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INFLUENCE OF PHOTON
SUBSYSTEM ON THE MAGNETIC
PROPERTIES OF QUANTUM GASES

1. Introduction

The possibility for the photon component to affect the magnetic properties of a system of quan-
tum gases of two-level atoms staying in thermodynamic equilibrium with radiation (photons)
has been studied. A corresponding simple model has been proposed, which enabled the general
equations describing the thermodynamic equilibrium in this system to be derived. The resulting
equations are solved in the temperature interval far from the degeneracy temperatures of all
three system components. The analysis of the solutions testified to a non-trivial behavior of
the system’s magnetic state as a response to changes in the photon density and the intensity
of the external magnetic field. It is shown that the growth of the photon density induced in the
system by external sources can increase both system’s magnetization and the density of excited
atoms. Such a conclusion is not trivial a priori given the fact that photons in the vacuum have
no magnetic moment.

Keywords: quantum gases, two-level atoms, photons, external magnetic field, thermo-
dynamic equilibrium, non-degenerate state, inverse population, magnetic properties of the
medium.

cannot be neglected, has become commonly accepted
over the almost century-long history of their research,

The very concept of “quantum gases”, i.e., quantum-
mechanical systems with many identical particles in
the gaseous aggregate state, where the overlapping
effect of the wave functions of individual particles
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which was started in the works by S. Bose, A. Ein-
stein, E. Fermi, and P. Dirac [1-4]. However, ob-
jects of this kind still continue to surprise their re-
searchers by manifesting more and more new prop-
erties, which can serve not only as a demonstration
of bright examples of quantum-mechanical effects at
the microscopic level, but they also provide reason-
able hopes for their use in practical applications; see,
for example, work [5].

Some of the mentioned new phenomena and ef-
fects in quantum gases can be related to the inter-
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action of atoms in such gases with radiation (pho-
tons). For example, in works [6,7], the study of quan-
tum gases staying in equilibrium with radiation at
ultralow temperatures made it possible to predict
some “exotic” effects in those systems, which can be
used to prove the possibility of realization of the pho-
ton Bose-Einstein condensation (BEC). Recall that,
in the vacuum, the existence of BEC of photons
is impossible, first of all, due to the lack of their
mass.

However, in the environment, the realization of
the photon BEC is possible, which was first demon-
strated in work [8] by experimenting with a liquid
dye in equilibrium with radiation at near-room tem-
peratures. In the experiments, the availability of pho-
ton mass was associated with the emergence of a
standing wave along one of the Cartesian coordi-
nates; as a result, the system became as if it were
two-dimensional. The preservation of the number of
photons in the system (which is one of the necessary
conditions for the BEC to exist) was provided by a
system of mirrors. In works [6,7], the mass of photons
was considered to be a consequence of the photon in-
teraction with atoms of ultracold gases. The effect of
photon mass acquisition due to the interaction with
the environment (quantum gases) was later proved in
work [9].

However, it should be noted that, when studying
weakly interacting gases in equilibrium with radia-
tion (see works [6,7]), the issues concerning the mag-
netic properties of the mentioned systems were ne-
glected. Namely, of the greatest interest is the in-
fluence of the photon component on the magnetiza-
tion of a system that is in equilibrium with ultra-
cold atomic gases. This interest is primarily caused
by the fact that photons do not possess a mag-
netic moment. Therefore, the very formulation of
the problem concerning the influence of the pho-
ton component on the magnetic properties of the
system may seem paradoxical. This work is devoted
to clarifying the posed problem. In the framework
of a simple model, whose basis was formulated in
works [6, 7], with a certain modification to take into
account the external magnetic field, we intend to
show that the influence of the photon component
that is in equilibrium with atoms in quantum gases
on the magnetization of the system can be quite
substantial if the system parameters acquire certain
values.
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2. Basic Equations
of Thermodynamic Equilibrium
of Photons with Quantum Gases

The conditions of thermodynamic equilibrium be-
tween radiation and quantum gases will be formu-
lated in a form close to similar conditions presented
in works [6,7]. Namely, let us consider an ideal gas of
Fermi or Bose atoms that are in thermodynamic equi-
librium with photons in the presence of an external
constant and uniform magnetic field H. The atoms of
this gas can be in only two quantum states: ground
and excited ones (two-level atoms). In other words,
the transition from one atomic state to another occurs
through the absorption or emission of a photon. Thus,
an excited atom can be considered as a “bound state”
formed by a photon and an atom in the ground
state. It should be emphasized that the atomic clas-
sification using the terms “ground state’” and “ex-
cited state” is conditional and introduced for con-
venience. Hence, we may talk about the commonly
accepted notions of the ground and excited states, as
well as about other states connected through a one-
photon transition.

