
V.E. Kuzmichev, V.V. Kuzmichev

https://doi.org/10.15407/ujpe63.3.196

V.E. KUZMICHEV, V.V. KUZMICHEV
Bogolyubov Institute for Theoretical Physics, Nat. Acad. of Sci. of Ukraine
(14-b, Metrolohichna Str., Kyiv 03143, Ukraine; e-mail: vkuzmichev@bitp.kiev.ua)

QUANTUM DYNAMICS OF THE EARLY UNIVERSE

Quantum gravity may shed light on the prehistory of the universe. Quantum corrections to
gravity affect the dynamics of the expansion of the universe. Their influence is studied on
the example of the exactly solvable quantum model. The corrections to the energy density and
pressure lead to the emergence of an additional attraction (like dark matter) or repulsion (like
dark energy) in the quantum system of the gravitating matter and radiation. The model ex-
plains the accelerating expansion (inflation) in the early universe (the domain of comparatively
small values of quantum numbers) and a later transition from the decelerating expansion to
the accelerating one of the universe (the domain of very large values of quantum numbers)
from a single approach. The generation of primordial fluctuations of the energy density at the
expense of the change of a sign of the quantum correction to the pressure is discussed.
K e yw o r d s: quantum gravity, quantum geometrodynamics, cosmology.

1. Introduction

Quantum gravity may shed light on the prehistory of
the universe before the big-bang scenario takes over.
Numerous different models were proposed to recon-
cile the classical theory of gravity, based on general
relativity, with current astrophysical data [1–3]. The
transition from the classical model of the universe to
its quantum analog adds a new element to the the-
ory in the form of quantum corrections to the en-
ergy density and pressure. The method of constraint
system quantization can be taken as a basis of the
quantum theory of gravity suitable for the investiga-
tion of cosmological and other quantum gravitational
systems. In this article, we use quantum geometrody-
namics in order to study an influence of quantum cor-
rections on the dynamics of a quantum gravitational
system (universe). For this purpose, it is reasonable
to investigate this problem within an exactly solvable
cosmological model.

The canonical approach to the quantization, suc-
cessful in constructing the nonrelativistic quantum
mechanics and quantum field theories in the flat
spacetime, encounters well-known difficulties, when
applied to gravity, such as the understanding of the
time evolution, the divergence of the norm of the
state vectors, the measurement problem, and others.
A model with a finite number of degrees of freedom
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may provide a reasonable framework for addressing
the problems of quantum gravity. The homogeneous
minisuperspace models have been proven to be suc-
cessful – consistent with observations and having pre-
dictive power – in classical cosmology. This appears
explicable, in view of the fact that the Universe can,
in the first approximation, be considered as being ho-
mogeneous, and gives rise to the hope for that homo-
geneous models could be useful in quantum cosmol-
ogy as well.

In Section 2, a short introduction to general rel-
ativity as a theory with constraints is made on the
example of the minisuperspace model. Section 3 is
devoted to the formulation of a version of quantum
theory of gravitational systems in the maximally sym-
metric space. In Sections 4 and 5, quantum analogs
of the Hamilton–Jacobi equation and the Einstein–
Friedmann equation are obtained. The goal of Sec-
tion 6 is to demonstrate on a concrete example how
quantum effects manifest themselves in the early uni-
verse, by determining the behavior of the cosmolog-
ical parameters such as the energy density, pressure,
and deceleration parameter under the expansion of
the universe. In Section 7, the results are discussed.

2. Constraint Equations
for the Maximally Symmetric Geometry

We will consider an isotropic cosmological model de-
scribed by the Friedmann–Robertson–Walker metric.
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In the case of the maximally symmetric geometry,
the geometric properties of the system are determined
by a single variable, namely the cosmic scale factor
𝑎. The matter sector is taken in the form of a uniform
scalar field 𝜑 (a surrogate of physical fields) and a per-
fect fluid which defines the material reference frame
enabling one to recognize the instants of time. The
Hamiltonian of the system has the form [4–8]

