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The S-matrix for the Aharonov–Bohm scattering is considered,
and the optical theorem is derived. The persistence of the Fraun-
hofer diffraction in the short-wavelength limit is shown to be cru-
cial for maintaining the optical theorem in the quasiclassical limit.

1. Introduction

Probability conservation and the unitarity of the scat-
tering matrix are the basic elements of quantum the-
ory, which have significant physical consequences. One
of them is the optical theorem relating the imaginary
part of the scattering amplitude in the forward direc-
tion to the total cross section of the interaction pro-
cesses. The quantum-mechanical scattering of a charged
particle by an impenetrable magnetic vortex is studied
for a more than half-century, starting from the semi-
nal paper by Aharonov and Bohm [1]. The theory of
this process has been successfully confirmed in experi-
ments, promising important practical applications, see
review [2]. However, some theoretical issues still remain
to be unclear. They include the question how the optical
theorem should be formulated for the Aharonov–Bohm
scattering. Several authors [3, 4] addressed this problem
but without the decisive conclusions (see also [5]); they
traced the encountered difficulties either to a subtlety in
the choice of an incident wave [3], or to a divergent be-
havior of the scattering amplitude in the forward direc-
tion, which needs the yet unspecified regularization [4].
In our opinion, the following two circumstances should
be taken into account: a) the long-range nature of the
interaction of a scattered particle with the magnetic vor-
tex and b) the nonvanishing transverse size of the mag-
netic vortex. Due to the first circumstance, although
the unitarity of the S-matrix is undoubted, the stan-
dard scattering theory applicable to the case of short-
range interactions has to be modified, which results in
a rather unexpected form of the optical theorem. The
second circumstance signifies that the limit of the vanish-
ing transverse size of the vortex is an undue idealization

which has to be avoided as physically irrelevant. Then,
as it is shown in the present paper, the above problem
can be treated properly and resolved.

The magnetic field configuration in the form of an in-
finitely long vortex possesses the cylindrical symmetry.
The S-matrix in the cylindrically symmetric case takes
form

S(k, ϕ, kz; k′, ϕ′, k′z) =
[
I(k, ϕ; k′, ϕ′)+

+δ(k − k′) i√
2πk

f(k, ϕ− ϕ′)
]
δ(kz − k′z), (1)

where the symmetry axis coincides with the z-axis,
I(k, ϕ; k′, ϕ′) is the identity matrix in polar coordinates
in a two-dimensional space, and f(k, ϕ−ϕ′) is the scat-
tering amplitude. The condition of the unitarity of the
S-matrix, S†S = SS† = I, results in a conventional way
in the optical theorem

2

√
2π
k

Imf(k, 0) = σ, (2)

where σ is the total cross section per unit length along
the symmetry axis, and, thus, σ has the dimension of
length. We will prove that, namely in the case of the
Aharonov–Bohm scattering, the optical theorem takes
form which is different from the conventional one given
by (2). Our consideration is based on earlier works [6–
9], where important results concerning the S-matrix,
scattering amplitude, and scattering wave function have
been obtained.

In the next section, we review an auxiliary problem
of scattering by an impenetrable tube; the roles of the
Fraunhofer diffraction and the appropriate forward peak
are exposed. In Section 3, we consider the same problem
in the case where the tube is filled with the magnetic flux
lines, i.e. in the case of an impenetrable magnetic vortex;
the main results are derived here. The summary and the
discussion of the results are given in Section 4.
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2. Scattering by an Impenetrable Tube

A plane wave propagating in the direction that is or-
thogonal to the z-axis can be presented as

ψ
(0)
k (r) = eikr cosϕ =

∑
n∈Z

einϕe
i
2 |n|πJ|n|(kr) =

=
1
2

∑
n∈Z

einϕe
i
2 |n|π

[
H

(1)
|n| (kr) +H

(2)
|n| (kr)

]
, (3)

where r and k are the two-dimensional vectors, ϕ is the
angle between them, Jα(u), H(1)

