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INTEGRABLE PARAMETRICALLY DRIVEN NONLINEAR
DYNAMICAL SYSTEM OF PSEUDO-EXCITATIONS

ON A TWO-LEG LADDER LATTICE. EXPLICITLY
MANAGEABLE FORMULATION

The basic features of the integrable parametrically driven nonlinear dynamical system of
pseudo-excitations on a two-leg ladder lattice are formulated in clear and understandable terms.
The explicit but rather general realization of parametric drive suitable for the strict develop-
ment of system’s Darbouxz—Bdcklund integration technique is proposed and described in details.
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1. Introduction

In the year of 2002 we payed attention on the very
interesting and prospective property of semi-discrete
(differential-difference) nonlinear integrable systems
overlooked or deliberately ignored at the time in sci-
entific literature. It concerns the incorporation of
arbitrary parametric drive into certain semi-discrete
nonlinear integrable systems without the the loss of
their integrability [1]. Any of such a parametrically
driven system preserves its Hamiltonian formulations
but excludes the conservation of total energy from
the hierarchy of conservation laws. In so doing, the
specifics of parametric drive consists in multiplication
of conserving quantities on some time-dependent pa-
rameters to form the proper Hamiltonian function.
Frankly speaking our observation about strict
Hamiltonian formulations of parametrically driven
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systems is in lines with the key statements formu-
lated for time-dependent Hamiltonian systems [2-5].

Recently we have developed the integrable para-
metrically driven nonlinear dynamical system of
pseudo-excitations on a two-leg ladder lattice where
the parametric drive is incorporated both through the
multiplication coefficients and via the spatially inde-
pendent field functions combined [6]. In general, such
a parametric drive is not explicitly manageable and
up to now we specified only the drive oscillating on a
constant temporal background [6].

In the present paper we formulate the advanced ap-
proach permitting to treat explicitly a wide class of
arbitrary time-varying parametric drives as applied
to the integrable parametrically driven nonlinear dy-
namical system of pseudo-excitations on a two-leg
ladder lattice [6].

2. Semi-Discrete Parametrically Driven
Nonlinear Integrable System in Concise
Hamiltonian Form

The concise Hamiltonian form of our parametrically
driven nonlinear integrable system reads as follows [6]
d OH

— = 2.1
&2 = g 1)
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d o0H

5912(”) = +8g21(n) (2:2)
%923( ) = _ang(rn) (2:3)
%932(”) = +8ga2§n) (2.4)
with the expression

H= ) [ga(m)angia(m)=gar(m+ 1) fr1g12(m)] +
+ Y [g21(m)arzgsa(m) — g1 (m + 1) fragsa(m)] +
+ Y lg2s(m)assgsa(m) — gas(m + 1) fazgsz(m)] +
+ Y lges(m)azigia(m) — gaa(m + 1) fargia(m)] +
n [921(m)g12(m) + ga3(m)gsa(m)]” (2.5)

e 2V fifss — fisfa '

standing for the Hamiltonian function. Here the sym-
bol n denotes the discrete longitudinal spatial coor-
dinate variable running from minus infinity to plus
infinity, while the symbol 7 stands for the continuous
time variable. The field functions go1(n) and g12(n)
are treated as the canonically conjugated dynamical
field amplitudes settled on the one leg of a ladder
lattice, while the field functions go3(n) and gs2(n)
as the canonically conjugated dynamical field ampli-
tudes settled on the another leg of a ladder lattice.

The system’s parametric drive is determined by the
time dependencies of quantities aj; as well as by the
time dependencies of spatially independent functions
fjr . Here the functions f;, are governed by the set
of linear ordinary differential equations

Efll = a13f31 — fizas (2.6)
Efm = a11f13 + a13f33 — fria1z — fizass (2.7)
d
dj_f?,:s = az1f13 — fs1a13 (2.8)
d
Ef?;l = a3z f31 + as1fi1 — fazas1 — faian (2.9)

with the time-dependent coefficients a;;. In general,
these coefficients aj, can be arbitrary functions of
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time 7. However, such tough driving conditions are
proved to be relaxed by the easily verifying properties

&t S =0 (20)
= (Fufas— frsfon) =0 (211)

imposing two fundamental mutual constraints upon
the driving functions fj.