The possibility of considering the system as an ideal
gas of atoms and photons can be “justified” exactly
by the fact that we describe the system in a state
of thermodynamic equilibrium between its compo-
nents. That is, the state of thermodynamic equilib-
rium is achieved by means of all possible interactions
in the system, of course. However, we will assume
that, after establishing such an equilibrium state, in-
teraction effects can be neglected when describing this
state. Taking this assumption into account, we note
that, from a formal viewpoint, the system can be con-
sidered as consisting of atoms of two types (denoted
by the subscripts ¢ = 1 and 2), which are in thermo-
dynamic equilibrium with the photon gas. In other
words, one atomic component is composed of atoms in
the ground state, and the other component is formed
by the atoms in the excited state.

Let us also assume that the atoms of two types are
characterized by a set of quantum numbers «; = 1,
spins S; = (51, 52), and the function fg,_ (p;3,¢;) of
atomic distribution over the momentum p,

fs,. (3 B,¢) = {exp[B (gi(p) — G — pHS;.) £ 1} 71,

where 9 (1)

() — < o P .
Ez(p)—€z+2M7 g <0 (2)
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is the energy of a moving atom with the momen-
tum p, in the i-th state, and with a set of quantum-
mechanical indices «; = 7 in the absence of an ex-
ternal magnetic field, e; = (e1,e2) is the energy of
a stationary atom in the corresponding quantum-
mechanical state in the absence of magnetic field,
8= % is the inverse temperature T of the system (ex-
pressed in energy units), H is the external magnetic
field directed along the axis z, m is the mass of an
atom (the mass of an atom is assumed to be identical
for different atomic states). Formula (1) also intro-
duces such parameters as the magnetic moments of
the atoms of the i-th type, uS; = (uS1, uS2). Their
projections on the z-axis (or, equivalently, on the di-
rection of the magnetic field H; see above) enter this
formula. In so doing, we may assume that the pro-
portionality coefficient p, which determines the value
of the magnetic moment of an atom, is given by the
expression p = gup, where up is the Bohr magneton,
and g is the so-called atomic g-factor (see, for exam-
ple, work [10]). In addition, the notation (; in Eq. (1)
denotes the chemical potential of atoms in the i-th
state. For definitness, we also assume that the set of
quantum numbers «; (the quantities with subscript
“1”) corresponds to the ground atomic state, and its
counterpart as (the set of the quantities with sub-
script “2”) corresponds to the excited atomic state;
see also Eq. (2). The sign “+” in formula (1) corre-
sponds to the case of fermion atoms, and the sign “—"
to bosons. It should also be noted that the spins of
atoms in the ground and excited states are considered
to be different, S; # Ss. This is a reflection of the cir-
cumstance that the spin of an atom is the vector sum
of the spin of its nucleus (which in turn is the vec-
tor sum of the spins of the nucleons and their orbital
moments) and the sum of all orbital moments and
spins of the electrons in its electron shell. Since the
ground state of an atom and its excited state are con-
nected by the absorption or emission of a photon, the
spin of the atom must also change. The issue of a spe-
cific (quantitative) change in the spin of atoms during
the transition from one state to another is quite dif-
ficult and cannot be solved in the framework of the
approach used in this article.

Let us now turn to the characteristics of the pho-
ton component, which is in the state of thermody-
namic equilibrium with the quantum two-component
gas whose characteristics are described by formulas
(1) and (2). We assume that the photon component
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is characterized by the distribution function

Fon(k; B, Gon) = {exp [B (hw(k) — Gn)] — 1}, (3)

where w(k) is the dispersion law of photons, and (pn
is the chemical potential of photons. The very fact
of introducing the chemical potential of photons into
consideration means that the preservation of their to-
tal number in a given state of thermodynamic equi-
librium is assumed, i.e., the total number of free pho-
tons in the medium and the photons formed by ex-
cited atoms is constant; for more details, see works
[5, 6]. It should be specially emphasized that since
photons are in equilibrium with the medium, they
should be considered as quasi-particles with the effec-
tive mass mpn, which is determined by the so-called
“cutoff frequency’wy = w(k = 0),

hwo

2 (4)

W():W(k:0)7 v

Mph =
where v is the velocity of light in the medium. Since
the medium is composed of dilute quantum gases, the
velocity of light in it can be considered close to the
velocity of light in vacuum, c.