𝐻 =
𝑁

2

{︀
−𝜋2

𝑎 − 𝑎2 + 𝑎4[𝜌𝜑 + 𝜌𝛾 ]
}︀
+

+ 𝑐1

{︂
𝜋Θ − 1

2
𝑎3𝜌0𝑠

}︂
+ 𝑐2

{︂
𝜋𝜆̃ +

1

2
𝑎3𝜌0

}︂
, (1)

where 𝜋𝑎, 𝜋Θ, and 𝜋𝜆̃ are the momenta canonically
conjugate with the variables 𝑎, Θ (the thermasy),
and 𝜆̃ (the potential for the specific free energy taken
with an inverse sign), 𝜌𝜑 is the energy density of mat-
ter represented by a scalar field 𝜑, 𝜌𝛾 is the energy
density of a perfect fluid, which is a function of the
density of the rest mass 𝜌0 and the specific entropy
𝑠 [9]; 𝑁 , 𝑐1, and 𝑐2 play the role of the Lagrange
multipliers.

Here and below, we use the Planck system of
units. The length 𝑙P =

√︀
2𝐺~/(3𝜋𝑐3) is taken as a

unit of length, and the 𝜌P = 3𝑐4/(8𝜋𝐺𝑙2P) is used
as a unit of energy density and pressure, where 𝐺 is
Newton’s gravitational constant. The proper time 𝜏
is measured in units of length.

Hamiltonian (1) is a linear combination of con-
straints and thus weakly vanishes, 𝐻 ≈ 0. The varia-
tions of the Hamiltonian with respect to 𝑁 , 𝑐1, and
𝑐2 give three constraint equations,

−𝜋2
𝑎 − 𝑎2 + 𝑎4[𝜌𝜑 + 𝜌𝛾 ] ≈ 0,

𝜋Θ − 1

2
𝑎3𝜌0𝑠 ≈ 0, 𝜋𝜆̃ +

1

2
𝑎3𝜌0 ≈ 0.

(2)

From the conservation of these constraints in time,
it follows that the number of particles of a perfect
fluid in the proper volume 1

2𝑎
3 (or 2𝜋2𝑎3, if 𝑎 is taken

in units of length) and the specific entropy conserve:
1
2𝑎

3𝜌0 = const, 𝑠 = const. In view of these conserva-
tion laws and the vanishing of the momenta conju-
gate with the variables 𝜌0 and 𝑠, one can discard the
degrees of freedom corresponding to these variables
and convert the second-class constraints into first-
class constraints [4–6], in accordance with Dirac’s
proposal.

3. Quantization Scheme

In quantum theory, first-class constraint equations
become constraints on the state vector and, in this
way, define the space of physical states [10]. It is
convenient to choose the perfect fluid with the den-
sity 𝜌𝛾 in the form of relativistic matter (radia-
tion). Then one can put 𝑎4𝜌𝛾 ≡ 𝐸 = const. Passing
from the classical variables in the constraint equa-
tions (2) to corresponding operators, we obtain the
quantum constraint equations, which vanish when ap-
plied to the state vector ⟨𝑎, 𝜑|Ψ(𝑇 )⟩, where 𝑇 is the
“arc-parameter measure of time” connected with the
proper time 𝜏 by the differential equation 𝑑𝜏 = 𝑎𝑑𝑇
[7, 8]. The solution of these equations gives the evo-
lution of |Ψ(𝑇 )⟩ in the time parameter 𝑇 in the form

|Ψ(𝑇 )⟩ = 𝑒𝑖
2
3𝐸(𝑇−𝑇0)|Ψ(𝑇0)⟩, (3)

where 𝑇0 is an arbitrary constant taken as a time
reference point. The vector |Ψ(𝑇0)⟩ ≡ |𝜓⟩ satisfies the
equation(︁
−𝜕2𝑎 + 𝑎2 − 2𝑎𝐻̂𝜑

)︁
|𝜓⟩ = 𝐸|𝜓⟩. (4)

The operators

𝐻̂𝜑 =
1

2
𝑎3𝜌𝜑, 𝐿̂𝜑 =

1

2
𝑎3𝑝𝜑 (5)

are the Hamiltonian and the Lagrangian of the scalar
field 𝜑, where

𝜌𝜑 = − 2

𝑎6
𝜕2𝜑 + 𝑉 (𝜑), 𝑝𝜑 = − 2

𝑎6
𝜕2𝜑 − 𝑉 (𝜑), (6)

are the operators of energy density and pressure, re-
spectively, and 𝑉 (𝜑) is the potential term.

