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DIMERIZATION DEGREE
OF WATER MOLECULES, THEIR EFFECTIVE
POLARIZABILITY, AND HEAT CAPACITY
OF SATURATED WATER VAPOR

The properties of water vapor have been studied. The main attention is focused on the physical
nature of the effective polarizability of water vapor and the heat capacity of water vapor at
a constant volume, with a proper modeling of those parameters being a good test for a cor-
rect description of the dimer concentration in various approaches. Thermal vibrations of water
dimers are found to be the main factor governing the specific temperature dependences of those
characteristics, and the normal coordinates of dimer vibrations are determined. Fluctuations
of the dipole moments of dimers and their contribution to the dielectric permittivity of water
vapor are considered in detail. The contribution of the interparticle interaction to the heat
capacity is taken into account. By analyzing the effective polarizability and the heat capacity,
the temperature dependence of the dimer concentration at the vapor-liquid coexistence curve is
determined. The noticeable dimerization in saturated water vapor takes place only at temper-
atures 𝑇/𝑇c > 0.8, where 𝑇c is the critical temperature.

K e yw o r d s: saturated water vapor, effective polarizability, heat capacity at a constant vo-
lume.

1. Introduction

The dimerization of molecules in water vapor has
been studied in many works [1–9]. For this purpose,
the cited authors used various research methods. In
particular, they determine the concentration of di-
mers 𝑐d in terms of the second virial coefficient [10–
12]. They calculated this parameter directly [13–15],
which required the knowledge of vibrational and rota-
tional excitation spectra of dimers. Finally, they de-
termined the dimer concentration, by analyzing the
thermal conductivity of water vapor. Unfortunately,
the corresponding results significantly differ from one
another. From whence, it follows that it is the anal-
ysis of new properties of water vapor that can help
us to choose correct values for 𝑐d. We believe that
those properties include such important parameters
as the effective polarizability of a molecule and the
heat capacity per molecule at a constant volume.

In this connection, we would like to note the follow-
ing. The effective polarizability of water molecules is
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determined by the standard equation

𝜀− 1

𝜀+ 2
=

4𝜋

3
𝑛W𝛼eff , (1)

where 𝑛W = 𝜌/𝑚W is the concentration of water
molecules in vapor, and 𝜌 the density of water va-
por. Near the triple point, water vapor is practi-
cally not dimerized, and its effective polarizability per
molecule is reduced to the quantity

𝛼eff = 𝛼e + 𝛼d, (2)

where 𝛼e is the polarizability of the electron shell of
a water molecule, and

𝛼d =
d2

3𝑘B𝑇

is a contribution given by the dipole moment of an
isolated water molecule. The analysis of the tempera-
ture dependence of 𝛼eff for saturated water vapor [15]
demonstrates that significant deviations from formula
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(2) are observed at 𝑡 = 𝑇/𝑇c ≥ 0.7, with the discrep-
ancy growing with the temperature.

It is clear that the general structure of 𝛼eff is rather
complicated. If the thermal excitations of dimers are
neglected, we obtain

𝛼eff =
1

1 + 𝑐d

[︀
𝛼e+𝛼d+𝑐d(𝛼

(d)
e −𝛼e)+𝑐d(𝛼

(d)
d −𝛼d)

]︀
, (3)

where 𝛼
(d)
e and

𝛼
(d)
d =

dd
2

3𝑘B𝑇

are the contributions given by the electron shell and
the dipole moment of a dimer, respectively, to the
effective polarizability. Furthermore, we took into ac-
count that the total number of monomers and dimers
in water vapor satisfies the equation

𝑛m + 𝑛d =
1

1 + 𝑐d
𝜌/𝑚W. (4)

However, this modification of the effective polariz-
ability only slightly improves the agreement with the
experimental results at 𝑡 ≥ 0.7. Therefore, a detailed
consideration of the role of thermal excitations of
molecular dimers in water vapor becomes an impor-
tant task.

The same difficulties are inherent to the tempera-
ture dependence of the heat capacity for water vapor
at a constant volume. At 𝑡 ≤ 0.7, the heat capacity
is described quite satisfactorily by the sum

𝑐𝑉 (𝑡) = 6 + 𝑐int(𝑡), (5)

where 𝑐int is a contribution given by the interaction
between monomers (the heat capacity is measured
in terms of the Boltzmann constant 𝑘B). However,
formula (5) becomes invalid at 𝑡 ≥ 0.7, and thermal
excitations of dimers have to be taken into account
carefully.

The main aim of this work is to study thermal ex-
citations of water dimers and their manifestations in
the effective polarizability of water molecules, as well
as the heat capacity of water vapor at a constant vol-
ume, in detail. Below, we will consider the specific
character of normal coordinates for a water dimer,
thermally induced variations of the dipole moment
of a dimer, the contribution of thermal excitations
to the free energy, the generalization of 𝑐int(𝑡) to an

ensemble of monomers and dimers, and their joint ef-
fect on the behavior of the effective polarizability of
a molecule and the heat capacity of water vapor. We
will also compare the temperature dependences of the
dimer concentration obtained in works [10–14].

2. Normal Coordinates
for Water Dimer Vibrations

Two water molecules have 18 independent degrees of
freedom. If those molecules form a dimer, three co-
ordinates are required to describe dimer’s center of
mass, and three more angular variables are used to
describe the rotation of the dimer as a whole. Hence,
the vibrational excitations of a dimer have six degrees
of freedom.

The choice of normal coordinates for the descrip-
tion of dimer vibrations was discussed in work [16].
Here, we only briefly consider this issue, because we
used an obvious form of normal coordinates in our cal-
culations. The axes of the molecular coordinate frame
(MCF) are defined as follows (see Fig. 1). The 𝑧-axis
is directed along the line that passes through the cen-
ters of the mass of the molecules, 𝐶1 and 𝐶2; and the
𝑥-axis lies in the plane formed by the bisectrices of the
H–O–H angles in the water molecules in the equilib-
rium configuration of the dimer. We must take into
consideration that vibrations of the dimers do not
change the momentum P of the center of mass and
the angular momentum M of an isolated dimer. In
what follows, we put P = 0 and M = 0.

