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PROJECTED GROSS-PITAEVSKII EQUATION
FOR RING-SHAPED BOSE-EINSTEIN CONDENSATES

We propose an alternative implementation of the projected Gross—Pitaevskki equation adapted
for a numerical modeling of the atomic Bose—Einstein condensate trapped in a toroidally shaped
potential. We present an accurate efficient scheme to evaluate the required matriz elements and
to calculate the time evolution of the matter wave field. We analyze the stability and accuracy
of the developed method for equilibrium and monequilibrium solutions in a ring-shaped trap
with an additional barrier potential corresponding to recent experimental realizations.
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1. Introduction

The Gross—Pitaevskii equation (GPE) is the most
widely used mathematical tool to model atomic Bose—
Einstein condensates (BEC) and their dynamics at
zero temperature [1, 2|. Various modifications have
been proposed to extend the applicability of GPE
for a nonperturbative treatment of finite temperature
effects and nonequillibrium dynamics. Such meth-
ods are commonly termed classical-field (or C-field)
methods. Most notable methods of this class are trun-
cated Wigner approximation [3] and the projected
Gross—Pitaevskii equation (PGPE) [4, 5]. The latter
will be the main focus of the present work. A wide
range of physical problems addressed with PGPE and
its modifications includes, in particular, the Bose-
condensation and quasicondensation [6-8|, dynami-
cal generation [9] and decay [10] of quantum vortices,
and dissipative bosonic Josephson effect [11].

From the numerical point of view, the projected
Gross—Pitaevskii equation belongs to the class of
pseudospectral methods. It relies on the reformula-
tion of the GPE in the spectral basis of single-par-
ticle states, and the frequent transformations between
coordinate and spectral representations are at the
core of the numerical procedure. Such an approach
requires explicit knowledge of the basis states in order
to efficiently transform the condensate wave function
between the two representations. It is therefore quite

© 0O.0. PRIKHODKO, Y.M. BIDASYUK, 2021

198

natural that existing realizations of PGPE are based
on the eigenstates of a three-dimensional harmonic
oscillator potential [4,5,12]. This limits the applicabi-
lity of such realizations to the traps which can be well
approximated by the harmonic oscillator and account
for any nonharmonic part as a small perturbation.
In the present work, we propose an extension of the
PGPE formalism to describe the Bose—Einstein con-
densates trapped in toroidally shaped traps. While
the single particle states of a toroidal trap cannot
be obtained analytically, we show here that PGPE
can be formulated equally well in terms of approxi-
mate eigenstates and produce physically relevant re-
sults. We verify the accuracy and time stability of the
developed approach and demonstrate that the made
approximations do not introduce significant errors.
The developed approach can be straightforwardly ex-
tended to include dynamical noise terms and to solve
the stochastic projected Gross—Pitaevskii equation
(SPGPE). This will allow us to model a dynamical
evolution of finite-temperature toroidal condensates.

2. PGPE Model for a Toroidal System

We consider a system that is characterized by the

mean-field Gross—Pitaevskii Hamiltonian operator

HGP [1, 2]:
h2v2

HGP 1/)(1‘7 t) = |: — W + ‘/trap(r) + 5V(I‘,t) +

+g|w<r,t>|2}w<r, 9. 1)
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with the nonlinear interaction parameter g =
= 4mh2a/M, where a is the s-wave scattering length,
and M is the atom mass. The potential Viyap(r) is a
cylindrically symmetric ring-shaped trap formed by a
combination of a shifted harmonic potential in the ra-
dial direction and another harmonic potential in the
vertical direction [13, 14]:

M
Vtrap(r) = o5 [Wg(r - TO)Q + wgzz}, (2)
where we use cylindrical coordinates r = {r,6, 2},

r = v/x2 + y2. The additional time-dependent poten-
tial dV (r,t) is considered as a (small) perturbation
to the trap potential. It can represent, for example, a
moving barrier as in experiments of Refs. [14, 15].