In the case 𝐸 = 0, Eq. (4) reduces to the Wheeler–
DeWitt equation of a ‘minisuperspace model’ of the
universe filled with a uniform scalar field.

The Hamiltonian 𝐻̂𝜑 can be diagonalized by intro-
ducing the complete set of orthonormalized functions
⟨𝜒|𝑢𝑘⟩ of a quantum scalar field in the representa-
tion of the generalized variable 𝜒 = 𝜒( 12𝑎

3, 𝜑). The
explicit form of 𝜒 is determined by the form of the
potential 𝑉 (𝜑) [7]. For example, in the model 𝑉 (𝜑) =
= 𝜆𝛼𝜑

𝛼, where 𝜆𝛼 is the coupling constant and 𝛼 ≥ 0,
we have

𝜒 = (2𝜆𝛼)
1

2+𝛼

(︂
𝑎3

2

)︂ 2
2+𝛼

𝜑.
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After averaging over the quantum states |𝑢𝑘⟩, the
scalar field turns into matter characterized by the en-
ergy density 𝜌𝑚 and pressure 𝑝𝑚,

𝜌𝑚 = ⟨𝑢𝑘|𝜌𝜑|𝑢𝑘⟩, 𝑝𝑚 = ⟨𝑢𝑘|𝑝𝜑|𝑢𝑘⟩. (7)

The expectation value of the Hamiltonian is

⟨𝑢𝑘|𝐻̂𝜑|𝑢𝑘′⟩ =𝑀𝑘(𝑎)𝛿𝑘𝑘′ , (8)

where the index of the state 𝑘 can take both discrete
and continuous values, 𝑀𝑘(𝑎) =

1
2𝑎

3𝜌𝑚 is the proper
energy of matter in the volume 1

2𝑎
3 with the energy

density 𝜌𝑚.
Calculating the expectation values (7), we obtain

𝜌𝑚 =
2𝑀𝑘(𝑎)

𝑎3
, 𝑝𝑚 = 𝑤𝑚𝜌𝑚, (9)

where the equation-of-state parameter

𝑤𝑚 = −1

3

𝑑 ln𝑀𝑘(𝑎)

𝑑 ln 𝑎
. (10)

In the general case, the proper energy 𝑀𝑘(𝑎) de-
pends on 𝑎. It describes a classical source (as a mass-
energy) of the gravitational field.

In the specific case, in the model 𝑉 (𝜑) = 𝜆𝛼𝜑
𝛼,

matter reduces to a barotropic fluid with the param-
eter 𝑤𝑚 = 𝛼−2

𝛼+2 , which does not depend on 𝑎. For
𝛼 = 0, the barotropic fluid takes the form of the vac-
uum of the scalar field in the 𝑘th state. The value
𝛼 = 1 corresponds to the strings. Matter in the form
of dust is reproduced by 𝛼 = 2, whereas 𝛼 = 4 leads
to the relativistic matter and so on. The so-called
stiff Zel’dovich matter is obtained in the limiting case
𝛼 = ∞.

4. Quantum Hamilton–Jacobi Equation

Using Eq. (8), one can integrate Eq. (4) with respect
to the matter field variable. Let us express the vector
|𝜓⟩ as the expansion in the complete set of states |𝑢𝑘⟩,

|𝜓⟩ =
∑︁
𝑘

|𝑢𝑘⟩⟨𝑢𝑘|𝜓⟩. (11)

Then Eq. (4) yields the equation for the function
⟨𝑎|𝑓𝑘⟩ ≡ ⟨𝑢𝑘|𝜓⟩,(︀
−𝜕2𝑎 + 𝑎2 − 2𝑎𝑀𝑘(𝑎)

)︀
|𝑓𝑘⟩ = 𝐸|𝑓𝑘⟩. (12)

This equation is an eigenvalue equation. Its solution
|𝑓𝑘⟩ is an eigenfunction corresponding to the eigen-
value 𝐸. The function |𝑓𝑘⟩ describes the geometric
properties of the quantum universe filled with mat-
ter, whose mass-energy is 𝑀𝑘(𝑎).