α (u), and H
(2)
α (u) are

the Bessel, first- and second-kind Hankel functions of
order α, and Z is the set of integer numbers. Using the
appropriate asymptotics of Hankel functions as r →∞,
we get

ψ
(0)
k (r) =

r→∞

1√
2πkr

∑
n∈Z

einϕ e
i
2 |n|π

[
ei(kr−

1
2 |n|π−

1
4π) +

+e−i(kr− 1
2 |n|π−

1
4π)
]

=

√
2π
kr
ei(kr−π/4)Δ(ϕ)+

+

√
2π
kr
e−i(kr−π/4)Δ(ϕ− π), (4)

where

Δ(ϕ) =
1
2π

∑
n∈Z

einϕ (5)

is the delta-function for the azimuthal angle, Δ(ϕ +
2π) = Δ(ϕ). Thus, we see that the plane wave passing
through the origin (r = 0) can be interpreted naturally
at large distances from the origin as a superposition of
two cylindrical waves: the diverging one, eikr, in the for-
ward, ϕ = 0, direction and the converging one, e−ikr,
from the backward, ϕ = π, direction.

Now, let us place an obstacle in the form of an im-
penetrable tube along the z-axis. If the wave function
obeys the Dirichlet boundary condition at the edge of
the tube,

ψk(r)|r=rc
= 0, (6)

then, instead of (3), we obtain

ψk(r) =

=
∑
n∈Z

einϕe
i
2 |n|π

J|n|(kr)− J|n|(krc)

H
(1)
|n| (krc)

H
(1)
|n| (kr)

. (7)

At large distances from the origin, r � k−1, we get

ψk(r) =
kr�1

− 1√
2πkr

ei(kr−π/4)
∑
n∈Z

einϕ
H

(2)
|n| (krc)

H
(1)
|n| (krc)

+

+

√
2π
kr
e−i(kr−π/4)Δ(ϕ− π). (8)

The sum over n in (8) yields the forward angular delta-
function, Δ(ϕ), in the case of long wavelengths, k → 0.
In the opposite short-wavelength limit, k → ∞, when
1 � krc < kr, by substituting the large-argument
asymptotics of the Hankel functions in (8), we obtain

ψk(r) =
kr>krc�1

−
√

2π
kr
eiπ/4

[
eik(r−2rc)−e−ikr

]
Δ(ϕ− π).

(9)

This result, which is actually given in [10], is quite under-
standable from the classical point of view: the obstacle
forms a shadow in the forward direction, which is not
accessible to waves, and, thus, both diverging and con-
verging cylindrical waves are in the backward direction.
However, this conclusion is wrong.

To find a loophole in the arguments leading to (9),
one has to note the following property of the asymptotic
behavior of the Bessel function at large values of its ar-
gument: it vanishes effectively when its order exceeds its
large argument. Really, using the integral representation
(see, e.g., [11])

J|n|(u) =
1
2π

π∫
−π

dθ exp [i(|n|θ − u sin θ)] ,

one notes that the integrand at large |n| is vigorously os-
cillating, and its mean value is small almost everywhere
with the exception of points, where the phase is station-
ary. This means that the prevailing contribution to the
integral in the case of |n| � 1 is given by a vicinity of the
point, where cos θ = |n|/u. Consequently, the integral is
vanishingly small in the case of |n|/u � 1. The more
is the value of u, the more abrupt is the decrease of the
integral, when |n| exceeds u (see, e.g., [12]).

