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TO THE THEORY OF THE LAMB SHIFT
IN THE RELATIVISTIC HYDROGEN ATOM

Radiative corrections which remove the accidental degeneracy in the spectrum of the relativistic
hydrogen atom and lead to the modification of the Coulomb law, are calculated within the novel
approach, based on the exact solution of the Dirac equation with the Coulomb potential. The
energy spectrum of the hydrogen atom is obtained with account for these corrections, and the
Lamb shift is calculated for the lowest energy states.
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1. Introduction

The most adequate and complete description of the
electron states in a nucleus field is provided by
the Dirac equation (DE) with the Coulomb poten-
tial [1, 2]. The essential consequence of the relativis-
tic DE is the natural appearance of the electron
spin. It has been shown that there exists the fine-
structure splitting of the hydrogen-like energy lev-
els which originates from the spin-orbit interaction.
The latter removes the orbital degeneracy in the
non-relativistic treatment of the problem within the
Schrodinger equation. But it turns out that it re-
moves degeneracy not completely. For example, ac-
cording to the DE, the 25,5 and 2P, 5 states have
the same energy. This so-called accidental degener-
acy arises from the specific features of the Coulomb
potential and is explained by the existence of sev-
eral, namely Dirac, Johnson-Lippmann and Brizhik—
Eremko—Loktev spinor invariants [3], whose commu-
tators are non-zero.

In 1947, W. Lamb reported on an unexpected pe-
culiarity in the fine structure of atomic hydrogen:
a separation of the 25, and 2P/, levels, known
now as the Lamb shift. It indicates that the Coulomb
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law fails at short distance scales. This discovery was
a stimulus for the modern development of quan-
tum electrodynamics (QED). The explanations of the
Lamb shift and the anomalous electron g-factor are
historically, the major advancements of QED.

Within the covariant formalism of the QED based
on the perturbative expansion of the S-matrix, an
electron is studied with account for the influence of
two fields on it. One of them is the self-radiation field
(electron-photon interaction; and the second one is
an external electromagnetic field. The former inter-
action leads to the appearance of radiation correc-
tions (RCs) to the electron interaction with an ex-
ternal field, while the external central potential re-
sults in the appearance of the bound electron states
with the discrete energies affected by the RCs. It has
been shown that the covariant formalism can be gen-
eralized, in principle, for the bound states as well,
although calculation of the higher-order Feynman di-
agrams is very cumbersome. Usually, the perturba-
tion theory is used with the description of bound
states by solutions of the Schrodinger equation. The
Lamb shift calculations within such a scheme are de-
scribed in many textbooks on QED, e.g., [4], and in
the review papers. Nevertheless, it is important that
namely the DE provides the correct transition to the
non-relativistic limit. Considering the full set of the
DE invariants, the complete set of relativistic correc-
tions in the Schrodinger equation has been calculated
in [5,6]. Thus, it is worth to calculate the Lamb shift
with account for these facts.
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In the present paper, we calculate the Lamb shift
within the conventional in quantum mechanics Ha-
miltonian description, applied to the DE. Solving ex-
actly the DE with the Coulomb potential, the rela-
tivistic Hamiltonian of the hydrogen atom is obtained
with account for all known RCs, which are calculated
using DE exact solution. The factors decreasing the
symmetry and excluding additional invariants from
the set of the integrals of motion remove the energy
degeneracy. One of such factors is a deviation of the
electric field, which acts on the electron in the atom,
from the Coulomb law. The RCs due to interaction
of the electron with external fields are summarized in
the next Section.

2. Radiative Corrections
to the Coulomb Potential

The RCs have been considered in the textbook by
Bogolyubov and Shirkov [7] (see also [8]). The RCs
include renormalization of the photon and spinor
(electron-positron) fields due to the interaction be-
tween them, and the vacuum polarization by the
electric field of an external charge. To be more ex-
act, the RCs essentially arise from the following main
factors:

e creation and annihilation of virtual electron-posi-
tron pairs accompanying the photon propagation
which can be taken into account by the photon po-
larization (PP) propagator;

e creation and annihilation of virtual photons
by an electron which contributes to electron self-
energy (SE);

¢ dependence of the vacuum energy on the external
constant magnetic and electric fields which leads to
the electric and magnetic polarizations of the vacuum
(for instance, by the electric field of a point charge).

To calculate the Lamb shift, we consider the ex-
plicit expressions of these RCs.