Some more remarks have to be added. In this ar-
ticle, we ignore the issue of the possibility of acquir-
ing a spin (a magnetic moment) by a photon in the
medium. This issue is not simple, requires separate
studies, and remains controversial; see, for exam-
ple, works [11-13]. Therefore, formula (3) does not
contain terms that characterize the interaction of a
photon (even in the medium) with an external mag-
netic field.

Regarding the explicit form of the photon disper-
sion law, the following remark can be made. In works
[5,6,8], it was assumed, in essence, that the dispersion
law of photons could be accepted in the form that is
usual for relativistic particles,

w(k) = y/wd + v2k2. (5)

It is easy to see that, in the interval of small wave vec-
tors, this dispersion law acquires the following simpli-
fied form:

hw(k) A €ph +

2

p
S = hw = hk 6
2mph ) Eph 05 p ) ( )

where the photon mass mpy, is determined by formula
(4). Tt was already mentioned above that the effect of
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mass acquisition by photons due to their interaction
with quantum gases was substantiated in work [9]. (In
the cited work, explicit expressions for possible pho-
ton dispersion laws in quantum gases, including those
of types (5) and (6), were also obtained.)

Formula (6) attracts attention to the extremely im-
portant role of the interval of small wave vectors in
the dispersion law of photons in a medium. In paper
[6], the application of approximation (6) was justi-
fied by the fact that the main task of that article
was to demonstrate the possibility of Bose-Einstein
condensation of photons in ultracold gases. At the
same time, it was pointed out that, actually, as we
will see below, the intervals of large wave vectors do
not play a significant role in the problem under con-
sideration, because their contribution to effects and
phenomena in the relevant temperature interval is
exponentially small.

As was mentioned above, the system is in the
state of thermodynamic equilibrium with respect to
the photon absorption (emission) process. At a given
temperature, this condition of “chemical reaction” can
be presented in the following form (see work [14]):

0P 1 3(1313}1 o 6¢2
) ()~ ()

where ®,, ®5, and ®,}, are partial Gibbs potentials,
which correspond to the components of atoms of the
first and second kinds and the photon component,
respectively; Ny (H,T) and Ny (H,T) are the num-
bers of particles in the atomic components of the
first and second kinds, respectively; and Nph (H,T)
is the number of free photons (not absorbed by the
atoms). Recall that the Gibbs energy can be found
using the formula

d=FE-TS-Q, (8)

where £ = > e(p)f(p) is the internal energy,
Q = FT> ,In(1 £ f(p)) is the grand thermody-
namic potential [the upper (lower) sign corresponds
to the Bose—Einstein (Fermi-Dirac) statistics|, S =
= —(0Q/0T)y, . is the entropy, and f(p) is the dis-
tribution function of the corresponding component in
the system.

Combining condition (7) with the preservation con-
ditions for the total number of the atoms of both
types, N, and the total number of photons, V,p, in-
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cluding those contained in the excited atom and form-
ing, with it, the “bound state”, we obtain the following
system of equations:

n=mn1(H,T)+na(H,T),
nph = no(H,T) + npn(H,T), 9)

00,\ | (90, _ (022
0Ny 8Nph BRCLYA

Here, n = N/V is the total density of atoms in
the system, and npn = Nph/V is the total density
of photons in the system. In accordance with for-
mulas (1)—(3), the density of the atoms of the i-
th kind (¢ = 1,2), n;(H,T) = N;(H,T)/V, and
the density of photons in the free (unbound) state,

npw(H,T) = Npn (H,T') /V, are given by the formulas

S1
ni(H,T) = % > x
S1-=—851 p
x {exp[B(e(p) +e1—C —uHS)£1}Y,  (10)
Sa
ng(H,T) = % > ) x
Sa:=—S2 P
x {exp[B (e(p) + €2 — Co — pHS2.)] £1} 71, (11)
npn(H,T) = %Z X
x {exp [B (epn(p) + epn — Gon)] — 1371, (12)

where V' is the volume of the system.