Therefore, at kr > krc � 1, the sum in (7) containing
J|n|(kr) is cut at |n| = kr, while the sum containing
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J|n|(krc) is cut at |n| = krc. Instead of (9), we get the
correct expression:

ψk(r) =
kr>krc�1

√
2π
kr
ei(kr−π/4) [Δkr(ϕ)−Δkrc

(ϕ)] +

+

√
2π
kr
eiπ/4

[
e−ikrΔkr(ϕ− π)− eik(r−2rc)Δkrc

(ϕ− π)
]
,

(10)

where

Δx(ϕ) =
1
2π

∑
|n|≤x

einϕ (11)

is the regularized (smoothed) angular delta-function,

lim
x→∞

Δx(ϕ) = Δ(ϕ), Δx(0) =
x

π
. (12)

We see that the cancellation of the diverging wave in
the forward direction is not complete, as well as is
that between the diverging and the converging waves
in the backward direction; the complete cancellation is
achieved at r = rc only, which is consistent with condi-
tion (6). In general, the diverging wave in the forward
direction is suppressed by the factor 1− rcr−1, as com-
pared with the case where the obstacle is absent. Thus,
contrary to the classical anticipations, the wave pene-
trates to the region behind the obstacle even in the case
where the wavelength is much less than the transverse
size of the obstacle, krc � 1.

Turning now from the qualitative analysis to the quan-
titative one, we note, firstly, with regard for (7) that the
asymptotics of the wave function at large distances from
the obstacle is

ψk(r) = ψ
(0)
k (r) + f(k, ϕ)

ei(kr+π/4)√
r

+O(r−3/2), (13)

where

f(k, ϕ) = i

√
2
kπ

∑
n∈Z

einϕ
J|n|(krc)

H
(1)
|n| (krc)

(14)

is the scattering amplitude which enters S-matrix
(1), while the identity matrix there is evidently
I(k, ϕ; k′, ϕ′) = k−1δ(k − k′)Δ(ϕ− ϕ′).

The S-matrix is unitary:

∞∫
−∞

d kz

∞∫
0

dk k

π∫
−π

dϕS∗(k, ϕ, kz; k′, ϕ′, k′z)×

×S(k, ϕ, kz; k′′, ϕ′′, k′′z ) =

=
1
k′
δ(k′ − k′′)Δ(ϕ′ − ϕ′′)δ(k′z − k′′z ), (15)

and the latter relation can be recast into the form

1
i

√
k

2π
[f(k, ϕ′ − ϕ′′)− f∗(k, ϕ′′ − ϕ′)] =

=
k

2π

π∫
−π

dϕ f∗(k, ϕ− ϕ′)f(k, ϕ− ϕ′′). (16)

In particular, at ϕ′ = ϕ′′ = 0, one gets the optical the-

orem (2) with σ =
π∫
−π

dϕ|f(k, ϕ)|2 being the total cross

section for the elastic scattering. Although relation (16)
is valid for all wavelengths, it is related to vanishingly
small quantities in the long-wavelength limit and to ex-
tremely large quantities in the short-wavelength limit.

Really, the scattering amplitude in the long-
wavelength limit is

f(k, ϕ) = −
√

π

2k
| ln(krc)|−1

[
1 +

(
γ−i

π

2

)
| ln(krc)|−1

]
+

+k−1/2O
[
| ln(krc)|−3

]
, krc � 1 (17)

(γ is the Euler constant), and formula (16) is the rela-
tion between quantities of order O

[
| ln(krc)|−2

]
. The

scattering amplitude in the short-wavelength limit is

f(k, ϕ)=i

√
2π
k

Δkrc
(ϕ)−e−iπ/4

√
rc
2

cos
[ϕ

2
−sgn(ϕ)

π

2

]
×

× exp
{
−2ikrc cos

[ϕ
2
− sgn(ϕ)

π

2

]}
, krc � 1, (18)

where sgn(u) =
{

1, u > 0
−1, u < 0 , and it is implied that

−π < ϕ < π. The first term in (18) represents the for-
ward peak of the Fraunhofer diffraction on an obstacle,
whereas the second term describes the reflection from
the obstacle according to the laws of geometric (ray)
optics. Hence, formula (16) in this case is the relation
between quantities of order O(krc) at ϕ′ = ϕ′′ or of or-
der O(

√
krc) at ϕ′ 6= ϕ′′, and the optical theorem (2)

is the relation between finite quantities of order rc. It
should be noted that the Fraunhofer diffraction is crucial
for ensuring the optical theorem in the short-wavelength
limit, since the second term in (18) vanishes at ϕ = 0.
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3. Scattering by an Impenetrable Magnetic
Vortex