2.1. Effective QED
potential from photon polarization

The contribution associated with the PP effect ex-
tracted after employing some techniques within the
QED S-matrix formalism. In the case of a point
charge Ze (e.g., charge of a nucleus with Z protons)
the electric field is given by the Coulomb scalar po-
tential p¢(r). With account for the polarization RCs,
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this field is replaced by “the effective field” [8-10]

1
(eff) — —PD 1
® vc + 47777 vc, (1)

where P is the PP operator and D is the pho-
ton propagator which can be taken in the zero
approximation. The second term in this expression
(1/4m)PDyc = = dppp represents the correspond-
ing PP correction of the Coulomb potential. In the
coordinate space for a hydrogen atom (Z = 1), which
we will consider below, it has the form [8,9]

650PP(T)_2ae/e_% (1+ 1) ‘CZ_ldCa (2)

T 3
1

22 ¢

where e > 0 is the elementary charge (respectively,
electron charge is —e), and a = e*/hc ~ 1/137 is
Sommerfeld fine structure constant. The potential (2)
is named after E.A. Uehling, who was the first who
calculated it in 1935 for a point charge [11]. In two

limiting cases, this correction can be represented as
[8,9] (see also [12])

2c )\C 5
L mil-c-2)<° A
3 (n r ¢ 6> (r <Ac),
dppp (T) = o A\ 3/2 . (3)
—2r/Ac C =
—4ﬁe (r ) . (r> Ac).

Here, A, = h/mc is the Compton wavelength which
plays the role of a characteristic length for the spa-
cial behavior of the PP corrections which exponential
decreases at r > ..

2.2. Effective QED potential
from the electron self-energy

In QED, the interaction of a free electron with an
external potential source is described by the term
—efy“AEf)(q), where ¢ = py — p1 is the exchange of
a four-momentum. It contains the factor —evy* as-
sociated with each space-time point (vertex) with
" (= 0,1,2,3) being the Dirac matrices. The cor-
responding S-matrix expansion can be combined
through the substitution

Y = TH =" + A (p1,p2),

where

.otq,
Ni(g) = V" Fi (@) + i 52 Fa(g?), (4)
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is the regularized (physical) vertex-correction func-
tion [8] which gives radiative self-energy correction
into the effective interaction of an electron with the
external field —eF"AEth) (¢). In (4) functions F; and
F5 are known as the electric and magnetic form fac-
tors, respectively.

Using the fact that the effective interaction is sand-
wiched between the free-electron (on-mass-shell) field
operators 4, and u,,, the field of external point

charge AéeXt) = c generates a vertex-correction po-
tential 6Vsr(q) = —edpsr(q) of the form
_ Ame

Spsu(q) = AR(q)pc(q) = ?A%(q),

which is the sum of the electric and magnetic correc-
tions to the Coulomb potential, dpgg(r) = 0@elec(r) +
+ 0Ymagn(r), corresponding to the respective form
factors.

Since the vertex function depends on the momen-
tum transfer q only, it conveniently yields the local
potential in the real space. In the coordinate space,
the electric form factor gives the scalar potential cor-

rection
o0

L / d¢ e3¢ x

27r

1
2 2
y -3¢?+2+ (2¢* - 1) In 47
C2./C2 -1

The magnetic form factor leads to the correction in

the form

590e1ec (7”') =

ealc do (1)

0Pmag () = . dr f‘-er, (6)
where -

d
s =1 1=/ e Cgl , (7)

£ (0 —ig T
t=(6 ) er =

and 6, = &-e;, 6, (j = z,y, 2) are the Pauli matrices

m=(o) a=(G0) ==02) ®
These self-energy effective potentials were first de-
rived with respect to a point nucleus (Coulomb po-
tential) [13, 14].

It follows from Egs. (6) and (7) that, similar to
the PP corrections, the Compton wavelength A¢ here
also plays the role of a RC spacial damping.
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2.3. Effective QED
potential from the vacuum polarization

Quantization of the electron-positron field leads
to the appearance of an infinite constant Ey,. =
== b0 EI()_), where the values —EI(,_) are negative
eigenvalues of the DE. This constant is interpreted
as the vacuum energy, from which the energies of the
spinor field excitations are reckoned. In the presence
of a constant electromagnetic field, the energies E;(,_)
are shifted, which results in the dependence of the
space properties on the field and changes vacuum elec-
tromagnetic field equations. This transforms the lin-
ear Maxwell equations into nonlinear equations and
leads to the observable effects, such as light scatter-
ing by light or by an external field. W. Heisenberg
and H. Euler [15] were the first who studied this phe-
nomenon within the Lagrange density formalism (see
also [16]). As a result, the Maxwell equations in vac-
uum take the form of the macroscopic equations for
the field in a material medium

ng:_lﬁé’ V x B =0,
c Ot 5

V x (B—47TM):§(5+47T’P), )
V x (E+47P) =0,
where

AL
p_ AL OAL

o0& oB

are the electric and magnetic vacuum polarization
vectors, correspondingly [8,9]. Here AL is a change in
the Lagrange functional which accounts for the vac-
uum energy. In the case B = 0, the vector P

OAL a2
0E  90m2mAcd

P = E°E.

