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SPHERICALLY SYMMETRIC

CONFIGURATIONS IN GENERAL RELATIVITY

IN THE PRESENCE OF A LINEAR MASSIVE
SCALAR FIELD: SEPARATION OF A DISTRIBUTION
OF TEST BODY CIRCULAR ORBITS

We study static spherically symmetric configurations in the presence of linear massive scalar
fields within General Relativity. Static solutions of the Einstein equations are considered under
conditions of asymptotic flatness. Fach solution is fized by the configuration mass and the
field strength parameter, which are defined at spatial infinity. The metric coefficients and the
scalar field for a specific configuration are obtained numerically. Then we study the time-like
geodesics describing the test particle motion. The focus is on the distribution of stable circular
orbits (SCOs) of the test particles around a configuration. We found that, for the continuum
of configuration parameters, there exist two unlinked regions of SCOs that are separated by

some annular region, where SCOs do not exist.

Keywords: relativistic astrophysical objects, scalar fields, accretion disks.

1. Introduction

Theories with scalar fields are widely discussed in
gravitational physics [1-4], when the scalar field (SF)
acts as an independent physical entity or as an aux-
iliary tool that helps to highlight merits of general
relativity in experimental tests and to understand
some properties of more complicated structures (with
higher spins, etc.). In particular, it is widely assumed
that some form of a dynamical dark energy (DE) pro-
vided the inflation of the very early Universe [2], and
the theories with scalar fields (SFs) occupy an impor-
tant sector of this area (see, e.g., [5, 6]). The abun-
dance of various cosmological models draws atten-
tion to unifying the schemes and interrelations be-
tween competing dark energy candidates [3, 4, 7], in
particular, between scalar field models and the tra-
ditional hydrodynamical approach in cosmology (see,
e.g., [8-13]).

On the other hand, one can look for effects of SFs in
relativistic compact astrophysical objects. It should
be noted that, for a wide class of nonlinear wave
equations, there exist no regular stable stationary so-
lutions [14]. Therefore, a solution with SF must have
some kind of singularity. There is an analytic solution
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with the massless SF that is singular at the origin
[15, 16]; this solution shows that an arbitrarily small
SF strongly affects the space-time topology leading to
the naked singularity. Particular numerical solutions
for a massive scalar field were found by Asanov [19],
also with the singularity. On the other hand, Beken-
stein ([17]; see also [18] and references therein) showed
that a stationary black hole cannot be endowed with
exterior SF.

Different DE models can manifest themselves
through the geodesic structure of the space-time near
compact astrophysical objects. In particular, the dis-
tribution of test body circular orbits may give us a
hint about real accretion disks around these objects
(see, e.g., [21-28| and references therein). Examples
show that, in a number of cases, the disconnected
structures of stable circular orbits (SCOs) can arise
[25-31]. In our previous papers [29-31], this question
was considered for specially chosen SF potentials that
enabled us to perform a semianalytic treatment. In
particular, we showed that the discontinuous distri-
butions of SCOs can arise both in the case of a space-
time with naked singularities and in the black hole
space times.

In the presence of a linear massless real SF, the ex-
istence of disconnected regions of SCOs separated by
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a ring of unstable orbits was shown in [23], by using an
analytic solution [15,16]. In the present paper, we ex-
tend this result to the massive case with the potential
V(¢) = p3¢*/2. Note that, in the previous paper [30],
we considered the massive case for artificially chosen
SF potentials. Because of the absence of an exact an-
alytic solution of the Einstein-SF equations, we treat
the problem numerically. We will derive asymptotic
relations for the metric and SF at the spatial infinity
(Section 3) and then continue the solutions numeri-
cally from large values of a radial variable to smaller
ones (Section 4). The distribution of SCOs is studied
in Section 5, by using the effective potential for test
body trajectories.

2. General Relations and Notations

We consider a configuration with massive linear scalar

field (SF) ¢ defined by the Lagrangian density

1 %
L=36ud" =56 >0, (1)

The space-time with metric ds® = g,,,dz"dz” obeys
the Einstein equations

Gl = 8xT! (2)

and is assumed to be asymptotically flat. In this pa-
per, we use units, in which ¢ = G = 1.

We deal with a static spherically symmetric space-
time. The coordinate system is fixed by the following
expression for the metric:

ds? = a2 — P ar? — 12402, (3)

Here, r > 0, and dO? = df? + (sin 0)%dy? is the inter-
val on the unit sphere. The energy-momentum tensor
of the field is

T,uy = ¢,u¢),u - g;wL~ (4)
The field equation
9"V = —pio (5)

follows either from the covariant conservation law for
(4), which is also the integrability condition of (2)
with the energy-momentum tensor (4), or directly
from the Lagrange equations for L.