Let us consider the scattering of a charged particle by
an obstacle in the form of an impenetrable tube which
is filled with a magnetic field with total flux Φ. The
particle wave function obeys condition (6) at the edge of
the tube. However, the Schrödinger Hamiltonian out of
the tube is no longer free but takes form

H = − ~2

2m

[
∂2
r +

1
r
∂r +

1
r2

(
∂ϕ − i

Φ
Φ0

)2

+ ∂2
z

]
, (19)

where Φ0 = 2π~ce−1 is the London flux quantum.
The scattering wave solution in this case is (cf. (7))

ψk(r) =
∑
n∈Z

einϕei(|n|−
1
2 |n−µ|)π×

×

J|n−µ|(kr)− J|n−µ|(krc)

H
(1)
|n−µ|(krc)

H
(1)
|n−µ|(kr)

 , (20)

where µ = ΦΦ−1
0 . In the long-wavelength limit, we get

the asymptotics

ψk(r) =
kr�1

krc�1

√
2π
kr

ei(kr−π/4)×

×
[
cos(µπ)Δ(ϕ)− sin(µπ)Γ(ν)(ϕ)

]
+

+

√
2π
kr

e−i(kr−π/4)Δ(ϕ− π), (21)

where ν = [[µ]] and [[u]] denotes the integer part of u (i.e.
the integer which is less than or equal to u), and

Γ(ν)(ϕ) =
1

2πi

∑
n∈Z

sgn(n− µ)einϕ. (22)

In the short-wavelength limit, we get the asymptotics

ψk(r) =
kr>krc�1

√
2π
kr

ei(kr−π/4)×

×
{

cos(µπ)
[
Δ(ν)
kr (ϕ)−Δ(ν)

krc
(ϕ)
]
−

− sin(µπ)
[
Γ(ν)
kr (ϕ)− Γ(ν)

krc
(ϕ)
]}

+

√
2π
kr

eiπ/4×

×
[
e−ikrΔ(ν)

kr (ϕ− π)− eik(r−2rc)Δ(ν)
krc

(ϕ− π)
]
, (23)

where

Δ(ν)
x (ϕ) =

1
2π

∑
|n−µ|≤x

einϕ,

Γ(ν)
x (ϕ) =

1
2πi

∑
|n−µ|≤x

sgn(n− µ)einϕ; (24)

we note that Δ(ν)
x (ϕ) can be regarded as a regulariza-

tion for Δ(ϕ) (5), since Δ(ν)
x (ϕ), as well as Δx(ϕ) (11),

satisfies conditions (12). It should be noted that, since
it is a merely qualitative analysis, the long-wavelength
asymptotics of the wave function can be estimated as
well as (21) with Δ(ν)

kr and Γ(ν)
kr substituted for Δ and

Γ(ν).
Thus, we conclude that, both in the long- and short-

wavelength limits, the particle wave penetrating in the
forward direction behind the obstacle depends periodi-
cally as cosine on the enclosed magnetic flux with the
period equal to the London flux quantum. This peri-
odic dependence, as well as the sine periodic dependence
of the reflected wave in other directions, is due to the
fact that the interaction with the scatterer is neither of
the potential type, nor sufficiently decreases at large dis-
tances from the scatterer, see Hamiltonian (19).

Turning now from the qualitative analysis to the quan-
titative one, we note, firstly, that, owing to the long-
range nature of the interaction, the identity matrix in
(1) is distorted:

I(k, ϕ; k′, ϕ′) = cos(µπ)
1
k
δ(k − k′)Δ(ϕ− ϕ′), (25)

while the scattering amplitude is

f(k, ϕ) = f0(k, ϕ) + fc(k, ϕ), (26)

where

f0(k, ϕ) = i

√
2π
k

sin(µπ)Γ(ν)(ϕ) (27)

and

fc(k, ϕ) = i

√
2
kπ

∑
n∈Z

einϕei(|n|−|n−µ|)π
J|n−µ|(krc)

H
(1)
|n−µ|(krc)

.