Possible deviations of molecular coordinates from
their equilibrium values can be described, by us-
ing the following parameters: the distance between
the points 𝐶1 and 𝐶2, the polar angles 𝜒1 and 𝜒2,
the azimuthal angles 𝜙1 and 𝜙2, and the rotation
angles 𝜑1 and 𝜑2 around the bisectrices. The first
normal coordinate is associated with the distance
between the centers of the mass of the molecules:
𝛿𝑁1 = 𝛿𝑟𝐶1𝐶2

≡ 𝛿𝑟. In this case, 𝛿𝑧1 = − 1
2𝛿𝑟 and

𝛿𝑧2 = 1
2𝛿𝑟. The angular variable 𝛿𝑁2 = 𝛿𝜙 can play

the role of another normal coordinate, if the angles
𝜙1 and 𝜙2 are connected with 𝜙 by the relations
𝛿𝜙1 = 𝛿𝜙 and 𝛿𝜙2 = −𝛼2𝛿𝜙. The coefficient 𝛼2 is
determined from the equation

𝑀𝑧 = (𝐼(1)𝑧𝑧 − 𝛼2𝐼
(2)
𝑧𝑧 )𝛿𝜙 = 0

and equals 𝛼2 = 𝐼
(1)
𝑧𝑧 /𝐼

(2)
𝑧𝑧 , where 𝐼

(1)
𝑧𝑧 and 𝐼

(2)
𝑧𝑧 are the

inertial moments of the water molecules with respect
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Fig. 1. Water dimer in the molecular coordinate frame: 𝐶1, 𝐶2, and 𝐶 are the
centers of mass of the water molecules and the dimer, respectively; H(𝑖)

1 , H(𝑖)
2 , and

O(𝑖) (𝑖 = 1, 2) are hydrogen and oxygen atoms; 1 and b2 are bisectrices of the H–O–H
angles in the molecules; they are directed along the corresponding dipole moments of
the molecules

to the 𝑧-axis. The contributions to the kinetic energy
written in terms of the indicated normal coordinates
read

𝑇1 =
1

2
𝑚1𝛿𝑁

2
1 ,

𝑇2 =
1

2
𝑚2𝛿𝑁

2
2 ,

(6)

where 𝑚1 = 1
2𝑚w and 𝑚2 = 𝐼

(1)
𝑧𝑧 + 𝛼2

2𝐼
(2)
𝑧𝑧 .

The third and fourth normal coordinates are asso-
ciated with the changes of the angles 𝛿𝜒1 and 𝛿𝜒2. Let
𝛿𝑀

(1)
𝑦1 = 𝐼

(1)
𝑦1𝑦1𝛿𝜒1 be an increase of the left molecule

momentum. According to the requirement M = 0,
this growth must be compensated by the rotation
of the right molecule around the 𝑦1-axis: 𝛿𝑀

(2)
𝑦1 =

= 𝐼
(2)
𝑦1𝑦1𝛿𝜒2 = −𝛿𝑀

(1)
𝑦1 . Since 𝐼

(2)
𝑦1𝑦1 is larger than 𝐼

(1)
𝑦1𝑦1

by about an order of magnitude, we may neglect this
change. An analogous situation also takes place, when
the right molecule rotates. Therefore, those angular
variables can be identified with two different normal
coordinates: 𝛿𝑁3 ≈ 𝛿𝜒1 and 𝛿𝑁4 ≈ 𝛿𝜒2. The corre-
sponding contributions to the kinetic energy are

𝑇3 =
1

2
𝑚3𝛿𝑁

2
3 ,

𝑇4 =
1

2
𝑚4𝛿𝑁

2
4 ,

(7)

where 𝑚3 = (1 + 𝛼3)𝐼
(1)
𝑦1𝑦1 , 𝛼3 = 𝐼

(1)
𝑦1𝑦1/𝐼

(2)
𝑦1𝑦1 < 0.1,

𝑚4 = (1 + 𝛼4)𝐼
(2)
𝑦2𝑦2 , and 𝛼4 = 𝐼

(2)
𝑦2𝑦2/𝐼

(1)
𝑦2𝑦2 < 0.1. For

the same reason, the fifth and sixth normal coor-
dinates can be identified with the rotation angles
around the bisectrices: 𝛿𝑁5 = 𝛿𝜑1 and 𝛿𝑁6 = 𝛿𝜑2. In
this case,

𝑇5 =
1

2
𝑚5𝛿𝑁

2
5 , (8)

𝑇6 =
1

2
𝑚6𝛿𝑁

2
6 , (9)

where 𝑚5 = (1 + 𝛼5)𝐼
(1)
𝑏1𝑏1

, 𝛼5 = 𝐼
(1)
𝑏1𝑏1

/𝐼
(2)
𝑏1𝑏1

< 0.1,
𝑚6 = (1 + 𝛼6)𝐼

(2)
𝑏2𝑏2

, 𝛼6 = 𝐼
(2)
𝑏2𝑏2

/𝐼
(1)
𝑏2𝑏2

< 0.1.
The expressions for the inertia moments in

Eqs. (6)–(9) look like

𝐼(1)𝑧𝑧 = 𝑚𝑟20
(︀
sin2(𝛿 + 𝜒1) + sin2 𝜒1 −

− 30

81
sin(𝛿 + 𝜒1) sin𝜒1

)︀
, (10)

𝐼(1)𝑦1𝑦1
= 2𝑚𝑟20, 𝐼(2)𝑦2𝑦2

=
144

81
𝑚𝑟20 cos

2 𝛿/2,

𝐼
(1)
𝑏1𝑏1

= 𝐼
(2)
𝑏2𝑏2

= 2𝑚𝑟20 sin
2 𝛿/2,

(11)

where 𝑚 is the mass of hydrogen atom, and 𝑟0 the dis-
tance between the oxygen and hydrogen atoms in the
water molecule. In addition, the following parameter
values are used below: 𝑚w = 18𝑚, 𝑟𝐶1𝐶2

= 2.98 Å,
𝑟0 ≈ 1/3𝑟𝐶1𝐶2

, 𝜒1 ≈ 2.44∘, 𝜒2 ≈ 22.19∘, and 𝛿 =
= 109∘ [17]. The coefficients 𝛼𝑖 are quoted in Table 1.