For the central symmetric field, one has € = £(r)e,
(er = r/r) and from the Maxwell equation Vx
x (€ 4+47P) = 0 it follows that

2R304 e

E4 -2 g3

45mm4cd 72 (10)

The integration constant e in expression (10) is de-
termined from the condition that, at o — 0, the field
should coincide with the Coulomb field of the elemen-
tary charge e. In the case of a nucleus charge Ze, the
problem can be easily generalized.
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Assuming that the point charge field differs slightly
from the Coulomb law &y(r) = e/r? due to the small-
ness of the coefficient «;, we can search for an approx-
imate solution of the non-linear equation (10) in the
form of the expansion £ = & + o2& + .... For the
first order correction of the electric field, we obtain

2% €3 2M3a2 2\ !
EE=——"""—— (1 4+ ——] .
45mm4cd rb 15mmacd r4

It is useful to introduce the constant rg

2&3 1/4
=(—1] X A
7o <157r> c < Ag,

which has the dimensionality of the length. Then the
electric field in the first-order approximation is given
by the expression

E(r) = —+A5\,ac( )
e ré
Agvac = _770-
(r) 3r2(rt +ry)
For the given electric field, the scalar potential
is determined by integrating the equality dp/dr =

(11)

(12)
(13)

= —=E(r) = — (&(r) + Ayac(r)), and, therefore,
e
(1) = @o(r) + Bgvac(r),  polr) = -,
d(égpvac(r)) _ ¢ 7“3
dr _37"2(7"4—&—1"3)'

Integrating this equation, we get the vacuum polar-
ization correction dpyac(r) to the scalar potential of
a point charge

Gty = =5 (14 F) = 5=—).

where

(14)

Fr) / r2dr 1 1 r —\fror—i—ro
)= =
rrd 2v/2r 7"2 +V2ror + 13

2 2
+ arctan (ﬂ — ) + arctan (ﬁ + 1> .

1
e e (15)

Here, the integration constant C' = —7/ 2\/51"0 is de-
termined from the boundary condition d¢yac(r) = 0
at r — oo.

It follows from this approximation that the first-
order RC d¢yac(r) at r > ro diminishes by the power
law ~ 1/r5 (cf. Egs. (3) and (7), where the behavior
is exponential).

Note also that values P and M become zero for
electromagnetic plane waves.
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3. Effective Hamiltonian of a Dirac Atom

In QED, the DE is the Euler-Lagrange equation
which follows from minimization of the action func-
tional S = [Ld'xz where £ is the Lagrange den-
sity which depends on the spinor and electromag-
netic fields variables. The Dirac spinor field is de-
scribed by bispinor ¥ and the Dirac conjugated one
U = Ui, The electromagnetic field variable is the
4-potential A = (p, A) whose contravariant compo-
nents A* (u = 0,1,2,3) are the scalar ¢ and vector
A potentials as above.

The Hamilton functional of the spinor field is de-

termined as
)d = / Hdr,

H= /<zh\1ﬁa

where H = UH(r)Hp¥(r) is the Hamiltonian den-
sity with H D, being the Dirac Hamiltonian, and the
spatial integration is carried out over the whole vol-
ume. With regard for the above-described RC, the
Dirac Hamiltonian in the presence of the Coulomb
potential pc(r) created by the external point charge
e is

Hp

(16)

2

:cdxf)+m026767+VRc (r). (17)

Here & = }_; e;d; is the vector matrix whose compo-

nents &; (j = z,v, z) together with the matrix B are
the hermitian Dirac matrices which, in the standard
representation, have the following form:

. (06 5 _ (L, 0
a=(50) 5= (0 —f2>’
where . 2 is a unit 2 x 2 matrix. Finally, the potential

in the Dirac Hamiltonian (17) is defined as

Vre (r) = —edppp(r) —
- 66<Pelec(r) - e&pvaC(r) - 66(pmag (I‘)

(18)

The bispinor ¥(r) in Eq. (16) is the amplitude of
the Dirac spinor field and can be expanded over the
complete ortho-normalized bispinor system. The op-
erator (17) can be represented as Hp = Hy + Ve
where Hy = cap+mc?3— e? /r is the Dirac Hamilto-
nian with the Coulomb potential only. The DE with
the Coulomb potential HyU = EV admits the ex-
act solution and gives the complete ortho-normalized
system of the eigen bispinors and the eigenvalue spec-
trum which includes the sectors of positive values
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E. {,y > 0 with the eigen bispinors ¥, 1,1 (electrons)
and of negative values E, (,; < 0 with the eigen
bispinors W, ¢, (positrons) which are characterized
by their own sets of quantum numbers {r} and {u}.