(28)

The asymptotics of the wave function at large distances
from the vortex is

ψk(r) = ψ
(0)
k (r)eiµ[ϕ−sgn(ϕ)π]+
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+f(k, ϕ)
ei(kr+π/4)√

r
+O(r−3/2). (29)

The unitarity condition for the S-matrix (15) is cer-
tainly valid for all wavelengths. However, due to the
long-range nature of the interaction, the consequent con-
dition in terms of the scattering amplitude takes forms
that differ from (16).

The long-wavelength limit, k → 0, is the same as the
rc → 0 limit corresponding to the idealized case of a
singular vortex of zero thickness. Amplitude (28), fc,
can be neglected in this case, and the S-matrix unitarity
condition involves amplitude (27), f0, only. In view of
(25) and relation

Γ(ν)(ϕ) +
[
Γ(ν)(−ϕ)

]∗
= 0, (30)

we get, instead of (16), the following relation:

sin2(µπ)Δ(ϕ′ − ϕ′′) =

=
k

2π

π∫
−π

dϕ f∗0 (k, ϕ− ϕ′)f0(k, ϕ− ϕ′′). (31)

Thus, we see that the optical theorem which should be
derived from (31) by putting ϕ′ = ϕ′′ = 0 is hardly
informative, being a relation between infinite quantities,
Δ(0).

The failure with the optical theorem for the
Aharonov–Bohm scattering in the long-wavelength limit
is due to an unphysical idealization inherent in the treat-
ment of this case. As long as the transverse size of the
vortex is taken into account, the optical theorem emerges
as a relation between finite quantities. Really, retaining
fc in the unitarity relation (15), we get

1
i

√
k

2π

{
cos(µπ) [fc(k, ϕ′ − ϕ′′)− f∗c (k, ϕ′′ − ϕ′)]+

+ sin(µπ)

π∫
−π

dϕ
[
Γ(ν)(ϕ′ − ϕ)fc(k, ϕ− ϕ′′)+

+f∗c (k, ϕ− ϕ′)Γ(ν)(ϕ− ϕ′′)
]}

=

=
k

2π

π∫
−π

dϕ f∗c (k, ϕ− ϕ′)fc(k, ϕ− ϕ′′), (32)

which yields, at ϕ′ = ϕ′′ = 0, the optical theorem√
2π
k

{
2 cos(µπ)Im fc(k, 0)− i sin(µπ)

π∫
−π

dϕ×

×
[
Γ(ν)(−ϕ)fc(k, ϕ) + Γ(ν)(ϕ)f∗c (k, ϕ)

]}
=

=

π∫
−π

dϕ|fc(k, ϕ)|2. (33)

As the wavelength decreases, f0 decreases as O(k−1/2),
see (27), becoming negligible as compared with fc. Thus,
the right-hand side of (33) tends to the total cross sec-
tion in the short-wavelength limit. Further, estimating
appropriately the integral on the left-hand side of (32),
we find that this relation in the short-wavelength limit
turns out to be

1
i

√
k

2π
cos(µπ) [fc(k, ϕ′ − ϕ′′)− f∗c (k, ϕ′′ − ϕ′)] +

+2 sin2(µπ)Δ(ν)
krc

(ϕ′ − ϕ′′) +O(
√
krc) =

=
k

2π

π∫
−π

dϕ f∗c (k, ϕ− ϕ′)fc(k, ϕ− ϕ′′), (34)

and the optical theorem in this limit takes form

2

√
2π
k

cos(µπ)Im fc(k, 0)+

+
4π
k

sin2(µπ)Δ(ν)
krc

(0) +O(k−1) = σ. (35)

