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Gravitational lensing deals with general-relativistic effects in the
propagation of electromagnetic radiation. We consider wavelength-
dependent contributions in case of a (micro)lensing of an extended
Gaussian source by a point mass under standard assumptions
about the incoherent emission of different source elements. An-
alytical expressions for the power spectrum of a microlensed radi-
ation, which are effective in case of a large source, are obtained.
If the source center, the mass, and an observer are on a straight
line, the power spectrum is found in a closed form in terms of a
hypergeometric function. In the case of general locations of the
lens and the source, the result is presented in the form of a series.
Approximate analytic expressions for the power spectrum in the
case of a large source and high frequencies are obtained.

1. Introduction

Effects of the propagation of electromagnetic radiation in
a curved space-time, which is described within the Gen-
eral Relativity, is referred to as the gravitational lensing.
This direction has an important meaning for investiga-
tions of mass distributions in the Universe, for prob-
ing the planetary and solar-mass objects in the Milky
Way and for investigations of the innermost structures
of quasars [1,13,23,27,29,30]. One of the most vivid ex-
amples of gravitational lensing applications is the confir-
mation of the dark matter existence in the Bullet Cluster
[7]. The term “microlensing” is used when the radiation
from a remote source is deflected by the gravitational
fields of stellar and /or planetary mass objects [13,23,29].

All the effects observed so far in the gravitational lens
systems (GLSs) are well described within geometric op-
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tics approximations, none of these problems deals with
the wave optics. The detection of wavelength-dependent
effects in GLSs could open the way to entirely new tests
of electrodynamics in a curved space-time. On the other
hand, the effects of the physical optics might give an
independent information about the lensing objects. Re-
lated problems have been studied theoretically starting
from the early papers [8,16,24]; for the later progress see
[12,18-21,31,32]; a complete bibliography can be found
in monographs [3,22, 23].

All the papers deal with different theoretical aspects
of the wave optics in weak gravitational fields; there are
no observational results. The reason is that the wave
effects in GLSs are either very small or very improbable.
Nevertheless, Heyl [10,11] turned attention recently that
the wave optics effects having a gravitational origin can
be measured in some future in the case of the microlens-
ing by planetary masses and planetesimals. A number of
authors (see, e.g., [21, 26] and references therein) study
diffractive effects in GLSs in connection with the ex-
pected detection of gravitational waves.

Observational signatures of the microlensed radiation
from real sources are blurred because of coherence prop-
erties; as those in the usual optics, they strongly depend
on the size of an extended source. The diffractive mi-
crolensing of extended sources has been studied in caus-
tic crossing events [12,31] and in the case of point mass
lensing [21]; the mutual coherence of different lensed im-
ages of an extended source near caustics has been es-
timated in a series of papers by Mandzhos [18-20]. It
should be pointed out that, in GLSs, the diffraction ef-
fects go side by side with the interference between dif-
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ferent images of every source point. The occurrence of
different images leads to additional maxima or deforma-
tions of the autocorrelation function of the microlensed
radiation (see, e.g., [4-6,33]). Both diffraction and inter-
ference in GLSs can be considered on an equal basis by
means of a power spectrum of the microlensed radiation.

Most researches on this problem involve numerical cal-
culations. Nevertheless, it is desirable to have analytic
results at least for some simple problems. In this paper,
we found such a result in the case of a Gaussian source;
this result has been unknown earlier in spite of rather a
long history of investigations in this field. We derive the
power spectrum of the radiation from a Gaussian source,
which is microlensed by one point mass under standard
assumptions about incoherent source elements. In Sec-
tion 2, the radiation field is obtained in a standard way
using the Kirchhoff integral. In Section 3 and Appendix
A, we derive a closed relation in terms of a hypergeomet-
ric function for the power spectrum, when the lensing
mass is projected onto the center of the source. In Sec-
tion 4, we use this relation in the case of a general source
disposition to obtain approximations for the power spec-
trum for a sufficiently small mass and a large source. As
distinct from the earlier method used in this problem
[21], our analytic approach is convenient in the case of a
sufficiently large source size as compared to the Einstein
radius projected onto the source plane. We also present
the first terms of an expansion in powers of 1/w in the
high-frequency case.