Recall that the main task of this work is to demon-
strate the influence of the photon subsystem on the
magnetic properties of quantum gases in equilib-
rium with radiation. In this regard, it is necessary
to introduce the magnetic characteristics of the sys-
tem into consideration. Namely, these are the mag-
netizations of atomic components, M;,(H,T) and
Ms,(H,T). The magnetization density of the compo-
nent of unexcited atoms, in accordance with Eq. (1)
[see also Egs. (10) and (11)], is given by the expression

S
R Y
S1.=—51 P
x {exp [B (e(p) +e1— ¢ — pHS)£1} 7, (13)
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The magnetization density of the component with the
excited atoms in the system is determined by the sim-
ilar formula

My (H,T) 52
(7 LS Szzzpzx

S2.==52

mQ(H, T) =

x {oxp [B(e(p) + 2 — G — pHSp)|£1} 71 (14)
As a result, we arrive at the following expression for
the magnetization density of the entire system:
m(H,T):ml(H,T)—i—mg(H,T). (15)

We recall that, in this work, as was mentioned
above, we neglect the possibility for a photon in the
medium to acquire a magnetic moment. Therefore,
free (not bound in the excited state of atoms) pho-
tons make no direct contribution to the total magne-
tization of the system, which is reflected in formulas
(13)—(15).

Thus, formulas (1) and (9)—(15) contain, in prin-
ciple, all the necessary information for studying the
thermodynamics and magnetic properties of a sys-
tem that consists of quantum gases in excited and
ground states and is in thermodynamic equilibrium
with photons. In particular, using formula (8), and
formulas (1), (3), (13), and (14), Eq. (7) can be pre-
sented in the form

0m1

C1—€1+H(an )+Cph €ph =

= CQ — &9 + H (amQ)
6’112

(16)

So, now we have to supplement the first two equa-
tions in the system of equations (9) with the newly
obtained equation (16) and, in view of Egs. (13)
and (14), consider the result as a closed system
of equations describing the state of thermodynamic
equilibrium.

The research algorithm for the formulated equa-
tions is clear in principle. At the first stage, it con-
sists in finding the chemical potentials of the system
components by solving the related equations (9). Af-
terwards (again in the principle sense), it is possible
to calculate the magnetization densities of the sys-
tem, Eqgs. (13)—(15). It is the obtained expression for
the total magnetization density of the whole system,
Eq. (15), that has to be analyzed from the viewpoint
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of the influence of the parameters of the photon com-
ponent on the magnetic properties of the system. Re-
call that, as was announced above, just this effect is
of interest, because the photon itself (at least in vac-
uum; see some analysis of this issue in works [11-13])
does not possess a magnetic moment. So, as it could
seem, the photonic component cannot affect the mag-
netic properties.

The analytic solution of the system of equations
(9) is a difficult task, which is possible in a limited
number of cases. Even finding a numerical solution
to the problem in the general case is also a difficult
task. Therefore, in what follows, we confine ourselves
to the analytic study of the solution of the indicated
system of equations in the case where all three gas
components of the system are non-degenerate.

3. A System of Non-Degenerate
Gases of Atoms in Equilibrium
with a Non-Degenerate Gas

of Free Photons

In the case where all components of the researched
system are non-degenerate, expressions (1) and (9)—
(15) can be substantially simplified because of the
necessity to satisfy the relationships

— ¢ — uHS,.
exp(gl ClT,u S1>>>17

— (o — uHS,,
exp(sg CQTM 2>>>17

€ph — Cph
_ 1.
T ) >

exp (

By taking them into account, the expressions for the
distribution functions of atoms in the excited and
ground states [Eq. (1)] and for the distribution func-
tion of free photons [Eq. (3)] acquire the following
simple forms in the main approximations:

G-ertpHS, __p?
T e~ 2mT,

fSu(p;/BaCl) ~e
fSQz(p;IB7C2) ~e

Ca—eptpHSy, __p?
T e~ 2mT,
2

(18)

Cph—Eph _

fph(p;Banh> ~e T e

mphT’

As aresult, expressions (10)—(12) for the particle den-
sities in all three components of the system can also
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be simplified in the same approximation:
mT\/? &
2mh? ~
Ca—e2 [(mT 3/2 Sz HSy,
no(H, T)~e T ( ) Z T

2mh?
S2,=—S5>

Cph—Eph mpn T 3/2
nph(Hv T) ~ gph€ T <27Th2 ) )

LHS,
T
€ )

¢i—e1
Tll(H, T) ~e T
S1-=—51

(19)

where the factor g, makes allowance for the possible
degeneracy of photon states.