The scattering amplitude in the short-wavelength
limit was considered in [13], and it can be presented in
the form (cf. (18)):

fc(k, ϕ) = i

√
2π
k

[
cos(µπ)Δ(ν)

krc
(ϕ)− sin(µπ)Γ(ν)

krc
(ϕ)
]
−

−e−iπ/4

√
rc
2

cos
[ϕ

2
− sgn(ϕ)

π

2

]
×

× exp
{
−2ikrc cos

[ϕ
2
− sgn(ϕ)

π

2

]
+ iµ[ϕ− sgn(ϕ)π]

}
,
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krc � 1. (36)

The Fraunhofer diffraction on the vortex is described
by the first term, while the classical reflection from the
vortex is described by the second term, which, apart
from the phase factor, is the same as in (18). It should be
noted that the left-hand side of (35) in the nonvanishing
order involves the contribution of the diffraction peak
only, whereas the right-hand side of (35) includes the
contribution of the classical reflection as well. Moreover,
the contribution of the diffraction peak to the total cross
section is flux-independent and is equal to that of the
classical reflection, see [13]. Thus, the total cross section
in the short-wavelength limit is equal to 4rc that is twice
the classical total cross section.

The explicit form of Δ(ν)
krc

(ϕ) and Γ(ν)
krc

(ϕ) is as follows:

Δ(ν)
krc

(ϕ) =
ei(ν+

1
2 )ϕ

2π
sin(scϕ)
sin(ϕ/2)

(37)

and

Γ(ν)
krc

(ϕ) =
ei(ν+

1
2 )ϕ

2π
1− cos(scϕ)

sin(ϕ/2)
(38)

in the case

[[krc + µ]]− ν = [[krc − µ]] + ν + 1 = sc (39)

or

Δ(ν)
krc

(ϕ) =
ei(ν+

1
2∓

1
2 )ϕ

2π
sin
[(
sc + 1

2

)
ϕ
]

sin(ϕ/2)
(40)

and

Γ(ν)
krc

(ϕ) =
ei(ν+

1
2∓

1
2 )ϕ

2π

{
1− cos

[(
sc + 1

2

)
ϕ
]

sin(ϕ/2)
−

−tg(ϕ/4)± i

}
(41)

in the case

[[krc + µ]]− ν− 1
2
± 1

2
=[[krc − µ]] + ν +

1
2
∓ 1

2
=sc. (42)

Thus, in the short-wavelength limit for the strictly for-
ward direction, we get

fc(k, 0) = i

√
2k
π
rc cos(µπ) +O(k−1/2). (43)

It is instructive to derive the explicit form of Γ(ν)(ϕ)
(22) here. Using the elementary trigonometric relation

cot(ϕ/2) {sin[(n+ 1)ϕ]− sin(nϕ)} =

= cos[(n+ 1)ϕ] + cos(nϕ),

one can get

π∫
0

dϕ cot(ϕ/2) sin(Nϕ) = π, N = 1, 2, 3, . . . ,

which results in the relation

cot(ϕ/2) = 2
∑
n∈Z
n≥1

sin(nϕ).

The use of the latter along with definition (5) yields

∑
n∈Z
n≥N

einϕ = πΔ(ϕ)− eiNϕPV
1

eiϕ−1
, N = 1, 2, 3, . . . ,

(44)

where symbol PV denotes the principal-value prescrip-
tion in treating the divergence at ϕ = 2πl (l ∈ Z). With
the help of (44), one can easily get

Γ(ν)(ϕ) =
ei(ν+

1
2 )ϕ

2π
PV

1
sin(ϕ/2)

. (45)

Although amplitude (27), f0, with Γ(ν) (45) diverges in
the forward direction, this divergence is cancelled with
the discontinuity of the incident wave (see [9, 14–17]),
and the wave function (29) is finite and continuous in
the forward direction:

ψk(r)|ϕ=0 = cos(µπ)eikr + fc(k, 0)
ei(kr+π/4)√

r
. (46)