In order to turn to the classical observables, we
shall look for the solution of Eq. (12) in the form

⟨𝑎|𝑓𝑘⟩ =
𝐶𝑘√︀
𝜕𝑎𝑆𝑘(𝑎)

𝑒𝑖𝑆𝑘(𝑎), (13)

where the phase 𝑆𝑘 can, generally speaking, be com-
plex and 𝐶𝑘 is the constant determined by the bound-
ary condition on the function ⟨𝑎|𝑓𝑘⟩, e.g. on the
asymptotics 𝑎→ ∞.

The phase 𝑆𝑘(𝑎) satisfies the non-linear equation

(𝜕𝑎𝑆𝑘)
2 + 𝑎2 − 2𝑎𝑀𝑘(𝑎)− 𝐸 =

3

4

(︂
𝜕2𝑎𝑆𝑘

𝜕𝑎𝑆𝑘

)︂2
− 1

2

𝜕3𝑎𝑆𝑘

𝜕𝑎𝑆𝑘
.

(14)

This equation is exact. It is equivalent to Eq. (12). In
the classical limit, the right-hand side of Eq. (14) van-
ishes (it is proportional to 𝑙4P in physical units) and
this equation turns into the Hamilton–Jacobi equa-
tion for the action 𝑆𝑘(𝑎)|~=0 = 𝑆class

𝑘 (𝑎), and the mo-
mentum 𝜕𝑎𝑆

class
𝑘 (𝑎) = −𝑎𝑎̇, where a dot is used to

denote the derivative with respect to the proper time
𝜏 . This simple equation is modified, when quantum
gravity effects are taken into account.

5. Quantum Analog
of Einstein–Friedmann Equation

Using Eqs. (11) and (13), from the equation of motion
⟨𝜓| − 𝑖𝜕𝑎|𝜓⟩ = ⟨𝜓| − 𝑑𝑎

𝑑𝑇 |𝜓⟩ [7, 8], we get the operator
equality

𝜕𝑎𝑆𝑘 +
𝑖

2

𝜕2𝑎𝑆𝑘

𝜕𝑎𝑆𝑘
= − 𝑑𝑎

𝑑𝑇
. (15)

From this equation, it follows that, generally speak-
ing, the scale factor 𝑎 can be complex. The possibility
of the introduction of a complex metric tensor and its
relation to real physical gravitational field were stud-
ied in [8, 11, 12]. Taking the common point of view,
we shall assume that the physical gravitational field
is described by the real part of the metric.

Using Eqs. (13) and (15), Eq. (14) can be rewritten
in the form of the Einstein–Friedmann equation(︂
𝑎̇

𝑎

)︂2

= 𝜌𝑚 + 𝜌𝛾 + 𝜌𝑞 −
1

𝑎2
. (16)
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Differentiating Eq. (16) with respect to the proper
time 𝜏 and taking the first law of thermodynamics
into account, we have

𝑎̈

𝑎
= −1

2
[𝜌𝑚 + 𝜌𝛾 + 𝜌𝑞 + 3 (𝑝𝑚 + 𝑝𝛾 + 𝑝𝑞)]. (17)

Here, 𝜌𝑚 and 𝑝𝑚 are the energy density and the pres-
sure of matter with the equation-of-state parameter
(10), 𝜌𝛾 and 𝑝𝛾 are the energy density and the pres-
sure of radiation with the equation of state 𝑝𝛾 = 1

3𝜌𝛾 ,
𝜌𝑞 and 𝑝𝑞 are the quantum corrections to the total en-
ergy density and pressure, which have the form

𝜌𝑞 =
𝑄𝑘(𝑎)

𝑎4
≡ 2𝑀𝑄(𝑎)