Next, let us introduce the following functions into
consideration:

3/2 S
mT pHS,
gl(H, T)E (271_712) e T |
S1.=—-51
mT 32 S pHSy,
D)= () 3 e
Sa.=—S>
3/2
m hT
ool = g (52 (20)

Taking them into account, expressions (19) for the
particle densities in all three components of the sys-
tem can be presented in the following form:

Gi—er

nm(H,T)=e T ¢g(H,T),
(o—€
no(H,T) = e T go(H,T),
Cph—€ph
gpn(T).

npn(H,T)=e¢ T

Note that the dependence of the quantity np, on the
magnetic field H in expression (21) is not obvious. At
this point, we may assume that this notation was
introduced only for the sake of symmetry with the
expressions for the density of atomic particles. The

justification of this notation will become clear only
. . Gi—e1 Ca—€2 Cph—€ph
after finding the quantitiese T ,e T ,e T

which, as will be shown, contain the dependence on
the magnetic field H. Expressions for these quantities
can be obtained by solving the system of equations
(9). With regard for formulas (17)—(21), this system
looks like

(21)

)

Gi—er

(a—€
n=e¢ T ¢g(HT)+e T 2gg(H,T),
Cph_eph (a—e€2
Nph =¢€¢ T gPh(T)+6 T 92(H7T)a
{1—€1 Cph—€ph Cph—€ph
Y (H,T),

e T e T =e T
ISSN 2071-0194. Ukr. J. Phys. 2024. Vol. 69, No. 8

(22)

where the third equation is the rewritten equation
(16) with the introduced function

_ 87712 87711 H
¢ijwﬁgm—%)T}

to make the calculations more convenient. The func-
tion ¥ (H,T) is assumed to be known, and it will be
determined later.

Thus, (22) is a system of algebraic equations for
. . Ci—er Ca—e2 Cph —€ph
finding the quantities e T ,e T ,ande T

Its solving does not cause principal difficulties, but
the final result is rather cumbersome:

(23)

Cph—€ph 1
T

59D {— (k(H,T)+n—npy) +

(& =
29 ph

+ \/(;-e(H7 T)+n— nph)2 + dnpnk(H, T) },

¢1—er 1
T o= ] -
20, (.T) { (k(H,T) 4+ npn —n) +
(24)
(L, T) 41— ) + A (H, T) }
52;62 1 T
©T T (M)
_ \/(m(H, T)+n— nph)2 + 4dnpnk(H, T) },
Here, we introduced the function
91(H, T)gpn(T)
w(H,T) = I 20900\ ) g ) — oo (T) x
51 WH Sy, 52 185\
x 3 e ( ST ) o (H,T), (25)
S1.=—51 S2,=—S52

dependent on the temperature and the magnetic field.
Recall that the function ¢ (H,T) still needs to be
defined.

Formulas (24)—(25) obtained for the quantities

e T ,e T ,ande T  make it possible to write

down expressions for particle densities of all system
components in terms of system parameters, which are

605



M. Bulakhov, A.S. Peletminskii, Yu.V. Slyusarenko

considered, as before, to be already known:

npn(H,T) = % {_ (k(H,T)+n—npn) +

+ (R, T) + = nw)? + dnpui(H, T) }

1

n(H,T) = 3 {— (k(H,T) 4+ npn —n) +

+ \/(H(H,T) —|—n—nph)2 +4ﬂphli(H,T)},

no(H,T) = % {(H(H,T) + npn +n) —

_ \/(,.;(H, T) +n — npn)? + dnpnk(H, T) }

These expressions, in turn, make it possible to write
down rather simple formulas for the particle distribu-
tion functions of all three components:

_ S (9rh?\Y?
fSlz(p;ﬂ7C1) =e 2mT+ T ( > %

mT
—1
51 ,LHslz
X ny(H,T), (27)
Si.==%
p’ MHSQZ omh2\*/?
foun 01, 2) =BT (2]
-1
Sa ’
wHSS
| 3 e T | m(HT), (28)
S
fon(P; B Cpon) =
P ropp2\Y/?
e QmphT( ) non(H,T). 29
o o ph(H,T) (29)
Now, in view of Egs. (13)—(15) and (27)—(29), we

arrive at the following expressions determining the
magnetization of the system:

S ZeuHi?lz
(Slz—z_sl '
ml(Ha T) =M g B nl(H7 T)a (30)
1 nHS!
Z e le
(Siz—SH
( Z SQzGMHi?Qz)
So.=—5
mZ(Ha T) =K : g : < ’I’L2(H, T) (31)
2 nwHS,
Z e T2z
(Séz—52
606

Let us pay attention to the fact that the sums over
the spin projections, which enter expressions (25) and

(30)—(31), can be calculated following the rules for
the calculation of the geometric progression sum; in
particular,
_ pHS, pH(2S1+1)
S1 WHS! e T (e T — 1)
e = uH

S, =-51 eT —1

. H
~ sinh &2(S) + 3) -
= (32)

sinh 5=

Then the sum ratio in the determination of the quan-
tity & [see Eq. (25)] can be represented in the form

51 Sq -1

/J‘HS z /J'HS z

I P S I

S1:=—51 Sa.=—5>

_ sinh%@& +3) (33)
sinh%(S’z-&-%).