The appearance of the factor cos(µπ) in the transmitted
wave (first term in (46)) can be intuitively understood
as a result of the self-interference from different sides of
the vortex [16,17]. As is shown in the present paper, the
same factor appears also in the scattered wave (second
term in (46)) due to the Fraunhofer diffraction, see (43).
Our main result is the optical theorem (35) that relates
the amplitude of the diffraction peak to the total cross
section in the short-wavelength limit.
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4. Summary and Discussion of Results

We have considered the S-matrix, its unitarity, and
the consequent optical theorem for the case of the
Aharonov–Bohm scattering. The standard scattering
theory (see, e.g., [18]) is not applicable here, since the
interaction with a scatterer is not of short-range type.
That is why, although the S-matrix is evidently unitary,
its unitarity condition in terms of the scattering ampli-
tude takes a rather unusual form.

In the ultraquantum (long-wavelength, k → 0) limit,
where the vortex thickness is neglected, the unitarity
condition takes the form (31) with no terms which are
linear in the scattering amplitude. The scattering ampli-
tude in the ultraquantum limit, see (27) with (45), was
first obtained by Aharonov and Bohm [1] and then red-
erived in the framework of different approaches (perhaps,
the one presented at the end of the preceding section here
is the most simple and straightforward). As to the be-
havior of the amplitude in the forward direction, the only
thing that should be borne in mind is that the divergence
has to be understood in the principal-value sense. The
total cross section in the ultraquantum limit diverges as
well. Hence, the optical theorem in this limit seems to
be hardly efficient, being merely a consistency relation
between two divergent (infinite) quantities, Δ(0).

The divergence of the scattering amplitude and the
total cross section, as well as the failure with the optical
theorem, has no physical meaning, being an artefact of
the approximation which neglects the vortex thickness:
this is certainly an excessive idealization, whereas any
realistic vortex is of finite nonzero thickness. As long as
one departs from the ultraquantum limit and the vortex
thickness (2rc) is taken into account, the unitarity con-
dition can be formulated as relation (32) involving the
rc-dependent part of the scattering amplitude, fc, (28);
the optical theorem relates fc in the forward direction
to the contribution of fc to the total cross section, see
(33).

In the quasiclassical (short-wavelength, k →∞) limit,
the vortex-thickness effects are prevailing, and fc ap-
proximates fairly the whole scattering amplitude. The
unitarity condition in this limit takes the form (34),
and the optical theorem is given by (35). The scatter-
ing amplitude in the quasiclassical limit (36) consists
of two parts: the one corresponding to the Fraunhofer
diffraction on the vortex in the forward direction and the
other one corresponding to the classical reflection from
the vortex. The latter, apart from the phase factor, is
flux-independent, whereas the former is essentially flux-
dependent, being periodic in the value of the flux with

the period equal to the London flux quantum. We con-
clude that the persistence of the Fraunhofer diffraction
in the short-wavelength limit is crucial for maintaining
the optical theorem in the quasiclassical limit, since the
classical reflection vanishes in the forward direction.

Thus, the quantum-mechanical scattering theory in
the quasiclassical limit yields an effect which is alien to
classical mechanics: a particle wave penetrates in the for-
ward direction behind an obstacle, and the Fraunhofer
diffraction persisting in the short-wavelength limit is an
essential ingredient of this effect. If the obstacle is an im-
penetrable magnetic vortex, then the effect of the wave
penetration in the forward direction is modulated by co-
sine of the value of the vortex flux, see (46) and (43),
and this is revealed by optical theorem (35). It should be
emphasized that only the contribution of the diffraction
peak is involved on the left-hand side of (35) in the non-
vanishing order, whereas the right-hand side of (35) in-
cludes both the contributions of the diffraction peak and
the classical reflection. Separate flux-dependent terms
on the left-hand side of (35) compensate each other to
yield the flux-independent right-hand side of (35), which
is equal to the doubled diameter of the vortex, i.e. the
doubled classical total cross section.

