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THE SOL-GEL TRANSITION
IN HYDROGELS AS THE FIRST-ORDER

PHASE TRANSITION

Thermodynamic features of the sol-gel transition have been considered. It is found that the
sol-gel transition in hydrogels is the first-order phase transition. Using the classical theory of
phase transformations, the kinetics of sol-gel transition in various regimes is analyzed. It is
shown that, under certain conditions, the sol-gel transition can acquire features characteristic

of the percolation transition.
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1. Introduction

Among polymers and biopolymers that are used
in many production areas cellulose derivatives are
the most applicable today [1]. Cellulose is the most
widespread natural polymer. Its structure is repre-
sented by thread-like fragments of d-glucopyranose
[2]. Cellulose is a hydrophilic material [3, 4]. Howe-
ver, it is insoluble in water and most organic sol-
vents [5]. It occurs due to the presence of strong
intramolecular and intermolecular hydrogen bonds
between the individual chains. To increase its sol-
ubility, cellulose undergoes a chemical modifica-
tion, the esterification of hydroxyl groups in the
cellulose chain. This enables the production of a
large class of cellulose derivatives with unique pro-
perties [6].
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The studies of hydrogels created on the basis of
water-soluble cellulose derivatives have gained rapid
development in recent decades owing to the exten-
sive application of these materials in industrial tech-
nologies and biomedicine [7-11]. An important role
in those applications has information about the fac-
tors that affect the gel formation, namely, information
about the mechanism of the sol-gel transition. This
circumstance proves the challenging character of the
problem considered in this article.

Below, we will use the terminology adopted in
work [12].

e The term “gel” has two meanings. It is used to
refer to a network (a framework) formed by polymer
chains. It is also used as the name of a structure in
a polymer solution, where the chains form a frame-
work. Below, when using the term “gel”, we mean ex-
actly the second variant.

® The term “sol” is the name of a structure of a
polymer solution where the chains do not form a
framework.

® The term “sol-gel transition” is used as the name
of a structural transition in a polymer solution ac-
companied by the formation of a framework.
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Fig. 1. Structure of polymer solution:

Ce C

Fig. 2. Dependence of the relative gel volume £ on the solu-
tion concentration C, provided that the sol-gel transition is a
percolation one

The sol and gel structures are schematically de-
picted in Fig. 1. In this figure, the polymer chains
are drawn as solid curves, the solvent molecules are
shown as solid circles, and the network nodes (spa-
tial regions where the chains are connected with one
another) are exhibited as hollow circles.

Nowadays, it is generally accepted to describe the
gelation process in the framework of the approach
based on the percolation theory [13-15]. Most of the
results of this theory were obtained with the help of
computer simulations and using Monte Carlo algo-
rithms [16-18].

The application of the percolation model [12, 13,
19] makes it possible to obtain the dependence of the
relative gel volume & on the solution concentration
C. Figure 2 illustrates the general behavior of this
dependence. As one can see from Fig. 2, according to
the percolation theory, the gel is formed at solution
concentrations corresponding to the inequality

C > Cy, (1)
410

where C; is the so-called percolation threshold, i.e.,
the concentration at which the gel forms an infinite
cluster.

At the same time, the percolation theory does
not allow the sol-gel transition to be described at
length. The matter is that the researched transition,
like any other structural transformation, is affected
not only by the concentration C' but also by the tem-
perature T' and other external parameters (for exam-
ple, the pressure p). Furthermore, gelation is a pro-
cess that evolves in the time t. Thus, the quantity &
must be a function of many variables,

§= g(pa T,C, t) (2)

rather than a function of only one variable, C, as is
predicted by the percolation theory. Taking into ac-
count that this is dependence (2) that holds in re-
ality, we propose another approach to describe gel
formation, which differs from that adopted in the lite-
rature. The fundamentals of this approach were laid
in the previous work [20], where a continuum model
of the phase transition of the first kind was devel-
oped. The model is based on the ideas of the classical
theory of phase transformations [21]. A general for-
mula was obtained that relates the relative volume
of the initial phase to the temperature that changes
linearly with time.