ISSN 2071-0194. Ukr. J. Phys. 2018. Vol. 63, No. 2 123



M.P. Malomuzh, V.M. Makhlaichuk

3. Mean-Square Fluctuations
of the Dipole Moment of Water Dimer

From symmetry reasons, it follows that vibrations of
the dipole moment of a water dimer arise, only if
the normal coordinates 𝑁2, 𝑁3, and 𝑁4 are excited:
𝛿𝑁2 ̸= 0, 𝛿𝑁3 ̸= 0, and 𝛿𝑁4 ̸= 0. So, let us consider
all those cases.

The growth of the dimer dipole moment corre-
sponding to the rotation of water molecules around
the 𝑧-axis equals

𝛿dD = 𝛿d1 + 𝛿d2, (12)

where

𝛿d1 = j𝑑𝑥𝛿𝜙1 + ..., 𝛿d2 = j𝑑𝑧𝛿𝜙2 + ...,

𝛿𝜙2 = −𝛼2𝛿𝜙1,
(13)

and the components d1 and d2 equal

d1 = 𝑑
(︀
sin(𝜒1 + 𝛿/2), 0, cos(𝜒1 + 𝛿/2)

)︀
,

d2 = 𝑑
(︀
− sin𝜒2, 0, cos𝜒2

)︀
.

Taking into account that 𝛿𝜙1 ≡ 𝛿𝑁2, we obtain the
following result:

⟨𝛿d2
D⟩2 = 𝑑2𝐴2(𝜒1, 𝜒2)⟨𝛿𝑁2

2 ⟩,
𝐴2(𝜒1, 𝜒2) =

(︀
sin(𝜒1 + 𝛿/2) + 𝛼2 sin𝜒2

)︀2
.

(14)

Analogously,

⟨𝛿d2
D⟩3 = 𝑑2𝐴3(𝜒1, 𝜒2)⟨𝛿𝑁2

3 ⟩,
𝐴3(𝜒1, 𝜒2) = 1 + 𝛼2

3 + 2𝛼3 cos(𝜒1 + 𝜒2 + 𝛿/2),
(15)

⟨𝛿d2
D⟩4 = 𝑑2𝐴4(𝜒1, 𝜒2)⟨𝛿𝑁2

4 ⟩,
𝐴4(𝜒1, 𝜒2) = 1 + 𝛼2

4 + 2𝛼4 cos(𝜒1 + 𝜒2 + 𝛿/2),
(16)

where 𝛼3 = 𝐼
(1)
𝑦1𝑦1/𝐼

(2)
𝑦1𝑦1 ≪1 and 𝛼4 = 𝐼

(2)
𝑦2𝑦2/𝐼

(1)
𝑦2𝑦2 ≪1.

Table 1. Dimensionless frequencies,
inertia moments, their ratios, and partial
contributions to the effective polarizability

Normal
coordinates

𝑁1 𝑁2 𝑁3 𝑁4 𝑁5 𝑁6

𝜔′
𝑘 [18] 3.52 2.28 6.97 2.97 10.64 2.71
𝑚′

𝑘 1.449 2.025 0.602 1.326 1.327
𝛼𝑁𝑖

0.698 0.012 0.004 0.011 0.056
𝐴𝑘 0.048 0.006 0.164

The increment 𝛿𝜑1 does not change the dipole mo-
ment of the left molecule. The compensating rotation
of the right molecule changes its dipole moment, but
the corresponding modification is negligibly small,
and we can omit it. A similar situation also takes
place for the increment 𝛿𝜑2.

With a good accuracy, the mean-square values of
fluctuations of the normal coordinates 𝑁𝑘 (𝑘 = 2, 3, 4)
can be evaluated, by using the classical formula

⟨𝛿𝑁2
𝑘 ⟩ =

𝑘B𝑇

𝑚𝑘𝜔2
𝑘

, 𝑘 = 2, 3, 4. (17)

Here, 𝜔2
𝑘 = 𝑘𝑁𝑘𝑁𝑘

/𝑚𝑘 are the frequencies of normal
vibrations (𝑘 = 1÷6) , and 𝑘𝑁𝑘𝑁𝑘

are elasticity coef-
ficients. In a more general case, we may write

⟨𝛿𝑁2
𝑘 ⟩ ≈

𝑘B𝑇

𝑚𝑘𝜔2
𝑘

𝑓(𝑇/𝑇𝑘),

where 𝑇𝑘 = ~𝜔𝑘/𝑘B. In this formula, the crossover
function 𝑓(𝑇/𝑇𝑘) is assumed to be similar to the
function that determines the contribution of the 𝑘-
th vibrational mode to the heat capacity (see Sec-
tion 7). The behavior of 𝑓(𝑇/𝑇𝑘) for various vibra-
tional modes is shown in Fig. 2.

Let us determine the effective polarizability 𝛼d of
a water dimer associated with its vibrations:

𝛼d =
⟨𝛿d2

d⟩
3𝑘B𝑇

. (18)

In accordance with the aforesaid, we obtain

𝛼d = 𝛼
(2)
d + 𝛼

(3)
d + 𝛼

(4)
d , (19)

where

𝛼
(𝑘)
d =

𝑑2

3𝑚𝑟20𝜔
2
0

𝐴𝑘(𝜒1, 𝜒2)

𝑚′𝜔′2
𝑘

(𝑘 = 2, 3, 4),

𝑚′
𝑘 = 𝑚𝑘/(𝑚𝑟20), 𝜔′

𝑘 = 𝜔𝑘/𝜔0, and 𝜔0 = 1013 s−1.
By the order of magnitude,

𝑑2

3𝑚𝑟20𝜔
2
0

1

𝛼
(m)
e

≈ 102,

where 𝛼
(m)
e ≈ 1.05× 10−24 cm3 is the electron polar-

izability of a water monomer. In other words, the ef-
fective polarizability of a dimer is substantially higher
than its electron polarizability, because 𝛼

(d)
e ≈ 2𝛼

(m)
e .
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Table 2. Ratio
√︁

⟨𝛿d2
d⟩/𝑑d calculated by Eq. (19) for various temperatures

𝑡 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95√︁
⟨𝛿d2

d⟩/𝑑d 0.128 0.134 0.141 0.147 0.153 0.159 0.165 0.170 0.175 0.180 0.185

Numerical values for the partial contributions

𝐴𝑘(𝜒1, 𝜒2) =
𝐴𝑘(𝜒1, 𝜒2)

𝑚′
𝑘𝜔

′2
𝑘

(𝑘 = 2, 3, 4)

to the effective polarizability (19) and for some other
parameters are quoted in Table 1. The relative values
of fluctuation contributions to the dimer dipole mo-
ment at various temperatures are given in Table 2. As
one can see, the relative dispersion of the dimer dipole
moment does not exceed 8–10% in the whole temper-
ature interval, where the liquid state exists.