It should be noted that the experimental verification
of the Aharonov–Bohm effect is based exclusively on the
observation of a fringe shift in the interference pattern
due to two coherent particle beams under the influence
of an impenetrable magnetic vortex placed between the
beams. In a somewhat different setup, one considers the
scattering of a particle beam directly on an impenetra-
ble magnetic vortex. Although this second setup is more
elaborate from the theoretical point of view (see, e.g., [6–
9, 16, 17] and the present paper), its experimental real-
ization is hardly possible with the use of long-wavelength
(slowly moving) particles.

On the contrary, a direct scattering experiment with
the use of short-wavelength (fast-moving) particles is
quite feasible. For the case of an impenetrable tube
with no magnetic flux, the classical reflection is surely
observed, whereas the forward peak of the Fraunhofer
diffraction is elusive to experimental measurements: as
was noted in [10], it seems more likely that the mea-
surable quantity is the classical cross section, although
the details of this phenomenon depend on the method of
measurement. However, almost six decades have passed
from the time, when this assertion was made in [10], and
experimental facilities have improved enormously since
then. In the present paper, we would like to draw at-
tention to this long-standing experimental problem by
pointing at the circumstances when the detection of the
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forward diffraction peak will be the detection of the
Aharonov–Bohm effect persisting in the quasiclassical
limit (see also [13]). The flux of an impenetrable mag-
netic vortex serves as a gate for the propagation of short-
wavelength, almost classical, particles, and the validity
of the optical theorem (35) is to be verified in a direct
scattering experiment with such particles.

The work was partially supported by the Division of
Physics and Astronomy of the National Academy of Sci-
ences of Ukraine under the special program “Fundamen-
tal properties of physical systems under extremal condi-
tions”.

1. Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959).
2. A. Tonomura, J. Phys. A: Math. Theor. 43, 354021

(2010).
3. S. Sakoda and M. Omote, J. Math. Phys. 38, 716 (1997).
4. M. Arai and H. Minakata, Int. J. Mod. Phys. A 13, 831

(1998).
5. C.M. Sommerfield and H. Minakata, in: Proc. TMU-

Yale Symposium, Tokyo, December 13–15, 1999, edited
by A. Chodos et al. (Universal Academy Press, Tokyo,
2000), p. 81.

6. S.N.M. Ruijsenaars, Ann. Phys. (NY) 146, 1 (1983).
7. P. de Sousa Gerbert and R. Jackiw, Commun. Math.

Phys. 124, 229 (1989).
8. R. Jackiw, Ann. Phys. (NY) 201, 83 (1990).
9. Yu.A. Sitenko and A.V. Mishchenko, JETP 81, 831

(1995).

10. P.M. Morse and H. Feshbach, Methods of Theoretical
Physics II (McGraw-Hill, New York, 1953), Chapter 11,
section 11.2.

11. M. Abramowitz and I.A. Stegun (Eds.), Handbook of
Mathematical Functions (Dover, New York, 1972).

12. R.G. Newton, Scattering Theory of Waves and Particles
(Springer, Berlin, 1982), Chapter 3, §5.

13. Yu.A. Sitenko and N.D. Vlasii, EPL 92, 60001 (2010).

14. S. Olariu and I.I. Popescu, Rev. Mod. Phys. 57, 339
(1985).

15. G.N. Afanas’ev, Sov. J. Part. Nucl. 21, 74 (1990).

16. D. Stelitano, Phys. Rev. D 51, 5876 (1995).

17. M. Alvarez, Phys. Rev. A 54, 1128 (1996).

18. M. Reed and B. Simon, Methods of Modern Mathemati-
cal Physics III. Scattering Theory (Academic Press, New
York, 1979).

Received 01.03.11

S-МАТРИЦЯ ТА ЕФЕКТ ААРОНОВА–БОМА

Ю.О. Ситенко, Н.Д. Власiй

Р е з ю м е

Розглянуто S-матрицю у випадку розсiяння Ааронова–Бома
i виведено оптичну теорему. Показано, що iснування оптичної
теореми в квазiкласичнiй межi зумовлене незниканням дифра-
кцiї Фраунгофера в короткохвильовiй межi.
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