The presented work is a continuation of work
[20]. Its novelty consists in that we show that the sol-
and gel-structures of a solution are different thermo-
dynamic phases, and accordingly the sol-gel transi-
tion is a phase transition of the first kind. This re-
sult allows the classical theory [21] to be used while
describing gelation and analyzing the kinetics of the
sol-gel transition in various regimes.

2. Thermodynamic Features
of the Sol-Gel Transition

From the topological viewpoint, the configuration
formed by gel chains is connected, whereas the con-
figuration formed by sol chains is disconnected. The-
refore, it is impossible to transform either of those
configurations into the other using a continuous
transformation. This fact means that the thermo-
dynamic characteristics of the polymer solution —
namely, the first derivatives of the thermodynamic
potential — do not change continuously at the sol-
gel transition, and the indicated derivatives have a
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break. Such a behavior, as is known, means that the
sol-gel transition is the first-order phase transition.

In the sol, as in any liquid, there are regions with
the short-range order. Let £’ denote the size of such
regions. As compared to the sol, the gel is a more or-
dered phase, which is associated with the formation
of nodes. Indeed, for a link in the sol, the number of
its nearest neighbors along the chain equals two. At
the same time, the corresponding number for a given
node in the gel equals three, four, or more. This cir-
cumstance leads to the appearance of short-range re-
gions in the gel with the size £ > ¢'.

Below, when describing the kinetics of the sol-gel
transition, we use the spatial scale with the scale A/
corresponding to the condition

V< A<l (3)

This choice of the spatial scale allows us to consider
the sol as a completely disordered system.

Let & denote the relative volume occupied by the
gel. Before the transition, when the system consists
exclusively of the sol, ¢ = 0. After the transition,
& = 1. The quantity £ plays, in this case, the role
of the order parameter, and the gel is considered as
a completely ordered system. Therefore, as it should
be for phases with the transition of the first kind be-
tween them, the values of the order parameter in the
sol and the gel differ by a finite magnitude, which is
equal to unity in this case.

Let p denote the pressure, and let T' denote the
temperature of the system. By definition, the equi-
librium thermodynamic potentials of the sol, @, and
the gel, ®,, have to be functions of the variables p,
T, and C:

o = (I)s(pa Ta O)a (4)
‘I)g = ‘I)g(p7 Ta C) (5)

Consider the case where the sol-gel transition oc-
curs at p = const. In work [22], a phase diagram for
the “polymer—solvent” system, which corresponds to
this case, was proposed. Figure 3 demonstrates a frag-
ment of this diagram. In the T"— C diagram, the re-
gion confined by the curve OABH corresponds to the
sol, and the region confined by the curve DEF cor-
responds to the gel. In other words, function (4) is
defined in the former domain, and function (5) in the
latter one. Both phases — the sol and the gel — coexist
in the region HBED.
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Fig. 3. Fragment of the phase diagram of the
solvent” system
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Every value £ < 1 characterizes a certain non-
equilibrium state of the solution. According to the
definition [23,24], the thermodynamic potential ® of
such a state is a function of the variables p, T, C,
and &:

®=d(p,T,C,¢). (6)

The thermodynamic potential is the thermodynamic
function that characterizes the equilibrium state. It
becomes possible to A certain value of the thermody-
namic potential can be ascribed to a non-equilibrium
state if this state is relatively stable; this is a meta-
stable state, i.e., a state of incomplete equilibrium.

Similar considerations are applicable to the tem-
perature because the temperature is determined for
an equilibrium state. Hence, when the matter con-
cerns the temperature of the system (in our case, the
polymer solution) in a non-equilibrium state, it is ob-
vious that this state must be a state of incomplete
equilibrium.

Let us seek an answer to the following ques-
tion: what is the state of incomplete equilibrium at
the molecular structural level? When trying to an-
swer it, we use a molecular model that corresponds
to the adiabatic approximation of quantum mechan-
ics [25]. In the framework of this model, solvent
molecules and the links of the polymer chain are con-
sidered as structureless particles (point-like force cen-
ters). The model assumes the existence of equilibrium
in the electronic subsystem at any time moment. This
statement defines the time scale in which the indi-
cated model “works”. This is the scale ¢’ with the in-
crement At’ satisfying the condition

At ~ 71, (7)
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where 7’ is the time required for the electronic subsys-
tem to reach a stationary state (the relaxation time).
Let N denote the number of particles in the poly-
mer solution, and X = {z;} be a 3N-dimensional vec-
tor whose components are the Cartesian coordinates
x; of the particles. As a result of thermal motion, the
vector X randomly changes in time. In the indicated
model, as is known, there are two types of thermal
motion of particles: oscillatory and diffusive. Accor-
dingly, the vector X can be presented in the form

X =Xy +0, 8)

where the summand X is determined by the diffusive
motion, and the summand U by the oscillatory one.