4. Dielectric Constant
of Dimerized Water Vapor

The dielectric permittivity of dimerized water vapor
is determined by the expression [15, 19]

𝜀− 1

𝜀+ 2
=

4𝜋

3
(𝑛m + 𝑛d)

[︂
𝑐m(𝑡)

(︂
𝛼(m)
e +

𝑑2m
3𝑘B𝑇

)︂
+

+ 𝑐d(𝑡)

(︂
𝛼(d)
e +

d2
d + ⟨𝛿d2

d⟩
3𝑘B𝑇

)︂]︂
,

Here,
𝑐m =

𝑛m

𝑛m + 𝑛d
, 𝑐d =

𝑛d

𝑛m + 𝑛d

are the fractions of monomers and dimers, respec-
tively, in water vapor. They satisfy the standard nor-
malization condition

𝑐m + 𝑐d = 1. (20)

With the help of Eq. (19), we may write

𝜀− 1

𝜀+ 2
=

4𝜋

3
(𝑛m + 𝑛d)

[︂
𝑐m

(︂
𝛼(m)
e +

𝑑2m
3𝑘B𝑇

)︂
+

+ 𝑐d

(︂
𝛼(d)
e + 𝛼d +

d2
d

3𝑘B𝑇

)︂]︂
. (21)

Since the sum 𝑛m + 𝑛d is not an experimentally con-
trollable quantity, it has to be related to the density
in accordance with Eq. (4). As a result, we obtain

𝜀− 1

𝜀+ 2
=

4𝜋

3

𝜌/𝑚w

1 + 𝑐d

[︂
𝛼(m)
e +

𝑑2m
3𝑘B𝑇

+

Fig. 2. Temperature dependences of the crossover functions
𝑓(𝑇/𝑇𝑘) for various 𝑘

+ 𝑐d

(︂
𝛼(d)
e − 𝛼(m)

e + 𝛼d +
d2
d − 𝑑2𝑀
3𝑘B𝑇

)︂]︂
. (22)

If the dimer concentration is low, formula (22) can be
transformed as follows:
𝜀− 1

𝜀+ 2
≈ 4𝜋

3

𝜌

𝑚w

[︀
𝛼(m)
e +

𝑑2m
3𝑘B𝑇

+

+ 𝑐d

(︂
𝛼(d)
e − 2𝛼(m)

e +
d2
D − 2𝑑2m
3𝑘B𝑇

)︂]︂
. (23)

5. Analysis of the Dielectric
Constant of Saturated Water Vapor

Let us determine the effective polarizability of a wa-
ter molecule from experimental data obtained for the
dielectric constant of saturated water vapor. For this
purpose, the formula

𝛼eff =
3

4𝜋

𝑚w

𝜌

𝜀− 1

𝜀+ 2

is used. The corresponding temperature dependence
is shown in Fig. 3.

5.1. Effective polarizability and dimerization
degree beyond the critical region

The behavior of the product 𝛼̃eff 𝑡 versus the di-
mensionless temperature 𝑡 = 𝑇/𝑇c, where 𝛼̃eff =
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Fig. 3. Temperature dependences of the effective polarizabil-
ity of a water molecule, 𝛼eff , in the saturated vapor (diamonds)
and liquid (circles) phases

Fig. 4. Experimental temperature dependence of 𝛼̃eff in the
temperature interval 0.43 < 𝑡 < 0.83 (triangles). The straight
line is its least-squares approximation

Fig. 5. Dependence of the product 𝛼̃eff(𝑡) 𝑡 on the dimension-
less temperature 𝑡 and its linear fitting. Diamonds correspond
to experimental data for the dielectric permeability taken from
work [21]

= 𝛼eff/𝑟
3
O1O2

is the dimensionless effective polariz-
ability, and 𝑇c the critical temperature, is shown in
Fig. 4. One can see that the solid curve is practically
linear in the temperature interval 0.43 < 𝑡 < 0.83;
namely, 𝛼̃eff 𝑡 ≈ 0.0585𝑡 + 0.4845. The coefficient in

the linear term,

𝛼̃eff = 0.0585, (24)

is close to the polarizability of an isolated water mo-
lecule 𝛼̃

(is)
e = 0.055 [1]. By equating value (24) to the

expression

𝛼̃eff(𝑡) = 𝛼̃(m)
e + 𝑐d(𝑡)(𝛼̃

(d)
e − 2𝛼̃(m)

e + 𝛼̃d(𝑡)) + ... (25)

and considering Eq. (23), a conclusion can be made
that the concentration of water dimers in saturated
water vapor does not exceed 1% in the examined
temperature interval. Note that a small difference be-
tween 𝛼̃eff(𝑡) and 𝛼

(is)
e at 0.43 < 𝑡 < 0.83 is naturally

explained by two-particle contributions to the effec-
tive molecule polarization [15].

The contribution to 𝛼̃eff(𝑡) that is reciprocal to 𝑡
has to be attributed to a combination of dipole mo-
ments of monomers and dimers:

𝑑2m
3𝑘B𝑇c

+ 𝑐d(𝑡)
d2
D − 2𝑑2m
3𝑘B𝑇c

= 13,132 𝑟3O1O2
.

According to work [15], the dipole moment of a dimer
equals d2

d = 2𝑑2m. Therefore, we obtain 𝑑m = 1.87D,
which practically coincides with the experimental
value of the dipole moment for a water monomer [1].

Hence, the appreciable dimerization in saturated
water vapor is observed only in the temperature in-
terval 0.85 < 𝑡 < 1 near the critical point. This con-
clusion completely agrees with the conclusion of
work [20].

5.2. Effective polarizability of a water
molecule in a vicinity of the critical point

The values of the product𝛼̃eff(𝑡) 𝑡 in the tempera-
ture interval 0.85 < 𝑡 < 1 are shown in Fig. 5. Here,
the spread of calculation results is significantly larger
than that beyond the critical region. Nevertheless, it
does not exceed 4%.