On the other hand, for the sum ratios in Egs. (30)

and (31), we arrive at the following expressions:
s -1
uHS - ! pHS,
S s 3 ) -
S1.=—-51 Si,=—51
1 uH 1 1 uwH
= — | coth — — —coth — 4
<S1 + 2) co <5’1 + 2) 5 coth 5o (34)
—1
[,LHS2Z Sz )U'Hséz
Z Soe e T =
S2.==52 St =-S5
1 uH 1 1 uwH
= |82+ =) coth— (S2 + = —coth — 35
<2+2)C0 T<2+2) peothop (39)

Now, we can return to the definition of the function
¥ (H,T). In accordance with Eq. (23) and accounting
for Egs. (30), (31), (34), and (35),

( (H’ T) =
{(Sng%) coth

%(Sng%)f(Sﬁ )coth’ (Sl+ )}%

(36)

=€

With the known expression (36), the function x(H,T)
[see Eq. (25)] also becomes completely defined,

sinh M (S + l)
smh“ (52 + )
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T T
(37)

Therefore, in expressions (24) and (26)—(31), the
quantity x(H,T) has now to be taken in form (37).
For the sake of a qualitative rather than a quanti-
tative analysis of the obtained results, let us consider
the cases of low (% < 1) and high (% > 1) mag-
netic fields. It can be easily verified that, in the case
of low magnetic fields, formula (33) takes the form

—1
S S.
! wHS, < 2 ;LHs%)
E e T E e T ~
S2,=—S5>

S1.==51
251 +1 1 HY
~ 2 T+ =(S1 — S2)(51 + S2 +1) 22) )
6 T
(38)

T 25, +1

At the same time, in the case of high magnetic fields
(in the above sense), the same formula shows an ex-
ponential field dependence,

—1
Sl SZ
BwHS, nHSy, _g
g e T ( E e T) ~ 1792 (39)
S.

S1.=—51 S2,=—S5>

The dependence of the magnetization density of the
system on the magnetic field is also determined, as
one can see, from Egs. (30) and (31), by quantities
(34) and (35), which enter the definition of x(H,T)
as well. In the two limiting approximations proposed
for consideration, these quantities are given by the
following express1ons:

( ) if 4 < 1,
—1
Z S pHS, i BHSY,
1.€ T e T ~
S1.==51 S, =—51
1
~ 2SS+ 1) A (40)
-1
pHSo, 52 rHS3,
3 st 5 )
So.=— 84 =—5s
H
~ =5, (52 + 1) MT, (41)
(i) and if &5 > 1,
S1 S1 , -t
HwHS;, wHSY,
Z S1z€ T Z e T ~ Sla (42)

S1.=—51 S1,=—51
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S -1
2 wHSY
E e T ~ Ss.

S‘gzz_SQ

(43)

52 HS
nHSy,
E SQZG T

S2,=—S52

Thus, taking into account formulas (38) and (39)-
(43), expression (37) for the system parameter
k(H,T) takes the form

251+1X
255 +1

1 wH
><<1+6(SQ—S1)(51+SQ+1)<T>>

for low magnetic fields (
the simple expression

K(H,T) = ko(T)
(44)
< 1) and transforms into

K(H,T) ~ ko (T) (45)
for high magnetic fields (“H > 1). As one can see
from expression (44), in the interval of low magnetic
fields, x(H,T) increases quadratically with the in-
creasing field if Sy > S;. In the case of high mag-
netic fields, as follows from Eq. (45), the quantity
k(H,T) in the main approximation ceases to be af-
fected by the magnetic field at all as the magnetic
field increases. Its dependence on the field intensity
manifests itself in the following summands of the type

exp (
parameter values. As one can see by comparing for-

wH ) which are exponentially decaying at large

mulas (44) and (45), within the whole interval of the
magnetic field change from % < 1 to % > 1,

the value of x(H,T) with Sy > S; increases from
K(H,T) ~ ro(T)355%5 to k(H,T) ~ ro(T). Recall
that this quantity characterizes the dependence of the
particle densities of all three components on the mag-
netic field in two considered limiting cases. Thus, as
one can see, by changing the magnetic field, we can
affect both the density of free photons in the system,
npn(H, T'), and the degree of the inverse population of
atomic levels characterized by the density no(H,T).
Now, with regard to Eq. (26), let us analyze for-
mulas (26), (30), (31), and (15) and find how the
photonic component of the system affects its mag-
netization. Again, since the problem is complicated
due to its multiparametric character and the com-
plexity of the relevant transcendental equations, we
will follow the influence of photons on system’s mag-
netization in the framework of a certain perturbation