It is also known [21] that the diffusion is a sequence
of elementary acts of particle motion. The mechanism
of every act consists in that a particle (or a group of
particles, i.e., a kinetic unit) overcomes an energy bar-
rier with the help of thermal fluctuations and moves
to a certain distance, which is called the elementary
displacement. The average duration of an elementary
act 7 is determined by the formula

AF
T = Tpexp (— kBT>’ (9)

where kg is the Boltzmann constant, 71" is the tem-
perature, AF is the free energy of activation, and 7
is a characteristic time whose order of magnitude is
considered to be equal to the period of thermal fluc-
tuations.

It is obvious that, during the time interval 7, the
vector Xy remains unchanged. It is reasonable to de-
scribe the behavior of this vector in time by consid-

ering this vector as a function
Xo = Xo(t) (10)

and using the time scale t with the increment At that
satisfies the condition

At =~ T. (11)
Formula (9) was derived under the condition

£>>]_
kT ’

(12)
whence the inequality

T > Ty
412

(13)

follows. This inequality means that a significant num-
ber of particle vibrations occur during the time in-
terval 7. Therefore, remaining unchanged within the
time interval 7, the vector X actually determines the
equilibrium positions of the particles around which
the vibrational displacement U takes place.

According to inequality (13), the time scale with
the increment At cannot be used when the vibrations
are dealt with. In this case, as a result of the obvious
inequality

7 < 70, (14)
a time scale with the increment At has to be ap-
plied and, accordingly, U, has to be represented in
the functional form
U=U(). (15)

It is known [26] that the temperature concept is
valid, if there is a Maxwellian distribution of particles
over their velocities in the system. Let 7\ denote the
time needed for this distribution to be reached. Ac-
cording to work [27], in the case of liquids, 7y is the
time required for the equilibrium with respect to the
vibrational degrees of freedom to be reached, i.e., the
time during which the random function U (t') becomes
almost stationary.

According to formula (9), an elementary act of dif-
fusion can take place only if a certain temperature
value is established in the system. In other words, for
this act to be realized, the following inequality must
hold:
™ L T. (16)
It gives an answer to the question posed above con-
cerning the state of incomplete equilibrium that arises
in the course of the sol-gel transition process. Accor-
ding to formula (16), the state of incomplete equi-
librium is an equilibrium state with respect to the
variable U, i.e., the equilibrium state of the vibra-
tional subsystem. Accordingly, the solution temper-
ature at the sol-transition process is a temperature
that characterizes the mentioned state of the vibra-
tional subsystem, and the nonequilibrium thermody-
namic potential @ is the thermodynamic potential of
the indicated state.

Every equilibrium state of the vibrational subsys-
tem corresponds to a certain vector Xy. In turn, the
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latter corresponds to a “specific” value of the parame-
ter £. Therefore, we have the following expression for
the potential ®:

where E is the energy of particles at their equilib-
rium positions, V is the system volume, and F is the
free vibrational energy determined by the well-known
formula [28]

3N B
_ : J
F= kBT;In (2 sinh 2kBT>,

(18)

where A is Planck’s constant, and w; is the jth eigen-
frequency of vibrations in the system.

3. Kinetics of the Sol-Gel
Transition at the Constant Solution
Temperature and Concentration

The assertion that the sol and the gel are different
thermodynamic phases allows the classical theory of
phase transitions of the first kind to be used when de-
scribing the kinetics of the sol-gel transition [21]. In
this theory, phases A and B with the same chemi-
cal composition are considered. Let the letter A de-
note the sol, and the letter B the gel. The require-
ment of the same chemical composition of both phases
means that the polymer concentrations in them must
be identical. Let this concentration be equal to Cj
(see Fig. 3). At this concentration, as one can from
Fig. 3, the phase transition A — B occurs at tem-
peratures exceeding Tp; (for example, at the temper-
ature T1). In work [21], the case where the tempera-
ture remains constant during the phase transition was
considered. Obviously, in this case, the concentration
always remains equal to Cf.