The classical field or C-field methods are based
on the concept of splitting the many-particle system
into highly occupied low-energy modes described by
the coherent classical field ¢ (r,t) and sparsely occu-
pied incoherent high-energy modes forming a thermal
bath. Such splitting is conveniently represented in the
basis of single-particle eigenstates ¢,, of the trapping
potential Virap

h2v2

Hobo = | ———
0® i

+ Vrtrap(r) ¢o¢ = Eoz¢0n (3)
where a represents a set of quantum numbers that
characterize the single-particle eigenstates ¢,. The
classical field ¥(r,t) is then a coherent superposition
of these states with energies below the chosen cut-off
energy €eut

1/1(1‘775) = Z Ca(t)¢a(r)7 (4)

acC
C={a:Ey <ecut}-

The choice of the cut-off energy may be a complicated
problem for finite temperature calculations (see, e.g.,
[16,17]). In the case of zero temperature, this param-
eter only determines the basis size and the overall
accuracy of decomposition (4).

Unfortunately, for the ring-shaped potential (2), we
cannot solve the single-particle problem (3) analyti-
cally. Instead we can choose a basis that only approx-
imately diagonalizes the Hamiltonian Hy. We define
the basis states for the ring-shaped system as

1 .
(WT) r—r (Wz) z ell97 5
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(ba(ra 97 Z) =

where a contains now three quantum numbers o —
— {n,l,m}, and goslw) (x) are normalized eigenstates
of a one-dimensional harmonic oscillator with fre-

quency w:

b X z2
(w) - Y\ o557
on () \ 2n /I (b) €

where b = /h/Mw is the characteristic oscillator
length, H, is the Hermite polynomial of the order
n. This basis (5) is not orthonormalized due to its ra-
dial dependence. The approximate orthogonality can
be ensured, if \/A/Mw, < 1o (see Appendix A for
more details). The Hamiltonian Hy is also not fully
diagonalized by the chosen basis, but rather takes the
form

<¢n’l’m’|H0|¢nlm> =
= {(Er(f) + Eﬁf))énn’ + El(e)lnn’:| 6mm’5ll’a

where
1 1

2
0 _ " (2 1
B = “—--
Lo 2Mrg ( 4)’
T2
Iy = /drr—gcpgl“”(r — ro)go;“fr)(r — 7). (6)
r
0

The matrix element I, formally diverges at r —
— 0. It can still be meaningfully approximated, if we
restrict the integration to the region of finite support
of the oscillator functions and use again the condition
i/ Mw, < rg (see Appendix B for more details). In
this case, I,/ is also close to the identity matrix,
and we can approximately define the single-particle
energy spectrum as

Epi = B + EX) + B9, (7)

Using this approximate spectrum and the chosen cut-
off energy, we define the C-region and truncate ba-
sis (4)

C={n,m,l: E,(f) + E,(,f) + El(e) < €cut}

which also fixes the maximal value of each of the
quantum numbers Nmax, Mmax; lmax-
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The density of states which corresponds to spec-
trum (7) can be calculated analytically as follows:

N é V 2M7"0 63/2
T3 BBwyw, '

p(e) (8)
More details on this derivation can be found in Ap-
pendix C.

The density of states can be also estimated in the
quasiclassical approximation

pcle) = [ Ggrmd(e = Blr.p) =

3/2
M / drn/e =V D), )

B \/2m2h3
V<e

where E(r,p) is the energy of a classical particle in
the potential V(r) = Viyap(r) + 6V (r). The integral
in (9) can be calculated analytically for the pure ring
trap potential (2) and energies ¢ < Mw?2r3/2 pro-
ducing the same expression as above. In general, the
closeness of estimates (8) and (9) shows how good
the real spectrum of Eq. (3) is reproduced by the ap-
proximate basis states (5). From the density of states
(8), one may also see that the number of basis states
in C-region (and, consequently, the numerical com-
plexity of the calculations) grows with the cut-off as
Ne ~ elli.