The expansion ¥(r) in Eq. (16) over this ortho-
normalized system of bispinors

V()= ap¥ep @+ bJE#}\ij,{,u} (r)
{v} {1}

(19)

gives the relativistic Hamiltonian (16) in the represen-
tation of the occupation numbers of the stationary
states of the Hamiltonian Hy with ah} (agyy) and

bh} (buy), being the creation (annihilation) Fermi
operators of a particle (an electron) and an antipar-
ticle (a positron) in the state with quantum num-
bers {v} and {u}, respectively. Substituting expres-
sion (19) into functional (16) and excluding the in-
finite energy of the vacuum state, we come to the
relativistic positive definite operator

H=H, +H, + V., (20)

Here H,, H, and Ve,p are the Hamiltonians of elec-
trons and positrons in the Coulomb potential with the
perturbation Vrc, and the operator of their mutual
transformations due to the perturbation, respectively.

For any non-relativistic perturbation, the renor-
malization of electron and positron states is negligibly
small, which allows us to consider particles and an-
tiparticles as non-interacting objects. For a positive
point charge e, the negative eigenvalues of H, include
the continuous spectrum only, and positron eigen-
states are the spherical waves. Positive eigenvalues of
the DE determine the electron energies which include
continuous spectrum of unbound electrons and dis-
crete electron levels. Below, we consider the discrete
spectrum, only. It is characterized by the quantum
numbers

{V}:naj7mjaa (21)
in which 13
77,2172,..., j:§,§7...7n—§,

(22)

. . 1
mj; = x5, £(j — 1), ...,:|:§
are the principal quantum number, the total angular
momentum and its projection on the polar axis, re-

spectively, and o is the sign of the spinor invariant
(see [3]).
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The eigen bispinors of the stationary bound elec-
tron states in an atom are the well-known Darwin
solutions which can be written down as

\I/{V}(I‘):
_( R —o(1/2)m,.0(0, ) >
Mg QT (1) o 1/2),m,0 (95 )

where €2z1/2 m; + are the spherical spinors, functions

(23)

Rfi)j and Gg’)j are the radial functions whose ex-
plicit expressions are calculated in [17], and param-
eter A, ; < 1 indicates the smallness of the lower
spinor in the bispinor ¥, ;. s (see below). Accor-
ding to the complete set of the integrals of motion,
these bispinors are characterized by the quantum
numbers (21), (22), where o = =+ indicates the states
witth positive or negative (equal to ok; = o(j+1/2))
eigenvalue of the Dirac invariant.

Hydrogen atom levels are given by the expression

o? n—A;
SR S P (24)
! N2, MNaj
where
N, = (n—Aj)2+a , (25)
o2
A =Kj — v, = 26
J 5 = kit Tn ( )
1
Ve = (/K] —a?, Rj =G+ 5 (27)

Here A; is the splitting of the fine-structure multi-
plets which is usually treated as arising due to the
spin-orbit interaction. Parameter A, ;

N 1—57173'_ (&%
e 1+€n,j _Nn,j —|—n—Aj

(28)

in bispinor (23) determines the relation between the
upper and lower spinors of the Dirac bispinor.

Therefore, the Hamiltonian of the Dirac atom
bound states is

H= Y En,jajlvj,mwan’j,mj,a + (29)
n,j,m;,o
;
+ Y Vi wral,y e (30)
{v} v’}
where E,, j = mc%e, ; and
Vi = / W, (1) Ve () W0y ()l (31)
are matrix elements of the RC.
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4. Matrix Elements
of the Radiative Corrections

The RC in Eq. (17) can be represented as the sum of
two terms,

Vae(r) = VO (r) + V& (r)

where

V(l)(r) = —edppp(r) — edelec(r) — €0 pyac(r) =
= VPP (’I") + ‘/elec("") + Vvac(r) = V(l)(r)

(see Egs. (2), (5) and (14)), and

e2alc do (1) -
V(2)(r) = 7?7:[‘ X €er =

= Vinag(r) = VO ()T x e,
includes the correction from the magnetic electron
form factor (6).