According to work [21], the mechanism of the A —
— B phase transition is as follows. As a result of
thermal fluctuations, nuclei of phase B are formed
in phase A. Their formation leads to a change in the
thermodynamic potential of the solution by a certain
value A®. In work [21], these nuclei were assumed
spherical, which led to the formula

3
Ad = —(¢ — ¢”)@ + o4 R?,

- (19)

where R is the nucleus radius; o is the surface tension
at the boundary between phases A and B; ¢’ and ¢”
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are the densities of the thermodynamic potentials of
phases A and B, respectively, and their difference is
determined by the equality

T —Toy

— ¢ =) 20
o o AT (20)
where A is the heat of the A — B phase transition
per unit volume.

As one can see from formula (19), at the radius

value

20'T01
R = ——F7 ", 21
MTh — To) (21)
the function A®(R) has a maximum equal to
1 5T
Agr = X0 o7l (22)

3 N(Ty —Tp0 )2

According to the thermodynamics of irreversible pro-
cesses [23], if R < R*, the size of the nucleus should
decrease spontaneously, and if R > R*, it should grow
spontaneously, where R* is the critical nucleus radius.

According to work [21], the kinetics of the phase
transition of the first kind is governed by two pro-
cesses: the fluctuation-driven formation of critical nu-
clei and their subsequent growth. Let v denote the
linear growth rate of the nucleus, and n denote the
number of nuclei of critical size that are formed in a
unit volume per unit time. The quantity n is deter-
mined by the formula [21]

Ad*
n = nogexp 7]@]37/11 s

(23)
where ng is a temperature-independent constant.
For further transformations, let us apply the the-
oretical model of the kinetics of the phase transition
of the first kind that was proposed in work [20]. This
model is based on the assumption that the probabil-
ity of the formation of a nucleus in a certain volume
AV within the time interval At is proportional to
the product AV At. Then, the dependence of the rel-
ative amount £ of the formed phase B on the time
t at a constant solution temperature and a constant
solution concentration should be determined by the

formula
mn vt
3 .

E=1 —exp{—

(24)
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4. Kinetics of the Sol-Gel Transition
at the Varying Solution Temperature
and the Constant Solution Concentration

The hypothesis that the sol-gel transition is a phase
transition of the first kind was tested in works
[20, 29]. In work [20], using the approach adopted in
works [21,28], the kinetics of the phase transition un-
der the condition of the linear temperature growth,
T = Toy + ut, was considered. The dependence of the
nucleus volume V' on the time ¢ was written in the
form
V'(t) = at?, (25)
where a and « are certain parameters.

For the temperature dependence of £, the following
formula was obtained:

£=1- eXP{—D(T — Ty )* ) exp |:_(T_]\/;O1)2:|}’

(26)
where the notations
14+«
D = 2ange” %1 — 2-1/« [] , (27)
2uM
167T03T01
M=—"" 28
3kp A2 (28)
were used.

Basing on experimental results [29], it was found
that the dependence &(T') for the sol-gel transition
in hydrogels prepared on the basis of hydroxypropyl
cellulose is described by formula (26). This fact con-
firms the thesis that the sol-gel transition is a phase
transition of the first kind.

