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HOMFLY POLYNOMIAL INVARIANTS
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OF TORUS KNOTS AND BOSONIC (g, p)-CALCULUS!

For the one-parameter Alexander (Jones) skein relation we introduce the Alexander (Jones)
“bosonic” q-numbers, and for the two-parameter HOMFLY skein relation we propose the
HOMFLY “bosonic” (q, p)-numbers (“bosonic” numbers connected with deformed bosonic oscil-
lators). With the help of these deformed “bosonic” numbers, the corresponding skein relations
can be reproduced. Analyzing the introduced “bosonic” numbers, we point out two ways of
obtaining the two-parameter HOMFLY skein relation (“bosonic” (q, p)-numbers) from the one-
parameter Alexander and Jones skein relations (from the corresponding “bosonic” g-numbers).
These two ways of obtaining the HOMFLY skein relation are equivalent.
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1. Introduction

The knot theory is substantially based on the ax-
ioms of skein relation and normalization [1] allow-
ing one to describe every knot and link by a defi-
nite polynomial. These polynomials form the set of
polynomial invariants. The goal of this paper is to
show that every of the three polynomial invariants
(Alexander, Jones, HOMFLY) can be put into corre-
spondence to the definite “bosonic” g-numbers/(q, p)-
numbers ([n]4, [n]V, [n]¥), which allow one to re-
produce the corresponding skein relation. Comparing
these deformed numbers, we find the rule of obtaining
the two-parameter HOMFLY polynomial invariants
of knots and links from one-parameter (Alexander,
Jones) polynomial invariants.

The so-called (g,p)-numbers, which are an im-
portant ingredient of (g, p)-calculus, generalizing the
well-known g-calculus [2], appear in the connection
with (g, p)-deformed bosonic oscillators [3]. Recently,
with the help of these (g, p)-numbers, we have shown
for the important case of torus knots that the general-
ized (two-variable) Alexander polynomials can be ob-
tained [4, 5], as well as the generalized (two-variable)
Jones polynomials [6, 7].

2. Skein Relations

The Alexander polynomials A(t) for knots and
links are defined by the Alexander skein rela-
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tion [8] together with the normalization condition for
the unknot:

Ap(t) = A_(t) = (7 — 7)) A0(t), Aunenor=1. (1)
The Jones polynomials V' (¢) are described by the fol-
lowing skein relation and normalization condition [9]:
VL (8) — Vo (1) = (t7 — t2)Vo(t), Vanknot=1. (2)

The HOMFLY polynomials H(a, z) are introduced in
the following way [10]:

cle_~_(cL7 z) —aH_(a,z) = zHo(a,2), Hunknot=1.

For our goal, it is necessary to make a change of the
variable z = t2 — {~3. Thus, the HOMFLY skein
relation can be rewritten in the form

a'Hy(a,t) —aH_(a,t) = (t* —t"2)Hp(a,t). (3)
Let us write the skein relation in the general form
PL+ (t) = llPLO (t) + P (t)v (4)

where [y and [ are coefficients. The capital letter “L”
stands for “Link” and denotes one of the two: knot or
link (unknot belongs to knots). Here, three polyno-
mials Pr_ (t), Pr,(t), Pr_(t) correspond to the over-
crossing Link L, (“overcrossing” refers to a chosen
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crossing of the Link), zero crossing Link Lo, and un-
dercrossing Link L_. Thus, applying the surgery op-
eration of elimination of a crossing to an initial Link
L, one obtains a simpler Link Lp. The Link L_ is
obtained from the same initial Link L, by the an-
other surgery operation of switching of the crossing.

Consider the simplest torus knots T'(2m +1,2) and
torus links L(2m,2), where m = 0,1,2,3,.... The
common notation for these torus knots and links L, »
corresponds to torus knots, if n is odd, and to torus
links for even n. The surgery operation of elimination
turns Ly 2 into L,_12, and the switching operation
turns it into L,,_2 2. Because of it, the very important
property follows from (4), namely, the series of poly-
nomials Py, ,(t) is characterized by the recurrence
relation '

PLn+1,2(t) = llPLn,z(t) + l2PLn—1,2 (t)7 (5)

which repeats itself in the skein relation (4). We now
rewrite formula (5) in a simpler notation

Pri12(t) = 1Py a(t) + laPh_12(t). (6)

For the polynomials P, ,(t) with odd n, relation (6)
yields the recurrence relation referred only to the
torus knots T'(2m + 1, 2)