Einstein’s equations (2) for

(Mv V) = (07 0)7 (17 1)7 (27 2)
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yield three nontrivial equations for «(r), B(r), and
¢(r) in the case of static metric (3) (see, e.g.,
[32]). We use two equations (2) for (u, ) = (0,0) and
(u,v) = (1,1), which can be written as

4 [r (e —1)] = —8mr*TY, (6)

e P —1=—8m?T}. (7)

In the case of static metric (3), Eq. (5) yields

d a8 d o
[TQeﬁ ¢] 2057

—_ 2 =7r-e 2
dr

dr

[150. (8)

Equation (2) for (i, v) = (2, 2) and the equivalent one
for (u,v) = (3,3) follow from (6), (7), and (8).

3. Boundary Conditions
and Asymptotic Behavior

We are looking for the functions «(r),B(r) €
€ C1(0,00), and ¢(r) € C%(0,00), which satisfy
(6)-(8)-

In view of the asymptotic flatness, we assume
Tim [r(e” 1)) = lim [r(e? ~ D] = —r,  (9)
where ry, = 2M, and M > 0 is the configuration
mass. It is also assumed that the field ¢(r) and its
derivative tend to zero sufficiently rapidly at the spa-
tial infinity similarly to the flat space case where
@(r) ~ exp(—pyr) (to within a power-law factor).

Multiplying (8) by ¢ yields

d [72@”5’3 ¢dﬂ —

dr dr
2
= r2e*3” [;lf] + pgr e 2. (10)

Given the assumption about the behavior at infinity

lim [ﬁd‘ﬂ =0 (11)

r—o0 dr

and taking (9) into account, we have

lim [r2 =n (bd(q =0.

r—00 dr

Then the integration of (10) yields

2,552, 49 _
" ¢dr_
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oo

—B(x d xT
:/x2ea(m)/2 {e B(z)/2 {di} +M 66( )/2925( ) }

T

(12)

This means that, in the case of regular «(r), 3(r),
and ¢(r) and under condition (11), the non-trivial
#(r), as well as d¢?/dr < 0, cannot be zero for any
r on (0,00), i.e. these functions do not change their
signs, and |¢(r)| is a monotonically decreasing func-
tion. Moreover, exp[(a— 8)/2]d¢? /dr — oo for r — 0
as r—2 or faster, and at least one of the functions
exp[(a—)/2] and d¢? /dr must be singular as r — 0.

For definiteness, we further assume that ¢(r) > 0
and, correspondingly, d¢/dr < 0.

In the case of Lagrangian (1) for the energy-
momentum (4), we have 7§ = 6*5(;5’2/2—##?@(1)2/2 and
T = —e B¢2/2 + p%¢* /2. Equations (6-8) form a
complete system for the numerical integration under
the assumptions concerning the asymptotic behavior
at the spatial infinity. Further, we integrate this sys-
tem backward, by starting from sufficiently large val-
ues of r. This needs approximate analytic solutions
for large r. To facilitate the analytic calculations, it
is convenient to introduce a formal parameter € into

(6) and (7):

d B _
- [r (e B _ 1)} = —denr? (e B + M?v(bz), (13)
d
re P da +e B _1=_denr? (—e_ﬂ¢l2+ufc¢2)- (14)
We set
*5—1———6&( ), ea:lf%ngm*(?”) (15)

Then we can look for the solutions as a formal ex-
pansion in powers of €, by setting ¢ = 1 in the final
results. This is the same as an expansion in powers of
the gravitational constant (see, e.g., [20]).

In view of (15), we rewrite (13) as

4 (rB.) = 4mr? (e P + pie?).

dr (16)

Substituting the lowest approximation (¢ = 0) of
(15) into Eq. (8), we get

T do(r),

o(r) = Qm
where () is an arbitrary constant that characterizes
the field strength at the spatial infinity, k = pupry/2,

(17)
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and 1o (r) is the unique solution of the equation
rd o rg\ d (e M7 5 2%o(r)
et dr {r (1 ) dr <r1+"”" wo(r))] 'uf pltr

(18)
and satisfies ¢9(c0) = 1. The parameters M = r /2
and @ completely characterize the solution and the
whole spherically symmetric configuration. The solu-
tion #o(r) of (18) can be found in the form of an
asymptotic series in powers of r1
Then we proceed to (14), (16). Discarding the
terms ~¢e2 and higher orders in ¢ in these equations,
we have

