)dy = bo + b16 +

+b2(6% + 0y,) + b3(6° + 360, ) +

+b4(6" + 60%07 + 307, ). (25)
The variance o2 is calculated by the formula

o2 = a2 — T, (26)
where .

z} = / G(y)g(y)*dy (27)

Assuming § to have the same order of smallness as
0y,, We obtain that, to the fourth-order accuracy
in oy,

02 = 0202+ dbibydo?, + 20% (3bybs + b2) +

+ 207 6%(3b1bs + 2b3). (28)
3.3. Relations for the coefficients

in the Taylor series of the functions

y = f(z) and z = g(y)

For further calculations, we have to find the rela-
tions between the collections of coefficients {b,, } (n =
=1,2,3,4) and {a,} (n = 1,2,3,4). The coefficients
ay, are determined by formula (6) via the derivatives
of the function f(z). The required relations can be
found from the identity

9(f(x)) = .
220

(29)

The latter, being rewritten in terms of the Taylor
series for the functions f(x) and g(x), reads

Z b, <Z am(x —T)™ — a0> = 7. (30)
n=0 m=0

By equating the terms with the same power expo-
nents of x in the left- and right-hand sides of Eq. (30),
we obtain equations that determine the coefficients
{b,} in terms of the known coefficients {a,}. In cal-
culations, it is convenient to introduce the variable
¢ =2 — T and to rewrite Eq. (30) in the form

> by (Z amgm> =z +E
n=0

m=1

(31)

Now, we should equate the coefficients in the terms
on the left- and right-hand sides of Eq. (31) with the
same power exponents of . The first five equalities
look like

b = 7, (32)
b1a1 = ]., (33)
a%bg + ashy = 0, (34)
a?b;; + 2aqa2by + azby =0, (35)
a‘llb4 + 3&%&21)3 + 2@1(13[)2 + a%bg + a4b1 =0. (36)
As a result, we obtain
bp =7, (37)
1
by = — 38
1 a/l’ ( )
a2
by = 22, 39
2 CL? ( )
— 2a2
by = M’ (40)
ay
_qg2 _ .3
by = afas + 5a17a2a3 5a2' (41)

a

3.4. Calculation errors
for the mean value and the variance
obtained by the method of works [2, 3]

In order to determine the calculation errors for § and
0y, let us identify the quantities ¥, and o, , which
characterize the non-normal distribution of the vari-
able z after the transformation y — = = g(y) of the
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normally distributed variable y, with z and o,, re-
spectively. As was marked above, it is this equating
that lies in the basis of works [2, 3] and gives rise
to the accuracy restriction of the formulas presented
there. Let us compare g with 7, and 012/ with U;a. The
differences between those values will characterize the
error of the method proposed in works [2, 3] to calcu-
late the mathematical expectation and the variance of
the random variable y = f(z). Our calculations will
be carried out with an accuracy of up to the fourth-
order of smallness in o,.
The solutions ¢ and o, of the equations

T =bo+ b6+ ba(6° + 0, ) + b3(6° + 300, ) +

+ba(6* + 60%02, + 303 ), (42)
02 =blo, +4bibodo; + 20, (3b1bs + b3) +

+ 20, 0°(3b1bs + 2b3) (43)
are sought in the form

§=dy +dy+ds +dy, (44)
J;a = So + 84, (45)

where the terms d,, and s,, are assumed to have the
o-order of smallness. Substituting Eqgs. (44) and (45)
into Egs. (42) and (43), equating the coefficients in
the terms with the same order of smallness on the
left- and right-hand sides of the equations obtained,
and taking Eqgs. (37)—(41) into account, we arrive at

dy =0, (46)
dg = GQJg, (47)
d3 =0, (48)
dy = 3a40;l — 6a2a3 O';L, (49)
2 2 a1

S92 = ajoy, (50)
54 = 6ajazo’s — 10a307%. (51)
Accordingly, from Egs. (42) and (43), we get

Ta = ag + 20> + 3a40? — GGZGB ol (52)

1
O'Za = a?o’i + 6a1a30';l. — 10@%0’;1 (53)

By comparing Egs. (52) and (53) with Egs. (8)
and (17), one can see that the errors calculated for the
mean value and the variance of the random quantity
y connected with the normally distributed random
variable by the relation y = f(z) with the use of
the method proposed in works [2, 3] are
_ a2a3 4

ya_g:_6 al O(lj)

(54)

; (55)

2 _ 2 4
0y, — 0y = —12a50,.
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4. Discussion of the Results Obtained

To illustrate the results obtained, let us compare the
mean values and the variances of the random quantity
y = f(z) = /7 calculated in different ways:

1. numerical integration in expressions (7) and (9);

2. using the formulas of work [3];

3. using the obtained formulas (8) and (17);

4. using the obtained formulas (52) and (53).

Furthermore, let us estimate the accuracy of the
error propagation method, which was proposed in
works [2, 3], using formulas (54) and (55).