𝑎3
, 𝑝𝑞 = 𝑤𝑞𝜌𝑞, (18)

where 𝑀𝑄(𝑎) = 1
2𝑎

3𝜌𝑞 is the proper energy of the
quantum source of the gravitational field and the
equation-of-state parameter

𝑤𝑞 =
1

3

(︂
1− 𝑑 ln𝑄𝑘(𝑎)

𝑑 ln 𝑎

)︂
. (19)

In Eq. (19), the first term is a correction for relativ-
ity, while the second one comes from the quantum
dynamics of the system, and it is expressed via the
function of the gravitational quantum source

𝑄𝑘(𝑎) = 𝑖𝜕2𝑎𝑆𝑘 +
1

2

[︃(︂
𝜕2𝑎𝑆𝑘

𝜕𝑎𝑆𝑘

)︂2
− 𝜕3𝑎𝑆𝑘

𝜕𝑎𝑆𝑘

]︃
. (20)

Equations (16) and (17) rewritten in physical units
demonstrate that the energy density 𝜌𝑞 and the pres-
sure 𝑝𝑞 contain the terms proportional to 𝑙2P (from the
first term on the right-hand side of Eq. (20)) and 𝑙4P
(from the term in square brackets).

The function of the gravitational quantum source
𝑄𝑘 is a real-valued function, only when the phase
can be represented in the form 𝑆𝑘 = 𝑖𝑆Euclid

𝑘 with
the real-valued Euclidean action. The influence of the
gravitational quantum source on the dynamics of the
expanding universe depends on the value and the sign
of the corresponding energy density and pressure.

If there exists the domain, where the real-valued
function 𝑄𝑘(𝑎) > 0 and ln𝑄𝑘(𝑎) depends on ln 𝑎, so
that 𝑤𝑞 can be parametrized in the form 𝑤𝑞 = − 1

3𝛿,
where 𝛿 is an arbitrary positive or negative constant,
then the quantum corrections can imitate, for ex-
ample, the contribution from the de Sitter vacuum
(𝛿 = 3), domain walls (𝛿 = 2), strings (𝛿 = 1),

dust (𝛿 = 0), radiation (𝛿 = −1), or perfect gas
(𝛿 = −2). In such a model, the quantum source is
𝑄𝑘(𝑎) ∼ 𝑎𝛿+1. Identifying the energy density 𝜌𝑞 > 0
with the energy density of dark energy, one finds
that the case 𝛿 = 3 reproduces the cosmological
constant [13], the values 1 < 𝛿 < 3 correspond to
the quintessence [14–16], whereas the phantom field
[17, 18] is described by the values 𝛿 > 3.

However, it is possible that quantum effects will
generate the quantum corrections, for which the func-
tion 𝑄𝑘(𝑎) < 0 and the corresponding energy density
is negative. This case is not extraordinary. According
to quantum field theory, for instance, vacuum fluctua-
tions make a negative contribution to the field energy
per unit area (the Casimir effect). As was shown in
Ref. [19], the quantum correction 𝜌𝑞 takes a negative
value near the initial cosmological singularity.

6. Exactly Solvable Model

In this connection, it is appropriate to study an
exactly solvable model with the scalar field poten-
tial 𝑉 (𝜑) = 𝜆2𝜑

2. Then the mass-energy 𝑀𝑘(𝑎) =
=

√
2𝜆2(𝑘 + 1

2 ) ≡ 𝑀 = const, where 𝑘 = 0, 1, 2, ... is
the number of non-interacting identical particles with
the mass

√
2𝜆2 in the state |𝑢𝑘⟩ of the scalar field.

Equations (12) and (14) have analytical solu-
tions. The eigenvalue 𝐸 is determined by the con-
dition of quantization 𝐸 = 2𝑛 + 1 − 𝑀2, where
𝑛 = 0, 1, 2, ... is the quantum number, which enumer-
ates the discrete states of the universe in the potential
well 𝜁2 ≡ (𝑎 −𝑀)2. The phase in Eq. (13) is found
to be pure imaginary, 𝑆 = 𝑖𝑆Euclid, where

𝑆Euclid =
1

2
ln

⎡⎣2 𝜁∫︁
0

𝑑𝑥 𝑒𝑥
2

𝐻−2
𝑛 (𝑥)

⎤⎦+ const, (21)

while the wave function ⟨𝑎|𝑓⟩ is real-valued,

⟨𝑎|𝑓⟩ =
(︀
2𝑛𝑛!