64)——%@%f4wrb+0(ﬂ

672;1, r
727TQ2T+2) |:1 + O <T>:|

Further approximations show that the asymptotic
solution can be represented in the form

(19)

a.(r) = (20)

_ N _
e HfT n € 2npgr

o(r) =Q T € rn(2H+1)wn(r) + .., (21)
N —2npugr
€
a*(r) = ZETL 1m (7") + .. (22)
n=1
N —Qnu,fr
Z rn(2n+1)5”(r) + o (23)

where 9, a.,, and (5,, can be expanded, in turn, in
powers of 1/r as follows:

M

An,m
Un(r) = TR (24)
m=0
M a M b
=> Tt Balr) = > s (29)
m=0 m=0

Apo = 1, and the other coefficients A, ., @ m;s bnm
can be obtained in the unique way, by equating terms
with equal powers in €, exp(—puyr), and 1/r on the
both sides of (8), (14), (16); M, N are defined by the
prescribed accuracy of the approximation.

For example, the first coefficients are (§ = pyry)

924 3¢),

AO,O = 11 S

Ao =
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1 5 & 9¢
App=12 (= + 242425
02="y (85 HETR 128)’

aro=0, ap;=-27Q%
1
agp = 21Q* <€ +1- if);

bio=—47Q%uy, b1 =—7Q*(4+ 3¢%),

bio = —mQ*ry€ (3 + gf + 252>

The coeflicients are generally non-analytic in pf, and
the higher orders of the expansion contain even higher
orders of ,u;l.

0.8 1
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Fig. 1. goo = e*(") g1 = —eﬁ(r)) and the field ¢(r) for
different @, m fixed
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Fig. 2. The same for different m, Q fixed; e®(") goes lower
than ef(") for larger =
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4. Numerical Solutions

We used the asymptotic relations (21)—(23) with e =
=1 to derive initial conditions ¢(xing), ¢ (Tint),
o(Ting), B(xime), which have been evaluated at
a remote point r = Tins > ry. Then we integrate
Egs. (6)-(8) backward from ziys to the origin by
means of the 4-th order Runge—Kutta method. As a
result, we obtain a three-parameter family (Q, M, i)
of the asymptotically flat solutions.

The choice of xj,¢ is a result of the compromise
between the accuracy of the initial conditions and
the number of terms in the asymptotic expansion. We
rescaled the parameters r and M to ruy and Mpuy,
which corresponds to measuring » and M in the units
of 1/py. After the rescaling, the typical choice of the
initial point was xj,r = 100. In our stability tests of
the numerical solutions, the computer experiments
involved up to 30 terms of the expansion in 1/r.

Typical examples of the metric coefficients gog = e
and g1 = —e® and the scalar field ¢ as functions of r
are presented in Figs. 1 and 2. For all values of the pa-
rameters, we obtained expla(r)] — 0, exp[B(r)] — 0,
and expla(r)] > exp[8(r)] for smaller » — 0. Howe-
ver, the sign of the latter inequality changes, as r
grows, and expla(r)] < exp[B(r)] for sufficiently large
r. The field ¢(r) — oo as r — 0 and monotonically
decreases to zero as r — oo.

5. Distribution of Circular Orbits

Here, we consider the time-like equatorial geodesics
(0 = 7/2) of neutral test particles described by the
integrals of motion

dt d
Ot(’l“) — = 2 i = L
€ (dT) G <d7’> ’

where 7 stands for the proper time of a particle.

These equations together with the normalization
integral for the time-like geodesics yield the equation
for the radial variable

a+p drY’ 2
€ E = pt - UEH(rv L))

L2
Ueﬂ‘(T, L) =€ (1 + 'r2>

Equation (26) formally describes a one-dimensional
particle motion in a field with effective potential
Ussr. Possible SCOs correspond to the points of min-
imum ryin of Ueg, ie., Ulg(r) must change its sign
from positive to negative, when passing rmin-

0 =m/2,

(26)
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0.4 T T

0.0 0.1 0.2 0.3
M

Fig. 3. Areas of parameters that are bounded by bifurca-
tion curves, which represent configurations with qualitatively
different distributions of SCOs. White region represents the
parameters (Q, M), for which the separated ring-like regions
of SCOs exist. The dark grey region: there exist only stable
SCOs for all non-zero values of angular momentum. Light grey
region: the Schwarzschild-like case, there is an outer region of
SCOs and a ring of unstable orbits

To study the distribution of SCOs, we used the
method in [31], which is modified to the case of coor-
dinates corresponding to (3).

The behavior of Ueg is defined by the derivative

dUk
grﬂzeo‘ O/+T—3(ra/72).