2. Basic relations

In this section, we formulate common relations used be-
low. Following [8, 21] and many other authors, we use
standard considerations of the diffraction theory and the
gravitational lensing (see, e.g., [3, 23]); respectively, we
neglect the polarization. The calculations of the field
are performed in the flat space-time background. This
is relevant, e.g., in the case of the Milky Way systems;
however, the results can be easily extended to the case
of extragalactic GLSs after some redefinition of distances
in a curved space-time.

Leaving aside the polarization effects, we describe the
radiation field by means of one scalar function ¢(t,r).
Furthermore, we work in the Cartesian coordinates; the
observer, the lens, and the source center are situated in a
neighborhood of the Z-axis in the planes z =0, z = Dy
and z = Dy, respectively. As we neglect the polarization,
we describe the source “current” with a scalar function
j(t,y), by assuming that this source lies completely in the
plane r = (y, Ds), y € R2. We also assume that j(t,y)
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is a stochastic process having the correlation properties

G, )it ,x") =y =y It -t y); (1)

this relation presumes that different points of the source
are incoherent; (...) represent an ensemble average.
H 1

For the Fourier transform j(k,y) = = f_ooooj(ty)x

xetdt, we have

((w,y)i* (W y)) = 6(y — y)o(w — ) I(w,y), (2)

where I(w,y) = [dtI(t,y)e™" is an intensity of an ele-
ment at a point y for the frequency w.
The Helmholtz equation for ¢(w,r) is

AP+ w?@ = —4rj (c=1).

Consider a solution @(w,r) of this equation describing
the radiation from the source plane. Let Dys = Dy — Dy
be the distance from the lens plane to the source plane;
the source is situated near the Z-axis: |y| < Dgys. Before
the lens plane r' = (y’, Dy + 0) near the Z-axis (y’| <
Dgs), the solution is obtained as that in the flat-space
diffraction theory [14, 15]:

@b(w7y/) =
eiwas 0 < iw , 9
= D /d y j(w,y) exp {des ' -v) ] : (3)

In order to calculate the field after passing the lens plane,
we use the well-known approach of the phase screen (see,
e.g., [3,22,23]), by assuming that the radiation gains an
additional phase shift wtgay on the lens plane, where
terav(y’) is the general relativistic time delay for signals
crossing the lens plane at y’. This delay is the same for
all frequencies. Then the solution just after passing the
lens plane reads

gba(w,y’) — e—iwtgmv(y )¢b(w7yl)-

The radiation comes to an observer at the origin r= 0.
The field $(w, 0) is calculated by means of the Kirchhoff—
Sommerfeld method [15]:

wetwDa W
~ 0) = d2 /~a / 12 _
$(w,0) 57Dy Y Palw,y’) exp [dey }
= [ Py y)ee.y) ()
= %iDyDy. Vilw,y)o(w,y),
where
P(w,y) =
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=2 [ewp {io [(’;BZ)Q N tan 9] . 9

Using (2, 4), we obtain

(B(w,0)5"(«',0)) =

with the power spectrum

§(w — ') P(w)

P(w) = (wdlDd) / Py Iw,y) 6@y ©)

3. Central Gaussian Source and Point Lensing
Mass

Relation (6) is written for arbitrary sources and gravita-
tional time delays. Further, we consider the case of one
point microlens at r = (0, Dy) with the delay time (e.g.,
13,22, 23])

tarav (y) = 2rgIn(|y[/L), 1y =2Gm; (7)

here, m is the microlens mass, L is a dimensional pa-
rameter which disappears in final calculations; further,
it is omitted.

We assume the Gaussian brightness distribution over
a source for the intensity I from Eq. (2):

Moo(452)

Here, ry is the source center in the source plane, the
function f(w) is supposed to be the same for all source
points and determines the coherence properties of emit-
ting source elements.