√
𝜋
)︀−1/2

𝑒−(𝑎−𝑀)2/2𝐻𝑛(𝑎−𝑀), (22)

𝐻𝑛 is the Hermitian polynomial. Here and below,
the indices 𝑘 and 𝑛 for 𝑆, 𝑓, and 𝑄 are omitted to
simplify the notation. Using

𝜕𝜁𝑆(𝜁) = 𝑖
𝑒𝜁

2

𝐻−2
𝑛 (𝜁)

2
∫︀ 𝜁

0
𝑑𝑥 𝑒𝑥2𝐻−2

𝑛 (𝑥)
, (23)
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Fig. 1. Quantum corrections 𝜌𝑞 (18) to the total energy den-
sity multiplied by 𝑎4 for the quantum source 𝑄 (24) versus the
scale factor 𝑎 for 𝑛 = 2 and 𝑀 = 1.58

Fig. 2. Quantum corrections 𝑝𝑞 (18) to the pressure multiplied
by 𝑎4 for the quantum source 𝑄 (24) versus the scale factor 𝑎

for 𝑛 = 2

the function of the source 𝑄(𝑎) can be rewritten in
the form
𝑄(𝜁) = −(2𝑛+ 1) + 2𝑛

𝐻𝑛−1(𝜁)𝐻𝑛+1(𝜁)

𝐻2
𝑛(𝜁)

. (24)

This function depends on the quantum 𝑛th state
of the universe. The condition 𝜌𝛾 = 𝐸

𝑎4 ≥ 0 im-
poses a restriction on the mass 𝑀 of the uni-
verse, 𝑀 ≤

√
2𝑛+ 1, in accordance with the quan-

tization condition for 𝐸 ≥ 0. The observed part
of our universe is characterized by the parameters
𝑀 ∼ 1061 (∼1080 GeV) and 𝐸 ∼ 10118 (𝜌𝛾 ≈
≈ 10−10 GeV/cm3). From the viewpoint of the model
under consideration, it is in the state with 𝑛 ∼
∼ 10122 (up to ∼10−4). This estimate practically co-
incides with the estimate given in Ref. [20]. There-
fore, one can put 𝐸 = 𝑀2 (for the early universe)
and 𝐸 = 0 (for the universe with 𝑛≫ 1) for numeri-
cal estimations.

From the explicit form of Eq. (24), it follows that
the function of the gravitational quantum source𝑄(𝑎)
is negative and oscillates 𝑛 times in the interval
0 ≤ 𝑎 <∞. This function and its first derivative with
respect to 𝑎 diverge at the points 𝜁 = 𝜁𝑖, where the
Hermitian polynomial𝐻𝑛(𝜁) vanishes, 𝐻𝑛(𝜁𝑖) = 0. In
order to get rid of these divergences, we shall take into
account that the scale factor 𝑎 can be analytically ex-
tended to the complex plane (see Eq. (15)). We shift
the variable 𝜁 into the complex domain, 𝜁 → 𝜁 + 𝑖𝜀,
where 𝜀2 ≪ 1, and substitute

𝐻2
𝑛(𝜁) → |𝐻𝑛(𝜁 + 𝑖𝜀)|2 (25)

in the denominator of Eq. (24). By expanding the
square of the polynomial in a small parameter 𝜀 and
keeping the first non-vanishing term, we obtain

|𝐻𝑛(𝜁 + 𝑖𝜀)|2 = 𝐻2
𝑛(𝜁) + 𝜀2(2𝑛)2𝐻2

𝑛−1(𝜁). (26)

It turns out that the simple regularization

𝐻2
𝑛(𝜁) → 𝐻2

𝑛(𝜁) + 𝜖𝑛, (27)

where 𝜖𝑛 is some phenomenological parameter chosen
so that the positions and magnitudes of maxima of
the function 𝑄(𝑎) do not change, leads to the qual-
itatively similar results as a shift into the complex
domain, thus proving the model-independence of the
method.