(27)

If ra’ > 2, then dUgg/dr > 0, and there is no min-
ima on this interval. If ra/ < 2, then the inequality
dUeg/dr < 0 is equivalent to F(r) < L%, where we
introduced the function
r3a’(r)

PO = 5=

(28)
Therefore, there is a local minimum U (rmin) if and
only if

F(rmin) = L?, (29)

and the function F'(r) is monotonically increasing in
the neighborhood of rpy;y.

Function (28) is useful to study possible minima
and maxima of Ueg(r, L) and their relative disposi-
tion. For example, we see in Fig. 5 that there are no
configurations such that U.g has two minima, as there
is no more than one solution of (29) on the interval,
where F(r) > 0 is monotonically increasing.
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On the other hand, in the case of Fig. 4, this situa-
tion is possible, when two minima of Ueg correspond
to the same value of L2. For fixed Q, M, from Fig. 4,
we see that if L? changes, the radii of SCOs of the
inner ring vary from zero to some rq, which is the
point of a maximum of F(r) so that F(r) is mono-
tonically increasing on (0,71). The radii of the outer
ring vary from 75 to infinity, where 7o is the point of
a minimum of F(r).

Using F(r) = F(r,Q, M) that also depends on
(Q, M), we can find the configurations, where the

:/- \<
0.5 ‘/‘ \ -
/ N\,
I: N, )
0.4 N N, _,.-/ -
:I '/-\\ .~ ’//._/
! . o
Cy N - -
0.3 1 ! P T
F(V) I'I! > Z
jo i
024 -~ M=0.1, 0=0.08
i’ - = =M=0.1,0=0.25 |
— e M=0.1, 0=0.32
0.1+ —-—- M=0.1,0=0.6 |
—--=- M=0.1, 0=0.9
0.0 T T T T v T v T v
0 1 2, 3 4 5

Fig. 4. Examples of F(r) for configurations with different
Q, M = 0.1 corresponding to the dark grey (two lower curves)
and white region (two upper curves) of Fig. 3. Dotted line de-
scribes an intermediate case

0.8
0.4
F(r)
0.0 <=
N
\
\ —— M=0.1, 0=0.06
\ - - = M=0.1, 0=0.045
[ M=0.1, 0=0.01
-0.4 1 1 0
[
: : : : :
0.0 0.5 1.0 1.5

Fig. 5. Examples of F(r) for configurations with different
Q,M = 0.1 corresponding to the light grey region of Fig. 3
(Schwarzschild-like case)

193



0.S. Stashko, V.I. Zhdanov

1.00
0.954
Ucff(r) ]

0.90

0.85 1

! M=0.1, 0=0.045
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r
Fig. 6. Examples of Uyg(r, L) for different L in the case of a
configuration with a Schwarzschild-like distribution of SCOs
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Ueff(r) ]
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09 L | ' | MI=0. 1, Q=0.68

0 2 4 6 8
r

Fig. 7. Examples of Ueg(r,L) for L # 0 in the case of a
configuration where there exists separated ring-like structures
of SCOs. The left minima form the inner ring of SCOs, which
is separated by the unstable circular orbits (maxima of Ueg)
from the outer SCOs

double minima of U.g become possible, by leading to
different distributions of SCOs. The areas of (Q, M)
with different distributions of SCOs are separated
by a bifurcation curves: when we change (Q, M) so
that the minima and maxima of U.g can appear/di-
sappear, we have
dF/dr =0 (30)
for some r. This equation defines a curve in the plane
of the parameters (Q, M), which is a boundary of
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0.8 4
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0.6

0.4 1

M=0.1, 0=0.25
0.2 . : . . :

0 1 2 3
r

Fig. 8. Examples of Ueg(r, L) for L # 0 in the case of a con-
figuration where only stable SCOs can exist (dark grey region)

some parameter area in Fig. 3. From this viewpoint,
the investigation of the qualitatively different distri-
bution of SCOs reduces to the analysis of (30). Ha-
ving in mind that this is a necessary (not sufficient)
condition, we supplement this analysis by a direct
check of the form of Ugg.

The results are presented in Fig. 3; the examples
of F(r) and Ueg are shown in Figs. 4, 5, 6, 7, and 8.
Possible distributions of SCOs are as follows.

(i) The Schwarzschild-like case (light grey area of
the parameters in Fig. 3). There is the inner ring of
unstable circular orbits. The outer ring of SCOs ex-
tends to infinity. Typical Ueg are shown in Fig. 6.

(ii) There are configurations, where all circular or-
bits are stable (dark grey area of the parameters in
Fig. 3). The effective potentials for the test body tra-
jectories have only one minimum (Fig. 8).