The concentration 𝑐d(𝑡) can be evaluated, by using
the equation

𝛼̃
(exc)
eff (𝑡) =

1

1 + 𝑐d(𝑡)
×

×
[︀
𝛼̃(m)
e + 𝑐d(𝑡)(𝛼̃d(𝑡) + 𝛼̃(d)

e − 𝛼̃(m)
e )

]︀
(26)

or

𝑑2eff =
1

1 + 𝑐d(𝑡)

𝑑2m + 𝑐d(𝑡)(𝑑
2
d − 𝑑2m)

𝑘B𝑇c
. (27)
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Numerical values of 𝛼̃(exc)
eff (𝑡) for a water molecule in

various temperature intervals are quoted in the first
row of Table 3. The values 𝛼̃d = 0.639 and ˜𝛼 = 0.577
were calculated in accordance with Eq. ([19]) for dif-
ferent frequency sets taken from work [18] or [16], re-
spectively. In this connection, two values obtained for
𝑐d(𝑡) in accordance with formula (26) are given. Since
they are close, we will use the 𝑐d(𝑡)-values calculated,
by using the frequency set of work [16]. In effect,
those valuesare averaged over the relevant temper-
ature interval. Those values were used in Eq. (27) to
calculate 𝑑2eff . The experimental and calculated val-
ues of 𝑑2eff are given in the fourth and fifth rows of
Table 3. The difference between them is associated
with the discrepancy of experimental data for the di-
electric permittivity of water vapor, which reaches 4%
(see Fig. 5).

It should be noted that the dimer concentrations
determined from the analysis of the dielectric per-
mittivity are in satisfactory agreement with the re-
sults obtained from the analysis of the temperature
dependence 𝐵(𝑇 ) for the second virial coefficient of
water vapor (see Table 4) [22]. We also attract atten-
tion to that the latter values were determined at a
certain temperature, i.e. they were not averaged over
the temperature interval. Moreover, our definitions of
the dimer concentration 𝑐d and the quantity 𝑥d are
connected by the formula

𝑐d(𝑡) =
𝑥d

2− 𝑥d
.

5.3. Effective polarizability
of a molecule in liquid water

Let us compare the effective polarizabilities of a wa-
ter molecule when water is in the saturated vapor
and liquid states. In the latter case, the behavior of
𝛼̃eff(𝑡) 𝑡 is shown in Fig. 6.

In order to interpret the behavior of 𝛼̃eff , let us
express the effective polarizability in the form

𝛼̃eff(𝑡) = 𝛼̃
(exc)
eff (𝑡) +

𝑑2eff(𝑡)

3𝑡
, (28)

where 𝛼̃
(exc)
eff (𝑡) = 𝛼̃d(𝑡) + ... is a contribution that

arises due to the excitation of cluster vibrations and

𝑑eff =
𝑑eff(𝑡)√︀
𝑘B𝑇c𝑟3OO

.

At the triple point, the effective polarizability of the
molecule tends to the value 𝛼̃

(exp)
eff ≈ 0.302, whereas

Fig. 6. Temperature dependence of the product 𝛼̃eff(𝑡) 𝑡 for
liquid water at the coexistence curve in the interval 0.42 < 𝑡 <

< 0.91. Circles correspond to experimental data [21]. The solid
line is tangent to the curve 𝛼̃eff 𝑡 versus 𝑡 at the triple point
and is described by the equation 𝛼̃eff 𝑡 = 0.302𝑡− 0.02

𝑑
(exp)
eff ≈ 0. The value of 𝛼̃(exp)

eff corresponds to approx-
imately half the dimensionless effective polarizability
of a dimer 𝛼̃d(𝑡).

Since the effective dipole moment practically van-
ishes, the following conclusions can be made: 1) the
observed value of the effective polarizability per
molecule is generated by a set of dimers; 2) two neigh-
bor dimers have antiparallel orientations similar to
those in tetramers; and 3) three dimers can form
hexamers, similarly to what takes place in hexago-
nal ice. In all those and similar cases, the dipole mo-
ments equal zero. In the liquid state, water dimers
are the most stable ones among all mentioned clus-
ters, although all of them are short-lived. Hence, we
assume that the dielectric properties of liquid wa-
ter can be considered as those for an ensemble of

Table 3. Parameters
in various temperature intervals

𝑡 0.8–0.98 0.83–0.98 0.85–0.98

𝛼̃
(exc)
eff (𝑡) 0.078 0.081 0.126

𝑐d, [18] 0.045 0.052 0.160
𝑐d, [16] 0.051 0.060 0.180
𝑑2eff(exp) 0.479 0.475 0.433
𝑑2eff(calc) 0.493 0.493 0.492

Table 4. 𝑐d(𝑡)-values [22]

𝑡 0.89 0.94 0.968

𝑐d(𝑡) 0.06 0.09 0.14
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Fig. 7. Temperature dependence of the number of thermal
degrees of freedom for saturated water vapor

dimers. The first steps in this direction were made
in works [23–26].

Accordingly, we expect that, near the triple point
(𝑡 < 0.6),

𝛼
(exp)
eff ≈ 1

2
𝛼d(𝑡). (29)

At 𝑡 > 0.6, the situation becomes more compli-
cated. The effective dipole moment per molecule,
𝑑eff(𝑡), now differs from zero. This fact can be nat-
urally explained by the oscillations of the angle be-
tween two neighbor dimers that are in antiparallel
orientations near the triple point. We intend to con-
sider this issue in a separate paper.

6. Contribution of Attraction
Forces to the Heat Capacity of Water Vapor

In this section, the main attention is paid to the tem-
perature dependence of the heat capacity of water va-
por. The corresponding experimental dependence [26,
27] is shown in Fig. 7. The heat capacity is expressed
in dimensionless units: 𝑖𝑄(𝑡) = 2𝐶𝑉 /𝑘B𝑁A. Those
units can be interpreted as the number of thermal
degrees of freedom per molecule. In a vicinity of the
triple point, 𝑖𝑄 ≈ 6, which corresponds to three
translational and three rotational degrees of free-
dom. As the temperature grows, the following contri-
butions also manifest themselves in the behavior of
the heat capacity: the interaction between the par-
ticles, dimerization of water molecules, and excita-
tion of dimer vibrations. The dimerization diminishes
the number of particles, and 𝑖𝑄 decreases. However,
the excitation of dimer vibrations increases the heat
capacity. The formation of tetramers and multimers
of higher orders leads to further changes in the

heat capacity. Let us consider all those contributions
separately.