In Fig. 1 for illustrative purposes, we show the
quantum correction 𝜌𝑞 as a function of 𝑎 with the
specific values 𝑛 = 2, 𝑀 = 1.58, and 𝐸 =𝑀2, which
correspond to the early universe, and 𝜀2 = 0.04. The
main features of the behavior of 𝜌𝑞 remain intact up
to the values 𝑛 ≫ 1 and 𝐸 ≪ 𝑀2. They do not
depend on the value 𝜀2, which determines only the
depths of the minima and does not change the gen-
eral picture. The quantum correction 𝜌𝑞 is multiplied
by 𝑎4 in order to exclude the divergence at the point
of the initial cosmological singularity 𝑎 = 0 from the
consideration. This quantum correction to the total
energy density in Eqs. (16) and (17) is found to take
only negative values. When the number 𝑛 increases,
the number of oscillations increases as well.

In Fig. 1, one can see that 𝑄(0) = const and
𝑄(𝑎) → −1 at 𝑎 → ∞. The local maximum corre-
sponds to the point 𝑎 =𝑀 .

The quantum correction 𝑝𝑞 to the pressure is shown
in Fig. 2. This quantum correction 𝑝𝑞 takes negative
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values near the origin 𝑎 = 0 and at large values of
𝑎. It passes through the point 𝑝𝑞 = 0 at 𝑎 < 1 and
then takes positive values. At 𝑎 > 1, the pressure fluc-
tuates changing from positive to negative, and vice
versa.

The peculiarities of the behavior of the pressure 𝑝𝑞
manifest themselves in the behavior of the decelera-
tion parameter 𝑞 = −𝑎𝑎̈

𝑎̇2 drawn in Fig. 3. It is found
that when one considers the quantum corrections for
the universe filled with dust and radiation, the uni-
verse changes from the deceleration (near the initial
cosmological singularity at 𝑎 = 0) to the accelerat-
ing expansion for small 𝑎. The deceleration parame-
ter takes negative and positive values demonstrating
that the expansion of the early universe is decelerat-
ing, then accelerating, and so on. Extrapolating this
solution to the case of larger values of 𝑛, we come to
the conclusion that the quantum corrections gener-
ate an additional attraction in the universe acting as
dark matter or a repulsion reproducing the effects of
dark energy. The quantum corrections can, in prin-
ciple, induce both the inflationary expansion in the
early universe (𝑛 > 1) and the accelerating expan-
sion in later times (𝑛 ∼ 10120).

The way how the quantum corrections exhibit
themselves on the total energy density 𝜌tot = 𝜌𝑚 +
+ 𝜌𝛾 + 𝜌𝑞 can be seen in Fig. 4. The two minima are
given by the minima of the quantum correction 𝜌𝑞
shown in Fig. 1. The domains near the minima corre-
spond to the values of the cosmological scale factor,
at which the quantum correction exceeds the con-
tribution from the ordinary matter to the total en-
ergy density in the very early universe. The bulge of
a curve near 𝑎 = 𝑀 can be considered as a density
fluctuation stipulated by a corresponding growth of
the pressure 𝑝𝑞 from negative values to positive val-
ues for 𝑎 < 𝑀 and the subsequent change to negative
values for 𝑎 > 𝑀 , shown in Fig. 2. In general case,
there are 𝑛 − 1 fluctuations for any value of 𝑛. Such
fluctuations may play the role of seeds for the future
large-scale structure.