(ili) White area in Fig. 3 corresponds to the
configurations, for which there are two rings of
SCOs separated by a ring with unstable circular or-
bits. The outer ring of SCOs extends to infinity. In
this case, F'(r) is non-monotonous (two upper curves
in Fig. 4). The typical potential (with different L)
for such a configuration is shown in Fig. 7 (solid
curve).

We note that the form of Ueg for fixed (Q, M) gives
information not only on the position of SCOs (minima
of the potential). For example, the potential maxima
(see Figs. 6, 7) corresponding to unstable circular or-
bits (limiting cycles) split the sets of trajectories with
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different qualitative behaviors, which describe, for ex-
ample, loops, or infinite trajectories r(7), or finite mo-
tions of test particles. It is worth to note that, as can
be seen from Fig. 3, all types of these distributions
are possible for sufficiently small @ and, therefore,
for sufficiently small SF.

6. Discussion

We investigated the circular orbits of test bodies
around static spherically symmetric configurations
with linear massive scalar fields. With this aim, the
numerical solutions of the system of the Einstein —
SF equations have been obtained under conditions
of the asymptotic flatness of the space-time and the
zero field at the spatial infinity. For a fixed SF mass
iy, there are two parameters that describe the con-
figuration: the total mass M and the parameter @,
which defines the field strength. For given M, @, we
studied the distribution of stable circular orbits, us-
ing the effective potential U.g that describes the test
body motion around the configuration.

We found that three types of distributions of SCOs
are possible in the case of different M, Q:

(i) the Schwarzschild-like case where there is an
infinite region of SCOs, and their radii are bounded
from below by the unstable orbits;

(ii) the case where all circular orbits are stable, and

(iii) there is the additional inner ring of SCOs,
which is separated from the outer (infinite) ring of
SCOs by a region of unstable orbits.

The numerical analysis shows that all three cases
seem to survive for small values of @, i.e., in the
limit of small SF. In our opinion, it is of high im-
portance that, for some choice of the configuration
parameters M, @), there exist distributions of SCOs
(iii) in the form of two disjoint rings. In this case, the
distribution of SCOs is qualitatively different from
(i) and (ii). It is significant that, for most M, @ of
(iii) (except those corresponding to the bifurcation
curves in Fig. 3), this feature is stable with respect to
small changes of the parameters. The existence/non-
existence of (iii) may be used for testing the models
of relativistic astrophysical objects. If such configu-
rations with SF really exist, the above results on the
existence of the ring structures give us a hint about
the structure of thin accretion discs, which will mani-
fest themselves in the form of relativistic lines [33,34]
in the X-ray spectra.
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COEPUYHO-CUMETPUYHI KOH®IT'YPAIIIT
YV 3TB ¥V [IPUCYTHOCTI JIITHINHOT'O MACUBHOI'O
CKAJIAPHOT'O I10JId: PO3AIJIEHHA PO3IIOALTY

KOJIOBUX OPBIT ITPOBHUX TIJI
Peszowme

HocutizkeHo craTu4Hi cdepuIHo-cuMeTpruyHI KoH@iryparil B
IPUCYTHOCTI JIHIHUX MacUBHUX CKajsipHux mosis B 3TB. Pos-
IVITHYTO CTaTUYHI aCHUMITOTHYHO-TIJIOCKI PO3B’SI3KM DiBHSHB
Eitamreitna. Koxxunit po3s’si30k dikcyeTbes Macomo KOHOIry-
pauil i mapameTpoM, IO XapaKTepU3ye€ IHTEHCHBHICTb IIOJIs,
AKi BU3HAYAIOTBCS Ha IIPOCTOPOBIiN HecKiHdeHHOCTi. Merpu-
qHi KoedIlieHTH 1 BUMIAM CKAJSIPHOTO IOJS JJid KOHKPETHOT
KOHDIrypalil oTpuMaHO YUCEJbHO; Ha Il OCHOBI JOCJIiIKe-
HO JacONOMAi0HI reofe3uHi, 0 ONUCYIOTh PyX IPOOHUX YaCTHU-
HOK. OCHOBHA yBara NpPHIIJIEHA PO3MOMIILY CTIHKUX KOJIOBUX
op6it (CKO) npo6HHX 9acTHHOK HABKOJIO KoHMiryparii. 3Ha-
#IeHo, 110 I MHOXKHMHH ItapamMerpiB KoHdirypamil icHyoTh
nBi He3B 1311 obstacti CKO, siki po3aisieHi KijbleBoro 0bJ1acTo,
ne CKO me icuyiors.
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