The perturbation V) (r) = V) (r) is the scalar
potential whose matrix elements are

Vit = /V(l)( YT, (1) Uy (r)dr =

_ / dipsinddor?drv D (r) [R) ()RS ) (o) +
A Q7 (0)Q1 5 ()] %

X QJ ol/2,m;,o (19 90) Qj/—a/l/lm;,al (19’ SD) .

Since the spherical spinors are orthogonal, the ma-
trix elements in Hamiltonian (29) are diagonal:

1 1)
V{(”})’»{V/} - V;(U n n/éj’,j(sm;,mj 0o o

According to (6), matrix elements of the perturba-
tion Va(r) are
V{(E])*,{V’} - /\IIJ}LV}(I')(I)(T) I x eV, (r)dr =
= [V Py @RS )+
+ Mg QLT ()RS ()] %
X Q; o1/2,m;,0 (9, 0) Qjr—or1/2,m,0 (9, 0) d3r =
=V 0t 50mt Bt o

and also are diagonal according numbers j,m;, 0.
Therefore, the Hamiltonian of the bound hydrogen
states with regard for the RC is

_ E : ) ) i )
H= (E"-,] + Vn,g,cr) an,j,nLj,aa"».%mjﬂ +

n,7,1Mm;,0
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Ly

’ g .
n#n »J,M 5,0

leq T . ! g
ann 7]7‘7an7],mj,cfan 3755 ,0 "

As any quadratic form, this Hamiltonian can be ex-
actly diagonalized. But the main input into the en-
ergy shift is due to the diagonal elements of V(1) (r)
and V3 (r) which will be calculated below.

In view of the explicit expressions for the ra-
dial functions (see [17]), the diagonal elements v®

n,j,o
(i =1,2) are
V(?J o A%h] / Vég (p) e—pr’Yj KT(LlT),j,U(p) dp7
where Kfl) .o are polynomials of the order 2n,.:
KD, ) = (B4 0) + 32, (WD) =
2N,
=3 a(n,j,o)p (32)
v=0
and
2 o
KD, .(0) = P (pW, 7 (p) =
21,
(33)

=Y aP(n,j,0)p
v=0

Here, the coefficients a,(,i)(n,j, o) depend on the ex-
plicit expressions of the radial functions for the given

state. Therefore, the diagonal elements are

2n,.
Vi = ALy Lol i / Vi ()

X e*ppzwﬁ”dp. (34)

4.1. Modification of the Coulomb
field by the photon polarization

In this case, accounting for Eq. (2), the PP perturba-
tion can be written as

dmc?a® 1
—ed = — -F(p), 35
edppp(p) 3TN p (p) (35)
where
1\ V¢ -
N,/ L
F(p) = /e ( /e)p¢ (1 + 2§2> @ d(;
1
and 5
r
= — 36
ey v (36)
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is the dimensionless radial variable, characteristic for
each energy state. Here, rg = h?/me? is the Bohr
radius.

The diagonal matrix elements (34) Vrf’lj)wg =
= Vpp (n,j,0) after integration over p are given by
the expressions
mc?a® (1+ en,j) Nay + &) 0!

3 NZT(ne+142y)

2n,. 2"/j+l/
. (6%
< 3" alD(n, j,0)T (27; + v) (N ) CEr),. (37)
v=0

n,j

VPP (Tl,j,d) ==

where -
(PP) _ L ¢-1
o _1/ (” 2<2> ECtaNr

Due to smallness of a <« 1, it is possible to use
the approximation of 7; by integral number v; ~ &;
and in view of the inequality ¢ > «/N,, ; (¢ > 1) the
series expansion

o \H
cr55)
. a plp+1) [ o\ 1

can be used under the integral in Eq. (38).

The explicit expressions of the Uehling potential
diagonal matrix elements for the lowest energy states
are given below.

i) For the ground state 15, with quantum num-
bers n =1, j =1/2, 0 = + (n, = 0, k12 = 1), we
have the following values:

Q

2
Nitjg=1pp=2y~2a"1,1/2,+)= —"
1,1/2 1=2m ag (1,1/2,4) = 5 e
which give C2(PP) =~ 2/5 and
dmcastm Ameca®
Vep (151)2) = — >~ —
b (151/2) 157 157

ii) The excited state 2P/, with quantum numbers
n=2j=3/2,0=+ (n =0, Kg/p = 2) is charac-
terized by numbers

2
Nasja =2, =27 ~4, ai(2,3/2,+) =

1+ 8273/27

which in the same approximation gives C’ipp) ~6/35
and

Vep (2Ps)2) =~ —

mc2a7
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iii) For the state 251 /o with quantum numbers n =
=2,j=1/2,0 =+ (n, = 1, K1/5 = 1) and the radial
function polynomial (32)