If we completely neglect the incoherent region (all
single-particle states above the cut-off), then the clas-
sical field ¢ (r,t) will be a solution to the projected
Gross—Pitaevskii equation (PGPE) [5,12]:

zhw = PHgp(r,t),

5 (10)

where P is a projection operator to the C-space
Pulrt) = 3 dalr) [ dr'ér i)
acC

In the spectral basis, the equation for expansion
coefficients ¢, reads

e = (B0 + B)ea + B Dat By (1)
where
2
* 7’.0
D, = /drqba(r)ﬁw(r,t), (12)
200

P, = / dr o (v) [V (r,8) + glu(r,)]?] o(r,1).  (13)

In order to numerically solve Eq. (11), we need
an efficient accurate way to transform the solution
between the coordinate and spectral representations.
The integrals containing harmonic oscillator states
can be accurately approximated by the Gauss—Her-
mite quadrature. The general form of the N¢g point
quadrature rule is

oo ) NQ
/ dze f(z) = 3wy (o),
e j=1

where z; and w; are the quadrature points and
weights. This quadrature rule is exact, if f(x) is a
polynomial with degree below 2Ng — 1. The transfor-
mation of any function ¢ (r) to the basis representa-
tion is then constructed as follows:

Cnim = /dr¢;lm(r)¢(r) =

= W W 60U, Wiy Yemth (v, 0k, 24),
Jjks
where we introduce the rescaled quadrature weights

S 2 /p2 2 /12
’U_)](T) = wjbre(rj 7o) /b'r" ’U)gz) — wsbzeTS/bz,

with
h h

b, = , b, = .
Mw, Mw,

The integration in the azimuthal direction is per-
formed with a usual trapezoidal rule on a uniform grid
with spacing 0. The transformation matrices are de-
fined as the basis states evaluated on the quadrature
grid:

Usn = @l (rj—10), Wi = €%, Yo, = @9 (z,).

The backward transformation to the spatial represen-
tation is then performed as follows:

¢(Tj7 ekn Zs) = Z an Wkl Y;m Cnlm-

nml

For more details on the transformations between
the coordinate and spectral representations and the
calculation of matrix elements, we refer to Ref. [12]. It
is worth noting that, in practical realizations, the
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transformation with the matrix Wy; can be replaced
with a Fast Fourier Transform for a better perfor-
mance. We however prefer to keep this transforma-
tion matrix here for clarity.

In order to perform a time evolution of Eq. (11), we
build a computational scheme similar to the split-step
Fourier transform (SSFT) method which is widely
used for the GPE modeling [18]. This method im-
plements a time evolution operator exp(—iHgpt/h)
to propagate the condensate wave function in time.
Adapting this scheme to PGPE (11) and using a
second-order Trotter decomposition for the time evo-
lution operator, a basic time evolution step ¢, (t) —
— Cnim(t + 0t) can be outlined as the following se-
quence:

0t
1: ¢y = €XP [ Z2h (E( "4+ B ))} Crim (1),
i0t _(gy12
2: djlm = exp ZhE( )Tfo ;anciﬂmv
31 fiks = Z WiiYomdjim,
lm

10t
4: firs = exp [_h (6V (rj, Ok, 25, t) +gfjks|2)] fikss

5: Jlm Zw(Z)(SHWkl sm jk}S’
ks
Z(St 9 7‘2
b e = Zw Ui exp 2hE( 2)] im>
]
10t
T cun480) = exp | =GP+ B

We note that, in order to calculate the term which
includes the integral D,, defined by Eq. (12), we need
to perform a partial transformation and use the co-
ordinate representation in r together with a spectral
representation in 6 and z.

3. Numerical Verification

In order to test the developed numerical approach, we
model the toroidal trap of the experiment [14]. The
parameters of the trap potential are then defined as
follows: w,./2m = 188 Hz, w,/2m = 472 Hz, ro =
= 19.5 pm. The total number of atoms in BECis N =
= 4x10°, and the corresponding chemical potential is
estimated as p ~ 10hw,. The barrier is approximated
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Fig. 1. Left panel: Density of states for the ring-shaped po-
tential without a barrier from Eq. (8) (dashed blue line) and
(9) (solid yellow line). Right panel: Blue (dark grey) line shows
relative error of Eq. (8) for a homogeneous ring, yellow (light
grey) line is the same, but for a ring with additional barrier
potential

by the following potential which is considered as time-
independent for the purposes of the present study:
_

222

oV (r) = V,0(z)e

where ©(x) is the Heaviside step function, A = 6um
is the 1/e? half-width of the barrier, and we choose
the barrier height to match the value of the chemical
potential V3 = 10Aw.