Integral (5) can be calculated exactly [3,8,21] in terms
of the confluent hypergeometric function ®(a,c;x) [2]:

(w,y) =

I(wa Yy, I‘()) -

2

w C[x—-y)?  x
= /exp {zw [ 5Dy, + 3D, 2rg 1n|x|)] }dZX =

2Ddsti> 1-io
R — X

iwy?
10, 2Dy 1 ;
=w"’e I'( i0) ( .

x ® ( i0,1; iayz/R%ys) , (9)
where we used the Kummer transformation [2]; o =

wry, R s = [21"9D"‘]1/2 is the Einstein radius projected
onto the source plane, and D* = DysD;/Dgy; y = |y|.
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For the Gaussian source, the power spectrum (6) is as
follows:

2
Plw,ro) = (QDdIDdS) fr(;’z) %

< [y e [-2 0 oy, (10)

The microlensing effect can be described by the ratio

(11)

where P, is the power spectrum in the absence of the
microlensing (o = 0).

If the source center is at the origin (ro = 0), inte-
gral (10) can be estimated in terms of hypergeometric
functions [28]; the derivation (see Appendix A) yields
T = Yo(a,0), where

T = P(w,rg)/Py(w),

To(a,0) = exp[20 arctan(8)] |T(1 — io)|* x

xF (io, —io; 1;(1+ 6%)71); (12)
8 =alo,a= R2E7S/R2, R > 0; and F(a,b;c;x) is the
hypergeometric function. Note that /3 = R=1\/AD* /7
plays the role of the ratio of the Fresnel zone size to the
source size.

For large a > 1 and ¢ ~ O(1), the argument of the hy-
pergeometric function is small, and we have To(«, o) ~
27o.

For @ < 1, i.e., Rg s < R, and bounded o ~ O(1), it
is convenient to use the expansion of the hypergeometric
function F'(a,b;c; z) near the point z = 1 for an integer
c. Then formula (12) takes the form

To(a, o) = exp[20 arctan(F)] x

e
where

kn(0) = 20(n + 1) —p(n + 1 +io) — p(n+ 1 — io)+
T

s=a?/(a®+0?), (z)=dInT(z)/dx.
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We write the expansion in o up to the terms ~ a2 and
a?Ina that depend on the frequency. In this approxi-

mation, Eq. (13) can be written as
Yo(a,0) =1+ 2a + 20 — [k — 2In(a/0)] (14)

Expansion (13) can be rewritten in the form, which is
convenient to look for the asymptotic expansions at large
frequencies:

Yo(a, o) = exp[20 arctan(a/o)] x

5" [kn(0) — In3]
{120 Al } (15)
where § = 0%s = o?/(1 + %),
kn(0) = k(o) + 2in(o),
cn(cr)'m =11 (H) (16)

m=0

Using the asymptotic relations for the function ¢ (e.g.,
[2]) at large arguments, the coefficients k, (o) can be
expanded in powers of 0 2. Therefore, we can write

ZO_—QnT TL) + O( —2( m+1)) (17)

—2

Up to the terms ~ 0=, we have

Falo) = Fufoo) — [n(n 1)+ (ﬂ +0(™Y,  (18)

=2¢(n+1)+ (n+1)~1. It follows from (16) that

nn+1)2n+1)
602

Then we have the geometric optics limit (0 = wry — c0)

To(a, 00) = T§(a) =

Oooz"~ —21na
_exp2a{ a2z )2 ]}:

n=0

= 20e* K, (20), (19)

where we used a representation for the modified Bessel
function K7 (see formula 8.446 in [9]). A direct calcula-
tion within geometric optics (Appendix B) is in accor-
dance with this expression.
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For the next term of the expansion, we have

{a—I—ZC(l) ajo” }

CW(a)=ao®—nn+1)— é—?—

T () =

+ (l%n(oo) - 21na) [%(n +1)2n+1) —a?(n+ 1)} .