6.1. Influence of the interaction
between molecules on the temperature
dependence of the heat capacity

According to work [28], the free energy per molecule
in vapor with a relatively high density can be de-
scribed by the expression

𝑓(𝑇, 𝑛) = 𝑓id + 𝑛𝑇𝐵(𝑇 ) + ...,

where
𝐵(𝑇 ) =

1

2

∫︁
(1− exp(−𝛽𝑈a(𝑟))) 𝑑𝑉, (30)

and 𝑈a(𝑟) is an averaged interparticle potential,
which is determined by the equation

1

Ω2

∫︁
Ω

∫︁
Ω

exp (−𝛽𝑈(𝑟,Ω1,Ω2)) 𝑑Ω1𝑑Ω2 =

= exp (−𝛽𝑈a(𝑟)), (31)

Here, 𝑈(𝑟,Ω1,Ω2) is the “bare” potential of interac-
tion between water molecules (of the SPC or other
types), 𝑑Ω𝑖 (𝑖 = 1, 2) denote unit volumes corre-
sponding to the angular variables, and Ω is the total
volume for the angular variables. This definition of
averaged potential makes it possible to preserve the
value of the configuration integral in the two-particle
approximation,
1

Ω2

∫︁
𝑉

∫︁
Ω

∫︁
Ω

(1− exp(−𝛽𝑈(𝑟,Ω1,Ω2))) 𝑑Ω1𝑑Ω2𝑑𝑉 =

=

∫︁
(1− exp(−𝛽𝑈a(𝑟))) 𝑑𝑉.

The heat capacity at a constant volume is deter-
mined by the standard method. It equals

𝑐𝑣(𝑇 ) = 𝑐(id)𝑣 + 𝑐(int)𝑣 , (32)

where

𝑐(id)𝑣 = 6, (32a)
𝑐(int)𝑣 = −𝑛𝑇 (2𝐵′(𝑇 ) + 𝑇𝐵′′(𝑇 ))|𝑣. (32b)

With the corresponding accuracy, the averaged po-
tential 𝑈a(𝑟) can be approximated by the Lennard-
Jones one. Then the heat capacity per molecule at
the coexistence curve equals

𝑐(int)𝑣 (𝑡) =
2𝜋

3
𝑘B𝑛̃cc(𝑡)(4𝜀a/𝑡)

2𝛾(𝜀a/𝑡),
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where

𝛾(𝑧) =

inf∫︁
0

exp(−4𝑧[(1/𝑥)4 −

− (1/𝑥)2])[(1/𝑥)4 − (1/𝑥)2]2𝑑𝑥,

and the dimensionless variables are defined as follows:
𝑡 = 𝑇/𝑇c, 𝑛̃cc(𝑡) = 𝑛cc(𝑡)𝜎

3, and 𝜀a = 𝜀a/𝑘B𝑇c. The
expression for 𝑐

(int)
𝑣 (𝑛̃, 𝑡) is valid as far as the dimer

concentration is negligibly low; i.e., at 0.42 < 𝑡 <
< 0.83 [22].

6.2. Influence of the monomer-dimer and
dimer-dimer interactions on the temperature
dependence of the heat capacity

The free energy of water vapor consisting of mono-
mers and non-excited dimers is determined by the
expression

𝑓 = 𝑓id + 𝑇 [𝑐2m𝐵mm(𝑇 )+

+2𝑐m𝑐d𝐵md(𝑇 ) + 𝑐2d𝐵dd(𝑇 )] + ..., (33)

where
𝐵𝑖𝑘(𝑇 ) =

1

2

∫︁
(1− exp(−𝛽𝑈

(a)
𝑖𝑘 (𝑟)))𝑑𝑉 (𝑖, 𝑘 = m,d).

All intermediate calculations are similar to those de-
scribed in the previous section. Hence, the final con-
tribution of the interactions between particles to the
heat capacity per molecule looks like

𝑐(int)𝑣 (𝑡) =
2𝜋

3

𝑘B
(1 + 𝑐d)2

𝜌cc(𝑡)

𝑚w
[(1− 𝑐d)

2𝜁m(𝑡)+

+2𝑐d(1− 𝑐d)𝜁md(𝑡) + 𝑐2d𝜁d(𝑡)],

where

𝜁𝑗 = 𝜎3
𝑗 (4𝜀

(a)
𝑗 /𝑡)2𝛾(𝜀

(a)
𝑙 /𝑡), 𝑗 = m,md,d.

The “bare” interaction of aqueous monomers was as-
sumed to be described by known potentials of the
SPC type. The averaged potentials were calculated
by formula (31) and approximated by the Lennard-
Jones potential. The corresponding values of its pa-
rameters 𝜀

(a)
m and 𝜎m for water monomers can be

found in Table 5.
Note that the screening effects are considered only

for the multipole potentials (MP) [29]. The param-
eters of the Lennard-Jones potential describing the
dipole-dipole interaction of two dimers are indicated

in Appendix. The corresponding parameters for the
averaged potentials describing the monomer-dimer in-
teraction are defined by the approximate formulas
[30]

𝜀
(a)
md =

√︁
𝜀
(a)
m 𝜀

(a)
d i 𝜎md =

1

2
(𝜎m + 𝜎d). (34)

The relation
𝑛m + 𝑛d

𝜌/𝑚w
=

1

1 + 𝑐d
,

which follows from Eq. (4), is also used.

7. Vibrational Contributions
to the Heat Capacity

The contribution of vibrations to the free energy of a
water dimer is determined by the standard expression
[28]

𝐹vib = −𝑇 ln𝑍vib, 𝑍vib =
6∑︁

𝑘=1

𝑁∑︁
𝑛=0

exp(−𝐸(𝑘)
𝑛 /𝑇 ),

where
𝐸(𝑘)

𝑛 = −𝜀
(𝑘)
0 + ~𝜔𝑘(𝑛+ 1/2),

𝜀
(𝑘)
0 is the ground state energy for the 𝑘-th mode

of dimer vibrations, and 𝑁 the maximum num-
ber of vibrational levels in a finite-depth potential
well. Here, we assume that the potential well can
be approximated with a satisfactory accuracy by a
parabola. The total number of thermal degrees of
freedom equals

𝑖
(𝑣)
𝑄 (𝑡) =

𝑐d
1 + 𝑐d

6∑︁
𝑘=1

𝑖(𝑘)𝑞 (𝑡), (35)

where

𝑖(𝑘)𝑞 (𝑡) = 2𝑓(𝑇/𝑇𝑘), 𝑓(𝑇/𝑇𝑘) =
𝑡2𝑘
𝑡2

exp(𝑡𝑘/𝑡)

exp(𝑡𝑘/𝑡− 1)2
,

(36)
𝑡𝑘 = 𝑇𝑘/𝑇c, and, according to Eq. (4),
𝑛d

𝜌/𝑚w
=

𝑐d
1 + 𝑐d

.