The main requirement for the validity of our ap-
proach is b, < rg. For the trap parameters defined
above, we get b, /g &~ 0.04. First, we test the quality
of our basis representation by evaluating the density
of states and comparing it to the analytic expression
(8). The result is shown in Fig. 1. It shows that the
energy spectrum of a toroidal trap (without a bar-
rier) is reproduced very accurately for energies up to
100Aw,.. The discrepancy is expectedly higher, when
the barrier potential is taken into account. The rela-
tive error is, however, within 2% in the high-energy
region, which is very good for such a simple approx-
imation and justifies the cut-off definition based on
the the approximate spectrum (7).

Next, we calculate the ground state of the system
with a barrier by propagating PGPE (11) in the imag-
inary time. This is done for different values of ecy;
to see the effect of a basis size on the accuracy of
the calculated ground state. The results are shown in
Fig. 2. In order to estimate the error, we compare
the coordinate space representation of the obtained
solutions to the solution of a three-dimensional GPE
obtained on a very dense coordinate grid with the
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Fig. 2. Ground state solution of PGPE on the quadrature
points in the z = 0 plane (a). Relative error of the solution
in ccoordinate space along the radial direction away from the
barrier for four different values of the energy cut-off and, conse-
quently, different basis sizes: ecuy = 20hiw, (7282 basis states),
ecut = 256hw, (12576 basis states), ecut = 30hw, (19676 basis
states), ecut = 40hw, (39970 basis states) (b). Same as (b) but
along the barrier direction (c)

usual SSFT method. We see that, for all chosen values
of the cut-off energy, our numerical procedure pro-
duces reasonable approximations of the condensate
ground state. The error converges rapidly with in-
creasing the basis size and reaches saturation around
ecut = 30Aw,. We conclude that this is the optimal
cut-off energy for such system and use only this value
for the rest of this section. It is worth noting that,
in realistic finite-temperature calculations, the choice
of the cut-off energy is a nontrivial problem, and its
definition is related to the temperature of the sys-
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Fig. 3. Energy per particle (Left panel) and the total number
of atoms (Right panel) monitored during the real time evolu-
tion of PGPE. The initial state for the evolution is chosen as
equilibrium state (solid blue lines) or a nonequilibrium state
(dashed red lines) with the same initial number of particles
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Fig. 4. Evolution of the angular momentum projection (L)
modeled with PGPE (solid blue line) and grid-based GPE
(dashed red line)

tem [10, 11, 19]. For the purposes of the present fea-
sibility study, which does not address any real finite-
temperature processes, the cut-off value is considered
only as a measure of the basis size and, consequently,
the quality of a spectral representation of the conden-
sate wave function.

While PGPE, in general, conserves the total energy
and the normaization of the wave function (which is
the total number of particles in the system), we can-
not prove that this conservation laws are preserved
in basis (5) which is only approximately orthogonal.
This may lead to an accumulation of numerical errors
and, as a result, to a drift of the conserved quanti-
ties. Such effects can be even stronger in the presence
of the barrier potential, as the single particle spec-
trum is shifted. We therefore check next that the en-
ergy and the atom number are reasonably conserved
on a time scale of the experiment which is around
3 seconds in [14]. In order to prepare a nonequilib-
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rium state, we add a random complex noise uniformly
distributed across all basis states to the stationary
state. We then renormalize the obtained state to get
a state with the same number of atoms, but with
the higher energy than the ground state. Figure 3
shows the evolution of the energy per particle and
the number of particles in time for the initial equilib-
rium and nonequilibrium states. The relative drift of
these quantities on the time scale of the experiment is
about 0.2% for the nonequilibrium state. In the evo-
lution of the stationary state, no noticeable drift is
observed. Stability of the conserved quantities even
for nonequilibrium states shows the applicability of
the proposed time evolution scheme and the overall
consistency of the developed algorithm on physically
relevant time scales.