In addition to the parametric drive the functions
f11 and f33 are seen to establish the one-sided cou-
pling between the neighboring sites along the chains,
while the functions f13 and f3; as well as parame-
ters a3 and ag; establish the coupling between the
neighboring sites across the chains.

The one-sided (asymmetric) type of inter-site linear
coupling along a particular chain is in evident con-
trast with the two-sided (symmetric) inter-site linear
coupling along a particular chain typical of the con-
ventional molecular excitations [7-9]. It is the rea-
son, why the intra-site excitations of our semi-discrete
nonlinear integrable system (2.1)—(2.5) should be re-
ferred to as the pseudo-excitonic ones.

3. Parental Form of Semi-Discrete
Parametrically Driven Nonlinear Integrable
System and Its Zero-Curvature
Representation

The semi-discrete parametrically driven nonlinear in-
tegrable Hamiltonian system of our interest (2.1)—
(2.5) is originated from its parental form [6]

%fﬂ(n) = far(n+ 1) f11 + faz(n 4+ 1) fa1 —

— far(n)ai — far(n)fa1(n) — fas(n)as: (3.1)
%fu(n) = a1 f12(n) + fiz(nfa2(n) + a1z f32(n) —

= fufiz(n —1) = fizfea(n — 1) (3:2)
%fzs(n) = far(n +1) fi3 + foz(n + 1) f33 —

= far(n)aiz — fa2(n) f2s(n) — fas(n)ass (33)

%fgz(n) = az1 f12(n) + faz(n) fa2(n) 4 as3 fz2(n) —

— fa1fi2(n — 1) — fagfaa(n — 1) (3.4)
fan(n) = fo1(n) faz fi2(n) + faz(n) fi1 fs2(n) B

f11f33 — fi3fa1
 far(n) fizfsa(n) + fas(n) fa1fr2(n) 55

J11f33 — fizfa1
ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 5



Integrable Parametrically Driven Nonlinear Dynamical System of Pseudo-Excitations

admitting the semi-discrete zero-curvature formula-

tion [10-13]

dilTL(nu) = A(n+ 1N L(n|\) — L(n]\)A(n]A) (3.6)

with the following auxiliary spectral and evolutionary
matrices [6]

fi1 f12(n) fi3

L(n|A) = < 21(n)  faza(n) + A f23(n)> (3.7)
f31 f32(n) f33

and an fiz(ln—=1) a3

A(n|A) = (21(”) A fzs(n)>~ (3-8)
a3y fa2(n —1) ass

Here )\ stands for the time-independent spectral
parameter.

According to the general rules [14-17] the parental
semi-discrete nonlinear system (3.1)—(3.5) is proved
to be integrable in the Lax sense.

4. Relationship between the Parental and
Hamiltonian Semi-Discrete Parametrically
Driven Nonlinear Integrable Systems

The relationship between the parental field functions
fo1(n), fiz(n), fas(n), fsz2(n) and the Hamiltonian
ones go1(n), gi2(n), gaz(n), gs2(n) is based on the
transformation formulas [6]

g21(n) = far(n)err + faz(n)es (4.1)
g12(n) = e11 fi2(n) + e13f32(n) (4.2)
923(n) = far1(n)eis + faz(n)ess (4.3)
g32(n) = e31f12(n) + e33f32(n) (4.4)
subjected to the physically motivated condition
921(n)g12(n) + g23(n)gs2(n) =

= fa2(n) V/f11 fss — frs St - (4.5)

The adopted condition (4.5) substantiates the time-
dependent coefficients e, to be given by formulas