Table 5. 𝜎m- and 𝜀
(a)
m -values for various

averaged “bare” intermolecular potentials

Intermolecular
potentials

𝜎m, Å 𝜀
(a)
m

SPC 2.62 2.95
TIP3P 2.467 2.792
TIP4P 2.476 2.624
TIP5P 2.458 2.467
MP 2.80 2.187
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8. Analysis of Various Contributions
to the Heat Capacity of Water Vapor

In this section, the contribution of the monomer-mo-
nomer interactions to the number of thermal degrees
of freedom for water vapor, corrections due to the
monomer-dimer and dimer-dimer interactions, and a
contribution by the excitation of dimer vibrations are
considered. To compare the calculated values,

𝑖𝑄(𝑡) = 6 + 𝑖
(mm)
𝑄 + 𝑖

(md)
𝑄 + 𝑖

(dd)
𝑄 + 𝑖

(𝑣)
𝑄 (𝑡),

with experimental data, the values determined for the
dimer concentration 𝑐d(𝑡) with the use of the second
virial coefficient [12] were used.

Fig. 8. Temperature dependences of 𝜀(a)m calculated for the av-
eraged SPC potential (solid curve) and the MP (dashed curve)
[29, 31]

Fig. 9. Temperature dependences of the number of thermal
degrees of freedom: (circles) experimental data [27] and cal-
culated (solid curve) for the averaged SPC potential, (dashed
curve) for the averaged MP, and (dotted curve), by using the
experimental values for the second virial coefficient [32]

8.1. Contribution
of the monomer-monomer interaction

Let us start from the expression

𝑖𝑄(𝑡) = 6 + 𝑖
(mm)
𝑄 (𝑡) + ...,

where

𝑖
(mm)
𝑄 ≈ 2𝜋

3
𝜌cc(𝑡)(4𝜀

(a)
m /𝑡)2𝛾(𝜀(a)m /𝑡) + ...,

and

𝜌cc(𝑡) =
𝜌cc(𝑡)𝜎

3
m

𝑚w
.

Attention should be paid that the numerical values
of 𝜀(a)m (𝑡) and 𝜎m(𝑡) calculated inworks [22, 29, 31] for
the SPC potential depend on the temperature (see
Fig. 8), although this effect becomes significant only
in a narrow vicinity of the critical point. A compari-
son of the results obtained for those potentials is ex-
hibited in Fig. 9.

In essence, the behavior of the second virial coef-
ficient is better reproduced with the help of the av-
eraged MP, whereas combination (32b) – this is a
combination of the first- and second-order derivatives
with respect to the temperature – better reproduces
the behavior of heat capacity calculated using the av-
eraged SPC potential. The latter result is accidental,
although the effective SPC potential can partially re-
produce the contributions 𝑖

(md)
𝑄 (𝑡) and 𝑖

(dd)
𝑄 (𝑡) given

by the monomer-dimer and dimer-dimer interactions,
respectively. They are described by formula (33). In
this case, some fine details in the temperature depen-
dences 𝑖

(md)
𝑄 (𝑡) and 𝑖

(dd)
𝑄 (𝑡) are associated with the

temperature dependence of 𝜀(a)m depicted in Fig. 8. A
significant deviation of the dashed and dotted curves
in Fig. 9 from the experimental values clearly testi-
fies to the important role of thermal dimer excita-
tions, because the monomer-dimer and dimer-dimer
interactions cannot have a larger influence on the heat
capacity than the monomer-monomer interaction has.

8.2. Role of the dimer contributions

In order to reproduce the temperature dependence
𝑖𝑄(𝑡), we used the values determined for 𝑐d(𝑡) in work
[22]. The corresponding results are shown in Fig. 10.

One can see that the experimental data are well
reproduced, if 𝑡 ≤ 0.8. In this case, the contribu-
tions given by the monomer-dimer and dimer-dimer
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interactions increase with the temperature and reach
about 1%. The contribution of dimer vibrations also
increases with the temperature and equals approx-
imately 6%. The application of other 𝑐d(𝑡)-values
[9,33,34] results in a worse agreement between the ex-
perimental and calculation data. The absence of the
complete agreement in the interval 0.8 < 𝑡 < 0.95
can be explained by an error in the determination of
𝑐d(𝑡) and the necessity to take trimers and higher-
order clusters into consideration [23, 35].

9. Discussion of the Results Obtained

In this work, the physical nature of the polarizability
of water molecules in the vapor phase, its effective
value per molecule, the heat capacity of water vapor,
and the corresponding temperature dependences are
considered. If the dimerization and thermal excita-
tions of dimers are taken into account, the behaviors
of the effective polarizability and heat capacity are
reproduced with a relatively good accuracy. This cir-
cumstance is very important indeed, because the ex-
perimental data for the heat capacity of water vapor
are measured with a high accuracy. From our point
of view, the reproduction of the temperature depen-
dences for the effective polarizability and heat capac-
ity of saturated water vapor is one of the best tests for
various estimates of 𝑐d(𝑡). The 𝑐d(𝑡)-values were cal-
culated in work [22], by using the experimental data
of work [32] for the second virial coefficient. This test
allows us to make a conclusion that the results of work
[22] are close to optimal ones. Similar results can also
be obtained on the basis of experimental data from
work [36] (Fig. 11).