607




M. Bulakhov, A.S. Peletminskii, Yu.V. Slyusarenko

theory. Namely, consider the case of low photon com-
ponent density in the system, np, < n, and the case
npn ~ n. Note at once that the case ny, > n can-
not be correctly considered in the framework of the
model discussed this article because it contradicts the
two-level atom approximation.

In the approximation of low photon density, expres-
sions (26) become simpler:

npnk(H, T)
mn( D)~ SOy v
NphN
k(H,T)+n’

NphN
k(H,T)+n’

n1(H,T) ~n-— (46)

no(H,T) =

which makes it possible, using Eqgs. (44), (40), and
(41), to immediately write down the formula for the
magnetic moment density of the system in the case of
a low external magnetic field (see Egs. (30) and (31)),

W H
m(H, T) = 3T ([52 (SQ + 1) — Sl (Sl + 1)] X
NphN
S LN T 1)n>, (47)
ro(T)3354T +n

where the quantity ko(7) is determined by for-
mula (25).

From formula (31), it is easy to see that, in this
approximation (a low magnetic field, % < 1, and
a low photon component density), the system mag-
netization at S; < S increases not only with the
growth of the external field magnitude, but also with
the growth of the photon density. That is, provided
the availability of a low magnetic field affecting the
system, the “pumping” of additional photons into the
system from outside contributes to the increase of its
magnetic moment, even if the field itself does not in-
crease.

In the case of high magnetic fields, % > 1,and a
low photon component density, npn < n, and assum-
ing 57 < S5 again, we obtain the following expression
for the magnetic moment density of the whole system:

NiphT

m(H,T) ~ pnSy + p (S2 — 51) o)+’

(48)

where the quantity ko(7'), as above, is determined
by formula (25). Again, we can see that, provided
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the magnetic field is constant and large by strength,
the increase of the total photon density induces the
growth of the system magnetization. We would like to
emphasize that we are talking — in both cases, (47)
and (48) — only about the tendency of such a magne-
tization growth precisely because there is a necessity
to keep the consideration within the approximation
Nph K N.

Finally, let us consider the case npy, ~ n. Recall
that the case npy > n is incorrect in the framework
of the applied model, because it violates the assump-
tion about the two-level atom. Therefore, if the re-
lationship npn ~ n is valid, expressions (26) for the
component densities can be given in the form

non (H, T) ~ % {\/KQ(H, T) + dnw(H,T) — k(H, T) -

- (1 * \/n2(H,,;()HJ£q)m(H, T)) 5”}’

ny(H,T)~ % {\//{2(H, T) + 4nk(H,T) — x(H,T) +
k(H,T)

* (1  J/R2(H,T) + 4ns(H, T)) 5n}’
no(H,T) ~

(49)

~n— ;{\//@(H,T)—!—Zln/{(H,T) - k(H,T)—

_ <1
where 0n = n — npy, and the quantity «(H,T) is
determined by formula (37).

Below, we present formulas for system’s magnetiza-
tion, which were obtained proceeding from Eq. (49) in
the main approximation édn = 0, in the cases of high
and low magnetic fields, as was discussed above. For
low magnetic fields, % < 1, the expression for the
medium magnetization reads
urH < 1

— 5( /@2(T)+4nn(T)—n(T)> X

- \/KQ(H,KT%H—;Z)M(H, T)) 5”}’

m(H,T) ~
X [S2(S241) = 81 (S1 +1)] + S2(52 + 1)”)7 (50)

where k(T') is given by expression (44) in the main
approximation at % < 1. In the same limiting ap-
proximation for densities, npn = n, the formula for
the system magnetization in the case % > 1 looks
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like

1
m(H,T) = uSan — oK (82 —Sp) x

x <\/H3(T) + dnko(T) — HO(T)>, (51)
where £o(T") is given by expression (45) in the main
approximation at % > 1.

From a comparative analysis of expressions (46)
and (49), as well as expressions (47) and (48) with
expressions (50) and (51), it is possible to understand
that the tendency for the component density to grow
with the increasing inverse population of energy lev-
els, as well as for the magnetization density of the
system to grow with the increase of the total photon
density in the system, npp, is preserved within the
whole interval 0 < np, < n allowed by the model of
this parameter change (see above).