&

1k

0.5}

o

0 oj5 C

Fig. 4. Dependences of the relative gel volume £ on the so-
lution concentration C, provided that the sol-gel transition is
a phase transition of the first kind, for various values of the
parameter 8 = 103 (1), 102 (2), and 10 (3)
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5. Kinetics of the Sol-Gel Transition
at the Constant Solution Temperature
and the Varying Solution Concentration

Let the solution temperature be T, and the solution
concentration changes from 0 to C; during the sol-
gel transition (see Fig. 3). For the time dependence
of concentration, let us introduce the notation
C=C(t). (29)

The rate of nucleus formation per unit volume, n,
and the rate of linear growth of a nucleus, v, depend
on the solution concentration, so they must also be
some functions of the time

n(t) =n(C()), () =v(C(?)). (30)

Following the model from work [20], we write down

€0 =1- exp{—“; [ o) [v<p>p13dp}. ()

0

Formula (31) represents the quantity £ as a function
of the time. To change to the representation of £ as a
function of the concentration, we introduce the func-
tion inverse to function (29): ¢t = ¢(C). We assume
that there is a derivative of function (29): C; = f(t),
so that dC = f(¢(C))dt. After replacing the variable,
p = ©(q), in Eq. (31), we obtain

C
€0) =1~ exp{—Aj [r@ e f(;’ﬁq))}.

Let us estimate the behavior of the function

£(C). Since a qualitative analysis is performed, let
us simplify expression (32) by assuming that the de-
pendence of the concentration on the time ¢ is linear,
ie.,
c) =, (33)
where the rate of concentration growth, 7, is a con-
stant, as well as the values of n and v: n = nq,
v = v1. Under such assumptions, formula (32) takes
the form

£(C) = 1 —exp{-BC"},
ISSN 2071-0194. Ukr. J. Phys. 202{. Vol. 69, No. 6
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where

8=

v}
3nt

(35)

In Fig. 4, dependences (34) are shown for various
values of 3. As one can see, at 8 = 10® (curve 1),
dependence (34) qualitatively agrees with the depen-
dence presented in Fig. 2. According to formula (35),
this coincidence is observed when the inequality

nt < nyvd (36)

holds, i.e., if the polymer concentration slowly in-
creases in the course of sol-gel transition. This regime
can be realized, e.g., by slowly evaporating the sol-
vent [30].

Hence, two seemingly incompatible statements,
(i) the sol-gel transition is a percolation transition
and (ii) the sol-gel transition is a phase transition of
the first kind, do not contradict each other. Really,
under condition (36), the dependence £(C') inherent
to phase transitions of the first kind takes the form
that is inherent to percolation transitions, i.e., the lat-
ter is a partial case of the first-order phase transitions.

6. Conclusions

The sol and the gel are different thermodynamic
phases of polymer solution. This difference is a con-
sequence of their topological nonequivalence. Owing
to the latter, the continuity of the first derivatives
of the thermodynamic potential becomes broken at
the point of the sol-gel transition. This fact means
that the sol-gel transition can be classified as a phase
transition of the first kind. This circumstance makes
it possible to apply the classical theory of phase trans-
formations when describing the features of the sol-gel
transition under various conditions, as was done in
this article.

This classification does not contradict the generally
accepted thesis that the “sol-gel” transition is per-
colative. Indeed, the sol-gel transition remains to be
a phase transition of the first kind, but, in the case
where the solution pressure and temperature remain
constant during the sol-gel transition, whereas the
rate of the solution concentration change is relatively
low, also acquires features that are characteristic of
the percolation transition. Therefore, the percolation
transition is one of the possible forms of the phase
transition of the first kind, those forms are different
under different conditions.
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30JIb-T'EJIb ITEPEXIA Y I'IIPOT'EJIAX
K ®A30BUN ITEPEXI] IIEPIIIOTO POIY

Posrasgarorbes 0cobIMBOCTI TEPMOAMHAMIKY 30J1b-TeJIb IIepe-
xoxy. BecraHoBII€HO, 110 30J1b-TeJIb TIEPEXiS y rigporensx € da-
30BHUM IIEPEXO/IOM IIEPIIOTO POay. [3 BUKOPUCTAHHSAM KJIACHIHOT
Teopil $HazoBUX IEPETBOPEHDb IPOAHAII30BAHO KIHETHKY 30JIb-
reJjib Iepexoiy B pidHuX pexkumax. [lokazaHo, 110 3a IEBHUX
YMOB 30JIb-T€JIb IIePexXis; MOXKe HaOyBaTH PHUC IEPKOJIAIINHOTO
epexo.y.

Katowoeicaoea: 30/b-rejib Iepexij, rizporesb, da3oBuit
repexiJ HePIIOro POy, IIEPKOJIAIIs.
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