In the domain 𝑎 > 2𝑀 , the quantum correction 𝜌𝑞
has the form 𝜌𝑞 = −𝜎2

𝑎6 , where 𝜎2 weakly depends
on 𝑎 (see Fig. 1). As was shown in Ref. [7], 𝜎2 =
= 3

8𝑁
2, where 𝑁 is the number of particles with

spin 1
2 of the Weyssenhoff fluid in the volume 1

2𝑎
3

[21, 22]. The term with a similar dependence on 𝑎
arises in the Einstein–Cartan theory [23,24], where
𝜌𝑞 = −⟨𝑠𝜇𝜈𝑠𝜇𝜈⟩, the space-time averaging is per-

Fig. 3. Deceleration parameter 𝑞 for the quantum source 𝑄

(24) versus the scale factor 𝑎 for 𝑛 = 2

Fig. 4. Total energy density 𝜌tot multiplied by 𝑎4 for the
quantum source 𝑄 (24) versus the scale factor 𝑎 for 𝑛 = 2

formed in order to make a transition to macroscopic
scales, 𝑠𝜇𝜈 is the spin density, and it is assumed that
the average ⟨𝑠𝜇𝜈⟩ = 0.

7. Conclusion

The aim of the paper is to demonstrate on a spe-
cific example of the exactly solvable model that, in
the course of the evolution of the early universe, the
cosmological parameters (such as matter-energy den-
sity, pressure, and deceleration parameter) can fluc-
tuate under the influence of quantum corrections to
gravity. These fluctuations are irregular, forcing the
universe to expand with acceleration, then with de-
celeration, and vice versa. One may say, in the lan-
guage of classical physics, that the quantum grav-
ity corrections imitate the action of dark energy and
dark matter. It appears that the phenomena of in-
flation in the early universe and the accelerating ex-
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pansion in the current universe, if not entirely, but
at least partially, can be explained by the action of
quantum component of gravity. These conclusions are
made in the framework of non-perturbative quantum
theory of gravity based on the quantum generaliza-
tion of the Hamilton–Jacobi equation. As an exam-
ple, we have considered the universe filled with dust
and radiation. In this case, the non-linear equation
for the phase of the wave function admits an analyt-
ical solution.

On the Planck scales (𝑎 ∼ 1), the quantum correc-
tions 𝜌𝑞 can be interpreted as the energy density of
matter in the extreme state with the pressure, which
fluctuates irregularly relative to the value 𝑝𝑞 = 0 (see
Fig. 2). As was shown in Ref. [7], with the growth
of the scale factor 𝑎, the quantum corrections behave
themselves as a sum of densities,

𝜌𝑞 ≈ −𝜎
2

𝑎6
− 1

𝑎4
, (28)

where 𝜎2 ≈ 𝑛 in the domain 𝑎 > 2𝑀 . The first term
corresponds to the energy density of the Weyssen-
hoff fluid [21, 22], while the second term brings a
small negative contribution to the energy density of
radiation. Thus, the quantum theory of gravity un-
der consideration in the minisuperspace demonstrates
that the quantum corrections to the energy density of
matter in the universe describe real matter which, de-
pending on the scale of the variable 𝑎, takes firstly the
form of an extremely strong fluctuating medium, then
it turns into the Weyssenhoff fluid, and approaches
the behavior of an antigravitating matter with the
equation of state 𝑝𝑞 = − 1

3𝑎4 in the final stage.
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КВАНТОВА ДИНАМIКА РАННЬОГО ВСЕСВIТУ

Р е з ю м е

Квантова гравiтацiя може пролити свiтло на передiсторiю
всесвiту. Квантовi поправки до гравiтацiї дiють на динамiку
розширення всесвiту. Їхнiй вплив дослiджується на прикла-
дi квантової моделi, що має точний розв’язок. Поправки до
густини енергiї та тиску приводять до виникнення додатко-

вого тяжiння (подiбно до темної матерiї) або вiдштовхува-
ння (подiбно до темної енергiї) в квантовiй системi гравiту-
ючої матерiї та випромiнювання. Модель пояснює з єдиної
точки зору розширення з прискоренням (iнфляцiю) у ран-
ньому всесвiтi (область вiдносно малих значень квантових
чисел) та пiзнiший перехiд вiд розширення всесвiту з упо-
вiльненням до розширення з прискоренням (область дуже
великих значень квантових чисел). Обговорюється генера-
цiя первинних флуктуацiй густини енергiї як результат змi-
ни знака квантової поправки до тиску.
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