We perform the next test in order to further verify
the accuracy of the nonequilibrium dynamics repro-
duced by our evolution scheme. We prepare the initial
state by adding a phase circulation to the station-
ary ground state introducing a single quantum of the
angular momentum to the system. The time evolu-
tion of such state efficiently mimics the instability of
persistent current states in a ring with a barrier. As
our equation does not contain any explicit dissipa-
tion mechanism, such instability manifests as oscil-
lations of the average angular momentum projection
(L). Such unstable evolution was modeled with our
evolution scheme of PGPE and with the grid-based
GPE for comparison (see Fig. 4). We see a nearly per-
fect match of the two results. It is worth mentioning
that the value of (L,) can be calculated in the ba-
sis representation exactly, as the basis states (5) are
eigenfunctions of the L, operator.

4. Conclusions

We have developed an implementation of the pro-
jected Gross—Pitaevskii equation adapted for Bose—
Einstein condensates in toroidal traps. It is based on
approximate eigenstates of a single-particle Hamilto-
nian which nevertheless closely reproduces the spec-
trum of the trap.

We have also proposed a time propagation scheme
for PGPE which is similar to the well-established
split-step Fourier transform method. This scheme
can be applied to both real and imaginary time evo-
lutions of PGPE. It was thoroughly tested and is
shown to produce stable and accurate results. Such
fully explicit time evolution algorithm is straight-
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forward to complement with time-dependent noise
terms and to realize the stochastic projected Gross—
Pitaevskii equation. This will allow the modeling of
various fintie-temperature processes in BEC which is
the main application of PGPE models. We therefore
believe that the proposed method can be especially
useful for the modeling of the temperature-induced
decay of persistent currents in BEC and will help to
resolve the existing discrepancies between theory and
experiment [14, 15, 20, 21].

From the performance point of view, the advantage
of PGPE is that it needs to be propagated on a rela-
tively small prescribed basis, much smaller than the
typical number of points in three-dimensional grid-
based calculations. For the chosen value of the cut-
off energy, the basis size is about 20 k states. If com-
pared to grid-based calculations, the minimally ac-
ceptable three-dimensional grid size for the system
under study can be estimated as 128 x 128 x 32,
which leads to more that 500 k grid points. On the
other hand, however, the effect of a small basis size
for PGPE is compensated by the additional computa-
tional cost of frequent transformations. Without per-
forming a detailed performance study, we only note
that the practical computational times were compa-
rable for our implementations of PGPE and grid-
based GPE.

APPENDIX A
Approximate Orthogonality of the Basis

Basis (5) is only approximately orthonormalized due to its ra-
dial dependence. The overlap integral of two basis functions

is
Saal = /// rdrdf dzpa(r, 0, 2)pq (r,0,2) =
oo

= bt [ gl = )57 = r0) =
0

[e'e]

S S - / dre (1“7 (1), (A1)

7o
The oscillator functions have finite support defined by the clas-
2nh

Mw, *
function is exponentially small. Therefore, if ro > Ry, R,,

then we can approximate the overlap integral as follows

sical turning points R, = Outside these points, the

—ro

/ drl™) (T)@Eff)(r)} =

—o0

ntn’ 0\ 2
St + O <<Z°> e () >] ~ Oy,  (A2)
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where b, = \/h/Mw, < 7o is a necessary requirement for
approximate orthogonality.

APPENDIX B
Matrix I,,,,» and the Approximate Spectrum

Here, we analyze the matrix elements I,,,, defined by (6)
and show the validity of the approximate spectrum (7). More
specifically, in order to define the cut-off energy, we need
to approximate the high-energy region of the spectrum. The-
refore, we are interested mainly in the behavior of I, for
n,n’ > 1. In this region, the basis functions are rapidly oscil-
lating, and integral (6) can be approximated using stationary
phase arguments [22, 23]:

® 2
r
Ly = /drr—gcp%wr)( rg)Lp( 7)(7“—7“0) ~
0
e[ 1.
T2 [(ro + Bn)? T (ro — Rn)?