4. Non-Central Source

We now proceed to the derivation of T in the case of a
non-central source, by using Egs. (12)—(14). The inte-
gration over the angular variable yields

1 o) 2
P(w,ro) = (2DdDds> J;(;'J) exp( ;%) X

» O/Oodyyexp (-;) o (22 ) ool

where rg = |rg|. Using the expansion of the modified
Bessel function Iy in a Taylor series and the substitution
y? = tRE o We get

(20)

2
T(a,0,70) = aexp <—;02 + 71'0) IT(1 —io)|* x

XZ%(R

n=0

o r 2n ®
ﬁ) /dt e~ B (o, 1; iot)|?.  (21)
0

Using the differentiation with respect to the parameter
« and taking Egs. (9) and (12) into account, we obtain

(22)

Obviously, this representation is workable when 7o/ R is
not large; this will be supposed further. This excludes,
e.g., the case of a point source.
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The simple analysis shows that, to obtain the terms
up to the orders of a? and o In« in (22), it is sufficient
to use the truncated expression (14). We get

2
Y(,0,7m0) = 1+ 2ae~ "8/ 1 g2e~70/ {29 (;%OQ) N

_2% n (1 - ;@) 2 — ko(o) — 21n(a/a)]} . (23)

where

=(z—1)[Fi(z) - C —Inz] — e + 1+ 2z,

Ei(z) is the integral exponent, and C' is the Euler con-
stant.

We now obtain the asymptotic expansion for
Y(«,0,70) at large frequencies. The substitution of (17)
into (22) leads to the asymptotic series in powers of o~ 2:

M
Y(e,0,m0) = Y o 2" Y (@, m9) + O(c2MFD) - (24)

with the coefficients

2
T (a,79) = exp (—0> X

an
Ooa™

> n+1
« To
>0 () 25
> (V"o (R (25)
n=0
Some caution is needed when we differentiate the asymp-
totic expansion (17) term by term; this can be easily

justified in view of the explicit structure of the functions
involved. The geometric optics limit yields

TE{"%a)} .

(07

Y(a,00,79) = 1) (a,70), (26)

where T (a,rg) is given by (25) for m = 0. The di-
rect calculation of the amplification using the standard
gravitational lensing theory yields the same result (see
Appendix B).

The coefficient T™)(«), which describes the first cor-

rection to (26) with an accuracy up to ~ a2, can be
obtained either from (25) or from (23):
1 7“2 7“2
1 _ Lo 0 0
TW (a) = g& exp (—R2> (1 - Rz) . (27)
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5. Discussion

We have obtained the analytic expressions for the radi-
ation power spectrum for an extended Gaussian source
microlensed by a point mass under standard assump-
tions about the incoherence of different source elements.
Our results allow one to treat the cases of wide and
narrow bandwidth receptions on the same basis by an
appropriate choice of the function f(w) in Eq. (8). If
the source center, the lensing mass, and the observer
are situated on one straight line, the power spectrum is
given by Eq. (12) in terms of a hypergeometric func-
tion. In the case of a general arrangement, the result
is presented in the form of the functional series (22).
This representation of the power spectrum enables us to
derive approximations up to any accuracy in the case
of sufficiently small « = (Rgs/R)?. The representa-
tion is efficient under the condition that the distance rg
between the lens projection onto the source plane and
the source center is comparable/less than the source
size. The opposite case (rg > R) can be treated by
the method developed in [21], where the expansion of
the magnification around the source position is used.
Representations (12) and (22) have been used to derive
the lowest orders of the asymptotic expressions (23) and
(27) in the cases of a small lens and high frequencies.
We have shown by means of a direct calculation that
the high frequency limit yields exactly the expressions
of the geometric optics. As we see from (14) and (27),
the first nontrivial wave optics contribution, which is
dependent on the frequency, appears in the terms ~ o2
(though the first geometric optics lensing contribution
has order ~ «); it disappears for very large sources.
At high frequencies, this contribution behaves itself as
~ w2