It should be emphasized that we did not use
the concept of H-bonding. All dimer properties were
studied in the framework of electrostatics. In particu-
lar, we described the oscillations of the dipole moment
of a dimer and its equilibrium parameters. An anal-
ogous situation takes place for dimer vibrations. Ho-
wever, this issue was not considered in this paper, be-
cause we used the known experimental values for vi-
bration frequencies. We would like to emphasize also
that the behaviors of the effective polarizability and
heat capacity were also studied in works [23,31]. But,
in those works, we used a model based on the vibra-
tions of H-bonds. In that case, the consideration of
many details was impossible. At the same time, with
an assumption about the electrostatic nature of H-

Fig. 10. Temperature dependence 𝑖𝑄(𝑡) in various approxima-
tions: (dashed curve) 𝑖𝑄(𝑡) = +𝑖

(mm)
𝑄 (𝑡) + 𝑖

(md)
𝑄 (𝑡) + 𝑖

(dd)
𝑄 (𝑡),

(solid curve) 𝑖𝑄(𝑡) = +𝑖
(mm)
𝑄 (𝑡) + 𝑖

(md)
𝑄 (𝑡) + 𝑖

(dd)
𝑄 (𝑡) + 𝑖

(𝑣)
𝑄 (𝑡).

Circles correspond to experimental data

Fig. 11. Temperature dependence of 𝑥d obtained in work [22]
making use of experimental data for the second virial coefficient
of saturated water vapor [32, 36]

bonds [17, 37–41], those two models become qualita-
tively equivalent.

Our approach can be generalized to liquid water
as well, and this aspect seems to us to be very im-
portant. In this case, we are faced with a difficult
problem concerning a correct description of cluster-
ing in liquid water. However, our assumption that
the electrostatic properties of multimers can be sim-
ulated, by using a set of dimers makes it possible to
draw a satisfactory picture of the liquid water prop-
erties. In this approach, an important role belongs
to the number of H-bonds per molecule, which are
considered to be electrostatic objects. In the frame-
work of an analogous model, the minimum in the heat
capacity at a constant pressure, which was observed
in works [42, 43] near a temperature of 36∘C, is re-
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Fig. 12. Comparison between the averaged potential 𝑈(dd)
a (𝑟)

describing the dipole-dipole interaction between dimers (cir-
cles) and the corresponding Lennard-Jones potential (solid
curve)

produced quite well. This issue is very important for
the physics of living matter, and it will be considered
elsewhere.

APPENDIX
Lennard-Jones Potential as an Optimal
Approximation for the Behavior of the Averaged
Dipole-Dipole Interaction Potential

Let us consider this problem for the potential of dipole-dipole
interaction between water dimers. We start from the follow-
ing definition for the averaged potential 𝑈a(𝑟) (see details and
notations in work [44]):

exp(−𝛽𝑈a(𝑟)) =

=

∮︁
Ω1=4𝜋

𝑑Ω1

4𝜋

∮︁
Ω2=4𝜋

𝑑Ω2

4𝜋
exp(−𝛽Φ(1, 2)). (37)

The numerical values of𝑈a(𝑟) calculated with the use of formula
(37) are shown in Fig. 12 as circles.

In order to determine the parameters 𝜀 = 𝜀/𝑘B𝑇c and 𝜎̃ =

𝜎/𝑟OO in the corresponding Lennard-Jones potential

𝑈𝐿𝐽 (𝑟) = 4𝜀

[︃(︂
𝜎̃

𝑟

)︂𝑛

−
(︂
𝜎̃

𝑟

)︂6
]︃
,

where 𝑈̃a = 𝑈a/𝑘B𝑇c, let us assume that the numerical values
of the product 𝑟𝑛𝑈a(𝑟) are determined by the combination

𝐿(𝑟) = −4𝜀𝜎̃6 𝑟𝑛−6 + 4𝜀𝜎̃𝑛 ≡ −𝑎 𝑟𝑛−6 + 𝑏

so that they linearly depend on 𝑟𝑛−6. Besides that, the optimal
𝑛-value corresponds to the case where the values of 𝑟𝑛𝑈a(𝑟) are
maximally close to the values of 𝐿(𝑟) for all 𝑟’s.

The parameters 𝜀 and 𝜎̃ are related to the parameters
𝑎 and 𝑏 by means of the relations 𝜎̃ = (𝑏/𝑎)1/(𝑛−6) and
𝜀 = 𝑎2/(4𝑏). One may verify that the optimal 𝑛-value for the
dipole-dipole interaction equals 12. Then the parameters 𝜀 and
𝜎̃ have the following values:
𝜀 = 0.61, 𝜎̃ = 1.19.

The convergence of the expression to 𝑟12𝑈a(𝑟) is illustrated in
Fig. 12.

The attention should be paid that, firstly, the value 𝑛 = 12

guarantees that the potentials for water and argon are sim-
ilar, which results in the argon-like temperature dependences
of the specific volume and evaporation heat for water [31]; and,
secondly, the parameters 𝜀 and 𝜎̃ weakly depend on the tem-
perature.
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СТУПIНЬ ДИМЕРИЗАЦIЇ,
ЕФЕКТИВНА ПОЛЯРИЗОВНIСТЬ МОЛЕКУЛ
I ТЕПЛОЄМНIСТЬ НАСИЧЕНОЇ ВОДЯНОЇ ПАРИ

Р е з ю м е

Робота присвячена дослiдженню властивостей водяної па-
ри. Основна увага зосереджена на фiзичнiй природi її ефе-
ктивної поляризовностi та теплоємностi при постiйному
об’ємi. Встановлено, що специфiчнi температурнi залежно-
стi цих характеристик зумовленi головним чином теплови-
ми коливаннями димерiв води. У зв’язку з цим визначено
нормальнi координати для коливань димера. Детально до-
слiдженi коливання дипольних моментiв димерiв та розгля-
нуто їх внесок у дiелектричну проникнiсть водяної пари.
Також враховано внесок мiжчастинкової взаємодiї до те-
плоємностi водяної пари. Аналiзуючи поведiнку ефективної
поляризовностi та теплоємностi, визначено температурну
залежнiсть концентрацiї димерiв вздовж лiнiї спiвiснування
рiдина–пара. Помiтна димеризацiя в насиченiй водянiй парi
вiдбувається лише за температури 𝑇/𝑇c > 0,8 (де 𝑇c – кри-
тична температура). Важливо зазначити, що успiшне вiд-
творення ефективної поляризовностi та теплоємностi може
служити хорошим випробуванням для правильного опису
концентрацiї димерiв в рiзних пiдходах.
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