Pri22(t) = k1P a(t) + kaPp_22(1), (7)

where the coefficients k1 and ko are expressed through
l; and Iy [4] as

ky =13 +2ly, ko= —I3. (8)

From (7) and the normalization condition
Pry=1 9)
we obtain for the trefoil

P30 =k + ko. (10)

3. “Bosonic” (g, p)-numbers

The one-parameter “bosonic” g-number (structural
function) characteristic of a Biedenharn—-Macfarlane
deformed bosonic oscillator corresponding to an inte-
ger n is defined as [11,12]

qniqfn
qg—qt’
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[n]q = (11)

with g to be a parameter. Some of the g-numbers are

[1]11 - 13 !

2l =q+q ",

Blo=da’+1+q¢7% [“o=¢"+q+q " +q 7 ...
The recurrence relation for (11) looks as
[n+1]g = (¢ + qil)[n}q —[n—1],.
The two-parameter “bosonic” (g, p)-number corre-
sponding to the integer number n is defined as [3]
qn _ pn
[n]g,p = q—p
where ¢, p are parameters. If p = ¢!, then [n],, =
= [n]q. Some of the ¢, p-numbers are given below:

mq,p =1, [2]11,1) =q+p,
Blop=0 +ap+1p*>, Mep=0+p+a* +1°, ...

The recurrence relation for ¢, p-numbers is

(12)

(13)

[+ 1gp = (g +p)nlgp — qpln — g, (14)

4. Alexander “Bosonic” g-numbers: [n]4

From the Alexander skein relation (1) in the form (4)

Ay(t) = (2 —t72)Ao(t) + A_(1), (15)
one has the “Link coefficients”
=tz —t73, If=1 (16)

From (15), we have the recurrence relation for
Alexander polynomials of torus knots and links L, 2
(by analogy to (6))

Api12(t) = (E2 —t72)Ana(t) + Ap_ro(t).  (17)
Using (8) and (16), we obtain the “knot coefficients”
B =ttt kS =1 (18)
Therefore, the recurrence relation for Alexander poly-
nomials of torus knots T'(2m + 1, 2) looks as
Apyoo(t) =+t )AL 2(1) — Ap_aa(t). (19)

Comparing (19) and (14) allows us to put (what we
call) the Alexander “bosonic” g-numbers [n]# into cor-
respondence to (19). Indeed, from ¢ +p =t + ¢t 1,
gp = 1, we have ¢ = t, p = t~!. Therefore, rela-
tion (13) yields

tno— ¢
t—tt7
which coincides with ¢g-numbers of Biedenharn and
Macfarlane.

[n]* = t=gq, (20)
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5. Jones “Bosonic” g-numbers: [n]V

From the Jones skein relation (2) in the form (4)

Vi(t) = t(t2 —t2)Vo(t) + 2V_ (1), (21)
we have the “Link coefficients”

W=t g2, 1Y =4, (22)
and, correspondingly, find the “knot coefficients”

kY =t3+t, kY =t (23)

The recurrence relation for the Jones polynomials of
torus knots T'(2m + 1,2) has the form

Vigao(t) = (83 + )Voo(t) — t*Vi_22(t). (24)

Comparing (24) and (14), we obtain what we call the
Jones “bosonic” g-numbers

[n]" (25)
6. HOMFLY “Bosonic” (q,p)-numbers: [n]¥

The HOMFLY skein relation (3) in the form (4)

Hy(a,t)=a(t? —t 3)Hp(a,t) + a*H_(a,t)  (26)
gives the “Link coefficients”

=gtz —t73), 18 =a2 (27)
From whence, we find the “knot coefficients”

EA =a?(t+t71), ki =—a?, (28)

which are used to introduce the HOMFLY “bosonic”
(¢, p)-numbers according to the relation
[n4+ 17 = k()" + ki n — 1). (29)
Comparing (29) and (14), from ¢ +p = ki, qp =
= —ki we have ¢ = at and p = at!. It follows

from (13) what we call the HOMFLY “bosonic” (g, p)-
numbers

it = 2o =T

30
— (30)

t=q, a=p.
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7. Alexander Skein Relation
from Alexander “Bosonic” g-numbers

In Section 4, we obtained the Alexander “bosonic” g-
numbers from the Alexander skein relation. In this
section, moving in the opposite direction, we obtain
the Alexander skein relation (15) from the Alexan-
der “bosonic” g-numbers [n]4 (20). First, compar-
ing (13) and (20), we find ¢ = t, p = t~!. Putting
it into (14), one has the recurrence relation for the
Alexander “bosonic” g-numbers:

[+ 1% =+t — [0 -1 (31)
From whence, we have “knot coefficients” (18):
kt=t+t7!, Kk =-1

According to (8), the “Link coefficients” are

lo = +(—k)?, Iy =+(ky — 2l5)%. (32)

Thus, we obtain /4 and [{*, which coincide with (16).
Putting them into (4) leads to the Alexander skein
relation (15).