2 2
£11)/2’+ = m |:(N2,1/2 - 1) (N2,1/2 +2) _

— (Majijo = 1) (Na1/2 +2) p+ p?], (39)

the matrix element in Eq. (37) in the approximation
Najqjp~2and vy ~1is

mc2a® (1 157

Ver (2512) = == <5 - 1280‘>'

iv) For the state 2P; /2 With quantum numbers n =
=2,j=1/2,0 =~ (n, = 1, k12 = 1) the radial
function polynomial (32) is

2(1+2m)
K11,1/2,_(P) = m (2= N21j2) +
2—./\/2,1/2 n /)2 :|
NQJ/Q +1 (NQJ/Q + 1)2

Here N5 1o &~ 2 and 2—N5 1 /5 ~ a? /4. Therefore, the
polynomial can be approximated by the expression
2(1+2m) {oﬁ o?

1
K! ~ —p+ =p? 40
1,1/2,—(P) Iterip | 4 + 12P+ 4 } (40)

and for the matrix element (37) one can obtain the
expression

mc2a” (9 5t

4.2. Modification of the Coulomb
field by the electron electric form factor

The expression for the electric form factor Fy(¢?) in
Eq. (4) contains in the argument of the logarithm the
parameter A — 0 which is “finite virtual photon mass”
introduced to remove the infrared singularity. It plays
the role of a low-frequency cutoff parameter. In the
standard calculation, this parameter in the general
case of arbitrary Z is assumed to be in the interval
(Za)® m < A < m and after the addition of the low-
frequency contribution parameter A cancels out. Mi-
nimization of the low-frequency contribution leads to
the equality In (4m?/A?) = 41n (1/a) + const, where
const is close to 1 [8,9,13] for Za < 1.
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The SE effective potentials (5) and (6) were first
considered in [13| and used in the calculations of the
relativistic heavy elements and in molecular calcula-
tions (see [14, 18]). As above, we consider the hydro-
gen spectrum (Z = 1), so

1

2
lnTm =2Iln—.

. (41)

According to Eq. (5), the perturbation Vejec(p) =
= —edpp(p) acquires the form

(42)

Fg(p) = /dCfelec(C) e—%g;’

e Caoac s 2 - ym () (@ - )]
elec - (2\/@7—1 .

So, the diagonal matrix elements determined in
Eq. (42), are

V:elec (’I’L, j7 J) =

mca (1+en,;) Ny, + &5) ny! y
47 NijF (ny + 14 2v,)

2n,. o 27y +v '
X Z ay’(n, j, o)l (2v; +v) (J\/) C’Q(ijei)w (43)
n,j
where -
elec felec(C)
erss)

Again, in these integrals, we can use the series expan-
sion of the expression (¢ + a/N, ;)" and calculate
the integrals using the same change of the variable as
in the case of the electron form factors [8].

For states with the maximal possible value j =
= jn =n —1/2 at the given n when K = 2/(1
€n), we have

2 270 +3
mct«o elec
V:elec(na +) = ( )

T I — , Yo =M.
27m2»y"+1,yn 20 )

Below, we write down the explicit expressions of
the diagonal matrix elements for the lowest energy
states in the approximation N3 /5 ~ 2 and 1 ~ 1.

i) For the ground state 15,5 accounting for
Eq. (41), we have

(elec) 8 1 3
2In—— -
Cz 3( " 8>
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Therefore,

Velee(151/2) =

4 2 5
me 21111—§ .
3 a 8

ii) For the first excited state 2P/, (i.e., n =2, j =
= 3/2, 0 = +) one has

(clcc) In= — E
=3 ( a 12)

and, therefore,
2.7
méal (o1 11)
807 a 12

iii) For the state 251, (n =2, j =1/2, 0 = + and
n, = 1) with radial function polynomial (39) and

c{°) ~ 3 (101 - 7),

it can be found that the diagonal matrix element is

‘/elec<251/2) =
2 5
_mea [21111—3—37T (101n1—7> a}.
[0 «

%lec(2P3/2)

6m 8 64

iv) For the state 2Py )5 (n = 2, j = 1/2, 0 = —
and n, = 1) with Ki 1)/2 (p) (40) one gets the cor-
responding diagonal matrix element for the electric

form factor
+ zoéelec)>.