In what follows, we propose some estimates for the
radio waveband; though much smaller wavelengths also
can be of interest (cf., e.g., [25]). For the effects of the
wave optics to be significant, one must have o = row ~ 1
and a ~ 1. For a wavelength ~ 1-10 cm, the first con-
dition is fulfilled if the microlens mass is of the order of
10~° M. Such planetary mass objects must be common
in the Milky Way, and there is a number of observational
confirmations of exosolar planets, including microlensing
observations (e.g., [29]). Heyl [10] pointed out that the
signatures of the diffractive gravitational microlensing
can be detected during the occultation of distant stars
by Kuiper-Belt and Oort cloud objects. However, in this
case, the treatment must be modified by the introduc-
tion of an opaque screen that describes the lensing object

(ct. [3]).
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In order that a be not small, the source size R must be
of the order or less than Rp ;. This is true for a wide in-
terval of D* in the case of the microlensing by the Milky
Way objects; however, in this case, the probability of the
microlensing of a suitable radio source is small (see, how-
ever, [11]). For a distant extragalactic source at Dy =
Dgys ~ 10® Mpc microlensed by a planet at Dy = 10 kpc,
we have Rp s ~ 1072[M/(107°Mg)]'/? pc. The typical
size of extragalactic radio sources is larger, though it
may have inhomogeneous structures with typical scales
~ Rp. In this case, the wavelength-dependent effects
of gravitational lensing will be noticeable.

This work has been supported in part by the “Cos-
momicrophysics” program of National Academy of Sci-
ences of Ukraine and SCOPES grant Ne128040 of Swiss
National Science Foundation.

APPENDIX A.
Derivation of Eq. (12) in the case of a central source

From Eq. (10), we have

2D 45Dy ) 2

N R

2
X ‘@ ( io, 1; iayQ/R%J)‘ (28)
For rg = 0, the power spectrum (10) equals
oo
1 y? 2
P(w,0) = d —= s s
@0 =(5505) 22 [avwens (<L) 1o
0
(29)

where the integration over the angular variable is performed. With
regard for (28) and (29) and by using the substitution t = 32, we
obtain ratio (11) corresponding to ro = 0:

YTo(a,0) =

=" |T(1 —ia)|2/dte*t |® (i, 1; iot/a)|? , (30)

where oo = R%ﬂ./RQ‘ The integral in formula (30) is a special case
of the expression that can be obtained by means of formula 6.15.22
in [2]. Here, in order to estimate (30), we calculate directly the
integral

oo

I(a,\,a’,\) = /dte*’%b(a,l; At) @ (a’,1; N't), (31)
0
where 0 < Re(a) < 1, 0 < Re(a’) < 1, |N|+ |\ < 1. With

this aim, we need representations for the confluent hypergeometric
function

1

P (a, 1; d
(a,1; 2) = B(a 1—a) / “ 17u)a
0

(32)
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and for the hypergeometric function

1
—1
F(a,b; 1; d =
(@61 @) = 1—b/“ 1— 21) (l—t)b
0
b 11 a—1
/dr L+ (33)
B(b,1—0) M+ (1—2)7°

where B(a,b) is the Beta-function, and t = 7/(1 4+ 7).
We use (32) for ®(a,1; At) and ® (a’,1; N'¢) in (31) and inte-
grate over t after the change of the integration order:

1
I(a, M\, a’,\N) = X
(@Xa’X) = BT B 1=

1

1
X/du u“_l(lfu)_“/dv
0

0

va/_l(l - v)_a/

1—2du—MNv
The integration over dv after the substitution v — & (v = 7/(1+47)
and 7 = £(1 — Au)/(1 — X — Au)) is easily carried out with the use

of an integral representation for the Beta-function.
Then the substitution u = n/(1 — A + n) yields

I(a,\,a’, \) =

R )
[1+(1-2)n°

U Sy

B(a,1—a)

where z = A\ (1 —A)~1(1— \)~1. Therefore, in view of represen-
tation (33), we get the final relation

F(a',a; 1; 2)

Ia M\ a' Ny = 1200 13 2)
(@Xa’A) = G- Nea - w)a

(34)

All calculations are fulfilled in the domain of the parameters
a,\,a’, N, where the integrals involved are convergent. However,
relation (34) can be analytically continued to a wider domain,
which includes the values a = io, o’ = —io, A = ic/a, N =
—io/a. This yields Eq. (12) of the main text.