R2
R B {1 + 3—;} (B1)
To

2nh
Mw,

oscillator states, which are, at the same time, the points of
stationary phase. The approximation is only valid, if the inte-
grand r%/r2 is a smooth continuous function, and both points
of stationary phase are within the integration region. This im-
poses the additional restriction R, < ro. With result (B1), we
get the following spectrum:

where R, =

are the classical turning points of the

4 1
B + B9 4+ 3ﬁwrb—2n (lZ —~ 7),
o 4

Enml E(T)
where b, = \/h/Mwy,. The condition b, < 79, which was im-
posed to ensure the orthogonality of the basis states, allows us

to neglect the last term and to justify the approximate spec-
trum (7).

APPENDIX C
Derivation of the Density of States

Here, we show the relations between the density of states (8),
the approximate spectrum (7), and the quasiclassical integral
(9). We start with the spectrum (7):

1 1

K2 1
+ 5 (l2 - 7)
2MT0 4

We are mostly interested in the high-energy behavior of the
spectrum. Therefore, to simplify the calculations we shift the
spectrum so that the ground state (n = m = [ = 0) has zero
energy:

h%1?

Enmi = hwrn 4+ hw,m + W

204

The number of states with energies E < e is defined as the sum
N()= > L
Enml <e

The simplest way to calculate this sum is to consider n, m, and
[ as continuous variables and convert it to the integral

N(e) = // dndmdl.

nml<6
This integral yields
8 V2Mro 52
15 h3wrwz

The density of states is then calculated as the derivative of the
above expression:

ple) = dN(e) 4V2Mrg /2
de 3 hwrws
Another approach to calculate the density of states is based

on the quasiclassical approximation. The energy of the classical
particle in the potential V(r) = Virap(r) is

N(e) = (C1)

(C2)

»* »* M., 2 2_2
2M V(r)= —Jr—[w,«(rfro) +wiz ]

The density of states is then defined by the following integral:

E(r,p)=

drdp
pacte) = [ Gorpadle— Br.p)) =
:W / dr/dpp 2—2Mle—V(r)]) =
V<e

M3/2
= ——" dry/e —V(r) =

V2n2h3 / (x)

V<e

M3/2
= _ 2(p — 2,2
= oo Zdr\/e M/2[w2(r —10)2 + w222 =
_ 2V2Mroch? didiy/1— 72 — 32 =

Th3wrw,

724+22<1

2\/m’f‘063/2 2 4 Fm 3/2

Th3wrwy 3" 3 h3wTwz
where we have used the condition € < Mw?2r2/2. In this way,
we have obtained the density of states which is the same as
Eq. (C2). It is worth noting that two derivations are based on
rather different approximations.
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I[TPOEKTOBAHE

PIBHAHHS I'POCA-TIITAEBCHKOI'O
JJ1d BO3E-EMHIIITENHIBChKINX
KOHIEHCATIB KIJIBIIEBOI ®OPMU

3alponoHOBAHO aJbTEPHATUBHY pPeasli3aliio IPOEKTOBAHOIO
piBusinas ['poca—IliTaeBchbKoOro, amanToBaHy i aTOMapHUX
003e-eMHINITENHIBCHKUX KOHJEHCATIB y IMacTKax TOPOIIaIbHOT
dopmu. ITporemorcTpoBaHO TOUHY Ta ePEKTUBHY CXeMy 009IH-
CJICHHSI MaTPUYHUX €JIEMEHTIB i pO3paxyHKY 1acoBOI €BOJIIOIT
XBHJIbOBO1 QyHKIIIT KoHJeHcaTy. [IpoanasizoBaHO TOYHICTH Ta
CTIMKICTH PIBHOBa’KHUX 1 HEPIBHOBAsKHUX PO3B’SA3KIB IJIs Kijlb-
1eBOl ITacTK# 3 JIOJATKOBUM 6ap’epoM, 110 BiATBOPIOE KOHDI-
rypaliito iCHyI0UnX eKCIEePUMEHTIB.

Karuwosi caosa: 603e-eHHINTERHIBCbKI KOHIEHCATH, PIBHSAHHS
I'poca—IliTaeBCcbKOro, CrieKTpajbHUN METO/I.
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