Vvelec(2pl/2)

4.3. Modification of the Coulomb
field by the vacuum polarization due
to the nucleus charge field

5o 240

mc2a” (7. 1 89
247

This perturbation is described by the term Vi,.(r) =
= —edpyac(r) which, taking into account expression
(14), reads as

2mca? -
Vvac (P) = SNnijj (p)
Here, according to (15),
~ 1 0
S(p)=- - -
11 p+\fﬂmp+ﬁ 1L
4\/§5n,j P - fﬁn,jp + ﬂ 2\/§Bn,j
X |arctan V29 — 1] + arctan \[p , (44)
571,]' 677, \J
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and the following notation is introduced

5 20 (200V)
e Nn’j ].571’ '

The diagonal matrix elements of this perturbation
are given by the expressions

. 2mcca o
Vvac(”a]a U) = 3N, ; Ai,jz'r(L,])’ (45)
where -
= 1
= [ B PR, (o) o
0
where @ is defined in Eq. (44), and K,(l )J , is a poly-

nomial (32). Substituting the explicit expressions of
these polynomials into the matrix element, they take
the form

2N, o
70) = aP(ng.0) [ b0
v=0 0

Therefore, the problem is reduced to the calculation

of integrals
o0

T2r;+v :/(i)(p)e_pphj-wd@
0

e -p 2’73+Vdp

(46)

where @ is given in Eq. (44). The degree 2v; + v =
= p of the variable p can be approximated by integer
numbers 1 = 2r; + v in view of the smallness of the
constant & < 1 (y; =~ k;). But even in this case we do
not have analytic expression for such integrals. The-
refore, to obtain the dependence of integrals Jax ;4.
on the small parameter /3, ; analytically, we present
the logarithm and arctangent functions in Eq. (44)
via integrals-

L 1,7 2+ V2B p+ B2

4\/§Bn,j P - fﬁn,]p‘f'ﬁ
1
1
:7/ﬁ p
1) P+ V2Btp+ B
and

1 V2p V2p
B larctan (5 » — 1) + arctan (571] + 1)
p—B/V2
RE / lﬁ2/2+ (0B e
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p+B/V2
B2+ (p+ B/V2) 12

Changing the variable p by © = p F 3/V/2, we can
perform the integration over the radial variable in
Eq. (46) which results in representation of the matrix
elements of vacuum polarization (45) via the follow-
ing integrals

e T 2n+1 1
/ g =" a®" [ci (a) cosa +
0

+ si(a 81na+z2n—2k—|—1 )N (—a )k_l,
k=1
if 4 = 2k, + v is odd number, and

o0
efwan
- dx
T+ a

0

= (—1)"a*""ci(a)sina —

— si(a)cosa] + . (2n — 2k)! (—a?)" "
k=1

at even u. Here, si(a) and ci(a) are integral sine and
cosine functions, respectively, and a ~ 3, ;. Because
Bn,j < 1, we can use, for ci(a) and si(a), the expan-
sions

T e k+1€2k 1
si(€ §+Z‘;(2k Y2k — 1)
) oo k €2k
ci(§) =C—Iné&+ ; (-1) TN

where C = 0.5772... is the Euler’s constant.

Below, omitting the cumbersome calculation de-
tails with the use of table integrals [19], we write
down the explicit expressions of the diagonal matrix
elements for the lowest energy states.

i) For the ground state 1S5),, with the quantum
numbers n =1, j = 1/2, 0 = + (n, =0, k12 = 1,

71/2 ~ 1), and

L2 203\'/*
= 1 = —_— = = —_—

Nijayo ) g e Bra/2 =B ! (157T> ,

the diagonal matrix element is

mca? (2 2 42
vac(1,1/2,4) = SC4+im2s
Viac(1,1/2,4) = 3 (3<C+3n61+

V2+1 1\ 57
In —1 — - =
*3 ‘[ V2 — AT +12 3] 2
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ii) For the excited state 2P3/, with n = 2, j =

=3/2, 0 =+ (here n, =0, k32 = 2, y3/2 =~ 2) and
2
=2 2,1/2 e
N2,3/2 > ao( /) 1+ey
2¢ 1/4
523/2—52—a<15ﬂ_) )

in the same approximation, the diagonal matrix ele-
5mca?

.

Vvac(Qa 3/23 +) =
iii) For the excited state 25/, with n = 2, j =

=1/2, 0 =+ (n, =1, k; = 1) in the approximation
’71/2 ~ 1’ a,nd
2
~2, K ~—— (4—4p+p?
Naaja 2 Kfyao) = g (=40 +07)
/32,1/2 ~ fa,
the diagonal matrix element is
mcta? 8 V2
Viac(2,1/2,4+) = 7(C —Iln—
ae(2,1/2,4) = = +3n 52+
V2+1 4 5V2
21n 71 2 — | ==
+- \f N +Z st3+t3 2

iv) For the excited state 2Pyjp with n = 2, 5 =
=1/2,0 =— (n, =1, k; = 1) in the same approxi-
mation N5y /2 & 2, Ba1/2 & 2 and with regard for

2

@
2—Nsq/2 R
_ 2(1+2v1) (Z%2a®  Z2%a? 14
K ~ —
1 1/2( ) 1+52,1/2 1 + 12 p+ gﬂ )

and the diagonal matrix element for 2P, /; state is

mec2aP 3
Viac(2,1/2, =) = — T <1+8a2).