_ 1 f33
=9 N 2e v/ f11f33 — fi3fa1 (46)
ers = fi3 (4.7)
2e v/ f11fss — fisfa
1 fi1 (4.8)

ez = -~ +
2e  2e+/fi1f33 — f13[f31
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f31
€31 = — , 4.9
2e+/fi1f33 — f13f31 (49)
where
02 — 1 Ji1+ f33 (4.10)
2 4/ fiufsz — fi3fa
and the identity
er1€e33 — €13e31 = 1 (4.11)

is taken place.
The derivatives of time-dependent coefficients e;y,
are given by formulas

d

—_€11 = a13€31 — €13431 (4-12)
dr

d

3,618 = 011€13 — €11013 + aizes3 — €13a33 (4.13)
d (4.14)
—e33 = a31€13 — €3101: )
7,38 31€13 — €31a13

d

;631 = 033€31 — €33031 + azie11 — e31a11 (4.15)

following from the the evolutionary equations for the
driving functions (2.6)—(2.9).

An elementary but somewhat tedious manipula-
tions with the transformation formulas (4.1)—(4.11)
and the evolutionary equations for the parental sys-
tem (3.1)-(3.5) supplemented by the expressions
(4.12)-(4.15) for the time derivatives de;,/dr con-
vert the parental semi-discrete nonlinear integrable
system (3.1)—-(3.5) into the Hamiltonian one (2.1)—
(2.5).

The established relationship between the Hamil-
tonian (2.1)—(2.5) and parental (3.1)—(3.5) forms of
our parametrically driven semi-discrete nonlinear in-
tegrable system is proved to be very useful for the
practical application of future Darboux—Béacklund in-
tegration technique based on the matrix-valued aux-
iliary linear problem

X(n+1A) = L(n|]A)X (n|\) (4.16)
%X(np\) = AN X (n|\) (4.17)

with the spectral L(n|\) and evolutionary A(n|\) ma-
trices (3.7) and (3.8) generic to the parental system
(3.1)—(3.5).
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5. Inappropriate Explicit Version
of Accompaning Parametric Drive

Before the preparation of our previous paper [6] we
have tried to construct the Darboux—Bécklund dres-
sing technique for the explicit solutions of suggested
parametrically driven semi-discrete nonlinear inte-
grable system (2.1)-(2.5) by relying upon the sub-
stitution [6]

fik = wjk +vj (5.1)

Ak = Ujk — Vjk, (5.2)

where the summands uj; are assumed to be time-
independent
%Ujk =0.

As a result we have obtained harmonically oscillating
expressions for the time-dependent summands v, [6].

Unfortunately, any attempts to incorporate this al-
legedly promising result into the Darboux—Béacklund
method have been failed inasmuch as they have not
led to the explicit temporal dependencies for the seed
field solutions.

As to the approximate recommendations given by
the theory of linear ordinary differential equations
with the variable coefficients |2, 3| they are basically
unsuitable for the construction of explicit solutions
claimed by the exactly integrable systems.

(5.3)

6. Appropriate Explicit Version
of Accompanying Parametric Drive

To overcome the stumbling blocks of the inappropri-
ate explicit version of accompanying parametric drive
outlined in the previous Section let us postulate the
following substitutions

ain = fi1 +vn (6.1)
a1z = fi3 (6.2)
ass = fs3 + vs3 (6.3)
ag1 = fa1. (6.4)
Then the set of ordinary differential equations (2.6)—

(2.9) acquires very simple form

L= (6.5)

—fis = vi1f13 — f13vs3 (6.6)

dr
452

%fg?, =0 (6.7)

d
—f31 = v33f31 — farvn (6.8)

dr
explicitly integrable for any arbitrary temporal de-
pendencies of driving cofficients v1; and v33 .

Thus, we obtain

Jir =un (6.9)
J13 = uigexp (+Vi1 — Va3) (6.10)
f33 = u3s (6.11)
f31 = uz1 exp (+Vaz — V1), (6.12)
where

d

—Vi1 = 6.13
dr 11 V11 ( )
4y = (6.14)
- =" .
g V38 = Vss

while the parameters ;) are time-independent ones

d
~_Ujk = 0.

I (6.15)

We clearly see that the fundamental properties
(2.10)-(2.11) of driving functions f;; are fulfilled.