While calculating g, ¥a, o2, and o2 , we have to
know the Taylor series expansion coefficients of the
function f(z) = +/z in a vicinity of the mean value &

of the random quantity x. Using Eq. (6), we obtain

ap = V7, (56)
ar = % (57)
a5 = *ﬁ (58)
0 = T (59)
g = *Wi,\/; (60)

The formulas for the mean value and the variance
obtained in work [3] are

1
YRode = 72— 50-9257 (61)
2 7 72 1 2
broae = T (/T2 = 503 (62)

Let us compare these results with YNumerical and

SNumerical obtained by numerically integrating expres-
sions (7) and (9) to an accuracy of 10~1°, by putting
f(x) = \/]z|. Below, the results of a numerical inte-
gration will be referred to as “exact” ones. The error
is determined as the difference between the calculated
value and the corresponding result of a numerical in-
tegration.

In Table, the results of calculations of the mean
value and the variance of the quantity y after the
transformation y = /x of the random variable z
distributed according to Eq. (1) with Z = 25 and
o, = b are quoted. As was expected, § and 075 are the
closest to the exact values. The calculation errors for
Yrode and Y, are approximately identical, as well as
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Calculation results for the mean

value and variance variance of the quantity
y=+xatxT=25and o =5

Quantity Value Error
TRode 4.9748103 8.7 x 1074
7 4.9740625 1.2 x 104
Ya 4.9748125 8.7 x 10~4

O merical 0.2599280 0

-3

O e 0.2512627 —8.7x 10
o2 0.2587500 -1.2x 1073
o2, 0.2512500 —8.7x 1073

the calculation errors for o2
YRode

that expressions (52) for 7, and (53) for 02 describe
well dependences (61) and (62) obtained in work
[3]. Their differences are Jrode —Ya = —2.2x 1076 and
gRDdC — Uzu = 1.3 x 107° for the indicated parame-
ter values. The data presented in Table also demon-
strate that the substitution of the normal distribution
by a non-normal one, for which formulas (52), (53)
and (61), (62) are valid — this procedure was made in
works [2, 3| — inserts the errors y, —y = 7.5 x 10~*
and 02, — o7 = —7.5 x 107
Note that the illustrative example given in work [3]
as an additional argument in favor of the error prop-
agation method [2, 3] developed on the basis of in-
verse functions, for which integrals in Eqgs. (7) and (9)
can be calculated analytically, looks like a convincing
one. The reason is very simple: the ratio between the
parameters & = 40.45 and o, = 0.89 used in calcu-
lations turns out rather small, o, /Z = 2.2 x 1072. In
this case, one may expect that one or two terms in the
series expansion of the function f(x) = /z will suf-
fice for a rather accurate calculation of the mean value
and the variance. Our calculations for the same val-
ues of statistical parameters gave JRode — UNumerical =
=1.4x10"7 and o2 — o2 =—-1.8x1076.

YRode YNumerical

and aga. This means

5. Conclusions

In this work, the accuracy of the error propagation
method proposed in works [2, 3], which was developed
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for the transformation y = f(z) on the basis of for-
mulas obtained for the inverse function x = ¢(y) with
the normal distribution of the random variable vy, is
analyzed. Our results testify that this method, gen-
erally speaking, has no advantages over the standard
method — the expansion the function f(z) into the
Taylor series and the account for only the zeroth and
first terms [1] — while calculating the variance of the
random variable y. At the same time, it gives a more
precise, with an accuracy of o2, mean value, which is
equivalent to the account for the second term in the
Taylor series. As one can see from formulas (52)—(55),
the case where the second derivative of f(z) at z =
vanishes is an exception, and the method proposed in
works [2, 3] gives the average value and the variance
with an accuracy of least o2.
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IMTPO TOYHICTH PO3PAXYHKY
IIEPEHECEHHS ITOXMBOK 3A AHAJIITUYHVMUI
OOPMVYJIAMI AJ14 OBEPHEHOI'O IIEPETBOPEHHA

Peszmowme

OwiHeHO TOYHICTH PO3PAXYHKY IIEPEHECEHHS TOXUOOK IPHU IIe-
perBopenHi z — y = f(x) Npu HOPMAILHOMY PO3IOJIII BUIIAI-
KOBOI BEJINYUHHU T Ha OCHOBI (DOPMYJI JUIsI ITIEPEHECEHHS TTOXH-
OOK, OTPUMAHUX JJIsi ODEPHEHOIO MIEPETBOPEHHS Y — & 3 PO3-
[IOZiJIEHOIO 338 HOPMAaJIbHUM 3aKOHOM BHIIAJIKOBOIO BEJIMYINHOIO
y. IlokazaHo, 1110 y 3araJJbHOMY BHUIIQJIKy TOYHICTb PO3PaXyHKY
CepeIHbOIO 3HAYEHH 1 JUCIepPCil BUIIAIKOBOI BEJIMYUHU Y MAE
MePIIHil NOPAIOK 3a IHUCIEPCIEI0 BUIIAIKOBOI BEJIUYNHE T.
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