In a similar way, the Jones “bosonic” g-numbers
[n]Y" (25) yield the Jones skein relation (21), and the
HOMFLY skein relation (26) follows from the HOM-
FLY “bosonic” (g, p)-numbers [n]f (30).

8. HOMFLY invariants
from Alexander and Jones invariants

In this section, we consider how to build two-
parameter HOMFLY polynomial invariants on the
basis of one-parameter Alexander or Jones ones. To
formulate proper rule, we compare the HOMFLY
“bosonic” (g, p)-numbers [n] (30) and the Alexan-
der “bosonic” g-numbers [n]* (20):

[ = a*=Vn] . (33)

Then, the first way of obtaining the HOMFLY (¢, p)-
numbers reduces to introducing the second variable
in the form of a multiplier a®™~1 before [n]4. In
the case of the Jones “bosonic” g-numbers [n]", the
multiplier looks as (aq)2™~1:

()" = (aq)*" D [n]". (34)

We suggest another way of obtaining the HOMFLY
skein relation with the help of the “bosonic” (g, p)-
numbers [n]t. To this end, we make the substitution
in (20):

t—q, !

= p
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and, thus,

[ — (35)
q—Dp

One more substitution

gip i —a, @p?—t
in (35) turns [n]#* into [n]H, which proves their equi-
valence.

In the case of the Jones “bosonic” g-numbers [n]V,
the substitution

' ¢ t—p

in (20) turns it into

3n _ . n
]H2 — u_ (36)

[n
¢ —p

By substituting
¢’p—a', ¢Fp 7 ot

in (36), we turn [n]#2 into [n].

9. Concluding Remarks

The introduced Alexander and Jones “bosonic” g¢-
numbers and the HOMFLY “bosonic” (g, p)-numbers
give possibility to operate with these deformed num-
bers instead of operating with the corresponding skein
relations, which is believed to be much easier. We also
hope that the dealing with the deformed numbers in-
stead of the skein relations will promote the finding
of new polynomial invariants of knots and links. It
should be mentioned that the problem of searching
for the Reidemeister moves in terms of (g, p)-calculus
arises.
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ITOJIIHOMIAJIbHI IHBAPIAHTH
XOM®QJII OJIdd TOPMYHNX BY3JIIB
I BO3OHHE (q, p)-9YM1CJIEHHS

Pesmowme

s oHOIIApaMETPUYHOTO CKEWH-CHiBBiAHOIIEHHS AJtekcaH-
nepa (/Ixouca) BBemeHo “GosoHHI” ¢-umcaa Asekcangepa
(Mdxomca), a Jyis JBOoNAapaMeTPUIHOrO CKEHH-CIIiBBIIHOIIEHH
Xombui — “Gozonni” (g, p)-amcna Xomdbumi (“6ozorH” umcma
nos’a3ani 3 ngedopMoBaHUME GO30HHUMH OCIJIATOPAMH). 3a
JIOTIOMOT010 [MX AePOPMOBaHUX “OO30HHUX YHMCEs MOYKHA, BiJl-
HOBUTH BIJNOBiIHI CKEHH-CHiBBiAHOMEHHS. AHATI3YI0YN BBE-
neHi “0030HHI” 4mCJIa, MU BKa3yE€MO Ha JBa CIIOCOOM OTPUMAH-
HsI JIBOIIADAMETPUYHOTrO CKeHH-criBBigaomennsa Xomdui (“60-
3ouHUX” (g, p)-uncen) i3 oxHONAPAMETPUYHUX CKEHH-CIIIBBIiJI-
Homenb Autekcanzepa i Jkonca (i3 Bigmosinuux “6030HHHX”
g-aucen). i nBa cocobu OTpUMaHHS CKEHH-CIIBBIAHOIIEHHS
Xomduii ekBiBaJIeHTHI.
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