APPENDIX B.
Gaussian source amplification in geometric optics

The amplification of a point source by a point mass lens within
the geometric optics in variables of the source plane is well known
3,23]:

2 2
Yy + 2]%]375
——
y\/y2 +4R%, |

In our case, this must be convolved with the Gaussian brightness
distribution (8) yielding the total amplification

™

2 3T 2 2yr,
— i 0
= —e R? /dyyu(y)e R Iy <F>

mly) = (35)

Taking (35) into account and using the Taylor expansion of Iy and
the substitution y2 = tR% ¢ We have

A= A(a,m0) =
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r2 0 n41
ey 2 (ﬁ» /dy{ﬂ%"gii247=
aZo (n)? Y VTt
(=)™t srgy2n 97 / ot tH2
=e R2 — —— [ dye " ——. 36
g% <R) dar J ve ™ e 9

The latter integral can be written [9] in terms of the modified
Bessel function Ki:

o0
_ t+2
A(a, 0 :a/dte et~ 1% — 20e?® K1 (2a). 37
(0= — 1(20) (37
This is the same as To(a, co0) of (19).
For an arbitrary source position, relation (36) yields
2 oo
L n n+1 70\ 21 on A(a 0)
-1 To ,
Alayro) =e = Z n')2 <R> aa”[ a }’ (38)

n=0

which is the same as Y(a, 00, 70) of (26).
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Gravitational

CIIEKTP ITOTY2KHOCTI BUITPOMIHIOBAHHS#I
BIJI I'AYCIBCBKOI'O I2KEPEJIA, MIKPOJIIH3OBAHOI'O
TOYKOBOIO MACOIO: AHAJIITUYHI PE3VJIBTATHI

B.1. XKdanos, J.B. I'opninuenro
PeszmowMme

Teopis rpasitarniitHoro JiH3yBaHHS BUBYA€E 3araJIbHO-PEJISITUBICT-
CbKi e(eKTH IpHU IONIUPEHH] €JIEKTPOMArHITHOTO BUIIPOMIHIOBA-
HHs. Y maHill poboTi po3riIsHyTO eEKTH, 3aJEXKHI BiJl TOBXKUHU
xBuJi, npu (MIKpO)JIiH3yBaHHI IPOTAXKHOTO TayCIBCHKOrO JIzKepesia
Ha TOYKOBiil Maci 3a CTaHZAPTHHX IPUIYIIEHb IIOI0 HEKOIepeH-
THOCTI pi3HUX esleMeHTIB mkepesa. OTpuMaHO aHaIiTHYHI BUpa-
31 IJIS CIIEKTPAa MOTY?KHOCTI MiKPOJIIH30BAHOTO BHIIPOMIHIOBAHHS,
o0 € epeKTHUBHAMHU 3a BEJIMKOIO Kepesa. Kosm meHTp mxepe-
Jla, Maca Ta CIIOCTepirad po3TallloBaHi Ha OMHIN NpsAMiil, 3HAWIEHO
CIEKTP MOTYXKHOCTI B 3aMKHEHi dopMi yepes3 rimepreoMmeTpudHy
dyukmio. Y BHIAAKY 3arajabHOrO PO3TAIILYBAHHS I[I0 BEJIHTIHHY
3HaitgeHo y ¢dopmi psgy. OTpuMaHO aCHMITOTHYHI BUDPA3W ISt
CIIEKTPa MOTY?KHOCTI 32 BEJIMKOTO PO3MIpy J2Kepeja Ta 3a BHUCO-
KHX JaCTOT.
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