As the matter of fact the whole parametric drive in
the semi-discrete nonlinear integrable system in either
parental (3.1)—(3.5) or Hamiltonian (2.1)—(2.5) incar-
nation is strictly regulated by the temporal behavior
of just two functions V77 and V33 that can be cho-
sen arbitrarily according to the needs of a particular
solving problem.

Here we would like to stress that any straightfor-
ward integration procedure should be developed ex-
clusively upon the properties of parental system as
the generic one. Then, the obtained solutions can be
readily reformulated in terms of Hamiltonian system
using the results of our present research.

7. Explicit Representation

of Seed Fields as One of the Key
Points in Darboux—Béacklund
Integration Approach

One of the crucial points in developing an appro-
priate Darboux—Bécklund integration technique for
semi-discrete nonlinear integrable systems is known

ISSN 2071-0194. Ukr. J. Phys. 2026. Vol. 71, No. 5
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to be the apposite explicit choice of so-called seed so-
lutions [12,13,15].

Any seed solution to the parental semi-discrete
nonlinear integrable system of our interest (3.1)—(3.5)
is substantiated by the explicit version of accom-
panying parametric drive formulated in Section 6.
Presently we announce the simplest productive seed
solution given by formulas

O f12(n) = uig exp (+V11)
0 far 0
0 fo3 0

0 f35(n) = uz exp (+Va3).

n

(n)
(n)
(n)
(n)

Here the space-independent coefficients w15 and ugzo
are set to be time-independent too

—U12 =0=

ar a7 sz (7.5)

The main objective of future Darboux—Bécklund
integration technique consists in dressing the above
seed solution (7.1)—(7.4) to the so-called crop solution
encompassing analytical features of system’s spatio-
temporal dynamics.

8. Conclusion

In present paper we made a crucial technical step
for the actual analytical integration of parametri-
cally driven nonlinear dynamical system of pseudo-
excitations on a two-leg ladder lattice. The nonlinear
dynamical system of interest has been suggested in
our previous article [6]. However up to now it was
unclear how its integrability in the Lax sense could be
explored in explicitly manageable terms inasmuch as
earlier proposed particular form of parametric drive
has not led to the explicit temporal dependencies for
the seed field solutions. Now this problem has been
resolved by means of rather general form of paramet-
ric drive admitting explicit temporal dependencies for
the seed field solutions suitable for the development
of a proper Darboux—Bécklund dressing technique of
system’s integration.

The extensive study on Darboux—Bécklund inte-
gration technique as well as on the explicit analyti-
cal solutions to the parametrically driven nonlinear
dynamical system of pseudo-excitations on a two-leg
ladder lattice is now in progress.
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IHTEITPOBHA ITAPAMETPUYHO
YPYXOMJIFOBAHA HEJIIHIMHA JVUHAMIYHA
CHUCTEMA IICEBIO3BY/I>KEHb

HA JIBOHIXKKOBIN JPABUHYATIN ['PATIIL.
SIBHO 3JIMCHEHHE ®OPMVYJ/IFOBAHHS

fcuo i 3po3ymino chopMyapOBaHO 3aca HITi O3HAKY IHTEIPOB-
HOI MMapaMEeTPUIHO YPYXOMJIIOBAHOI HEJIHIMHOI AUHAMIYHOI CH-
cTeMu ICeBI030yIKEeHb Ha JBOHIXKKOBI# JpabuH4aTiii rpaTii.
3alponoHOBAHO Ta JETAJBHO OMKUCAHO SBHY, IIPOTE JOCUTH 3a-
rajbpHy peaJsii3aliiio mapaMeTpUIHOIO yPYXOMJIIOBAHHS, IPHIA-
THOTO JIJIsI IIOCJIiIOBHOT IOOY/IOBU TEXHIKM IHTEI'DyBaHHS CUCTE-
mu MetoqoM apby—Bekmynna.

Katwwoei c.aoea: HeJliHIfIHA IUHAMIKA, IHTEI'DOBHA CUCTEMA,
JIBOHI2KKOBA JIpabuH4YaTa IPaTKa, IapaMeTPUYIHe YPYXOMIIIOBa-
HHsI, [aMiJIbTOHOBa JUHAMIKA.
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