The presented analysis testifies that the inverse
level population can be controlled and the magne-
tization of the medium can be changed by inject-
ing photons into the medium from the outside, i.e.,
by increasing the value of np,. However, it is also
worth noting that the behavior of the inverse pop-
ulation and the magnetic moment density of the
medium can be substantially determined by the quan-
tity k(H,T), i.e., the variation of the external mag-
netic field. In this regard, it should be noted that
the quantity x(H,T) determined by the expression
(25) also contains the temperature and the parame-
ters of the photon energy spectrum (the cutoff fre-
quency or the photon mass; see Egs. (5) and (6)
in formulas (24), (26), (46), and (49)—(51). That is,
the value of k(H,T) can be changed by varying both
the magnetic field and the temperature [not violating
the limits of the high-temperature approximation; see

Eq. (19)].

4. Conclusions

To summarize, the possibility has been proved that
the photon component can affect the magnetic prop-
erties of a system of quantum gases that are in
thermodynamic equilibrium with radiation (photons)
and under the influence of an external magnetic
field. Such a conclusion is not trivial a priori given
the fact that photons in the vacuum do not possess a
magnetic moment. The statement about the substan-
tial influence of the photon subsystem on the medium

ISSN 2071-0194. Ukr. J. Phys. 2024. Vol. 69, No. 8

magnetization follows from the analysis of the solu-
tions of the general equations describing the thermo-
dynamic equilibrium state in the system, far from the
degeneracy temperatures of all three of its compo-
nents. The possibility of controlling the inverse pop-
ulation of the levels of atomic components, as well as
the magnetic properties of the medium, by means of
additional pumping of photons into the system and
changing the intensity of the external magnetic field
and the temperature has been illustrated.
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M. Byaazxos, O.C. [Teaemmuncorud,
IO.B. Carcapenko

BIIJINB ®OTOHHOI
MMIJICUCTEMIU HA MATHITHI
BJIACTHMBOCTI KBAHTOBUX I'A3IB

BuBueHo MoKIuBICTH BIUIMBY (DOTOHHOIO KOMIIOHEHTa Ha Ma-
THITHI BJIACTHBOCTI CHCTEeMH i3 KBaHTOBUX rasis, 1o mepebyBa-
I0Th y TepMOJMHaMiuHi# piBHOBa3i 3 BunpoMinoBaHHaAM (do-
TOHaMM). 3aIlPOIOHOBAHO IIPOCTY MOJE/b CHUCTEMH, B PaMKaxX
AKOI 3400yTO 3arajibHi pIiBHSHHS, IO OIHCYIOTH TEPMOIUHA-
MiUHYy piBHOBary KBaHTOBHUX Ia3iB JBOPiBHEBHX aTOMiB i3 ¢do-
Tonamu. OTpumMaHi piBHsIHHS PO3B’s3aHO B O0JIacTi TeMuepa-
TYp, JaJeKuX BiJl TeMIepaTypu BHPOIKEHHS BCiX TPHOX KOM-
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[IOHEHTIB cucremMu. AHaJjli3 po3B’s3KIB CBIIYUTH PO HETPUBI-
aJIbHY IOBEJIHKY MArHiTHOIO CTaHy CHCTEMH sIK BiJIIOBiAb Ha
3MiHy rycTuHE (DOTOHIB Ta IHTEHCHBHOCTI 30BHIIIHBOIO MarHi-
THOro moJisi. [lokazano, 1o 36ibIIeHHsT T'yCTHHA (DOTOHIB B
CHCTEeMi 3a paxXxyHOK 30BHIIIHIX JKepejl MOXKe IPUBOIUTU 0
30JIbIIIEHHST sIK HaMarHiYeHOCTI cucTeMH, TakK i ryCTUHH 30y-
JPKeHUX aToMiB. Taknil BUCHOBOK He € a priory TPHUBiaJbHUM
3 OIVIsily Ha Te, IO (DOTOHU y BAKyyMi HE MarOThb MArHITHOrO
MOMEHTY.

Katowoei cao06a: KBAaHTOBI ra3u, ABOpiBHEBI aTomu, (poTo-
HH, 30BHIIIHE MarHiTHE I10JIe, TEPMOUHAMIYHA PIBHOBAara, He-
BUPOJ/?KEHUIl CTaH, iHBepCHA 3aCeJIeHICTb, MarHiTHI BJIACTHUBO-
CTi cepeloBHIINA.
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