4.4. Modification of the Coulomb
field by the electron magnetic form factor

Diagonal matrix elements of the perturbation
Vinag(r) = —€d@mag(r) due to the magnetic form fac-
tor (6) are determined by the integral with the poly-
nomial (33)
Vmag(na Js mj, U) =
2

A2 [V 01 e oK, (o) dodp.

0

546

According to Egs (6), (7) and definition (36)

Vi, (0) = = a4@
mag 7TN,,2LJ
where
1 TN d¢
31 1_/6—%@7 . (47)
p J CQ\/CT_I
Therefore,
ome2a® (N + k) ny!

Vm ) _ n,j J T
ag(naj7a> 7-[-/\/'3_ 4N ,jl"(nr +1+2’7]) .
2n,.

<SP, 0 / e=P 25 dp,
v=0

0

Here, the integral can be calculated using the rela-
tion

e -p 271+”dp—

o\

i efpp%ﬁvdp,

which with account of the explicit expression of ¢ (p)
allows us to integrate the result over p. Thus, we get
the expression for the diagonal matrix elements

2mc2a®  (Npj + kj) nel 5
NG AN T (g 4+ 1+ 27;)

Vmag(na .jv mja U) =

2N,

x D al) (n,jo
v=0

( a 27v;+v—1
X 1_(2’}/j+y)02’yfu 1(/\/‘ ) +

n,J

2 jtv
1ot (O B
2yj+v Nn,] ?
ey

) GVe -1

I'(2vj+v—1)x

+(2’)/j +v—

where

7]
o'}

~ dg
1/ <2+u\/<27_1
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For the states with the maximal possible value j at
the given n, when n, = 0, N,, ; = n and Pé;)Wé;) =
= 1, the matrix element Viyag(n, +) in approximation
Yn M 1S

Vmag(najna +)

7’771C2055

T ot (2n—1)
ma a\2n—1
x [1 — (2n) C§m29) (g) +

ren g (7]

As before, we calculate the matrix elements for the
lowest energy states in the approximation v ~ 1.

i) For the ground state 1S/, with quantum num-
bers n =1, = 1/2, 0 = + (n, = 0, K2 = 1,
Yi/2 = 1), and
(2) _ 1,

N1,1/2=17 Qg "~ =

diagonal matrix element is

mec2a® s 2
Vinag(1,1/2,4) = o (1 -+ 3a2).

ii) For the excited state 2Ps/, with n = 2, j =
=3/2,0 =+ (n, =0, K3/ =2, 732 ~ 2) and

Nagjo =2, aél)@a 1/2) =1,

in the same approximation, the diagonal matrix ele-
ment is

2.5 3 3
Vmag(2’ 3/2a +) = mch: (1 - ia?) + C4Oé4>.

iii) For the excited state 2812 with n = 2, j =
:1/2,U:+(nT:1’/{jzland

2 2
K3 () =8 =60+ 0% aff 21/2,4) =8,
af?(2,1/2,4) = =6, o (2,1/2,4) =1,

In approximation N3 ; s2 = 2 and neglecting higher
orders of «, the matrix element for the 25/, state is

mc2a® 3 (1 ™ )

Vinag(2,1/2, +) =~ 21— Za)
w2 /2 4) = =gl - 5

iv) For the excited state 2Py with n = 2, 5 =
=1/2,0 =— (n, =1, k; = 1) in the same approx-

imation Vo0 & 2, 2 — Ny ~ o?/4, and with
account of

K5 (p) = (ij - 1) Najjo (N2aje =2) =

ISSN 2071-0194. Ukr. J. Phys. 2024. Vol. 69, No. 8

2 N 12—1 4
—2 (N -1 p+
( 2,1/2 ) 14 N2’1/2+1P

3 5 1,5
~_Z0%2_9 Z
2a /)4—3,07

the diagonal matrix element for 2P, /, state is

mc2a® 3
Vinag(2,1/2,—) = — e (1 + 8a2>.

5. The Lamb Shift
of the 25,/ and 2P, Hydrogen Levels

In QED, the zero-order DE with a Coulomb source
~ 62
<céz X p+meB— > U =FEV,
T

provides only an approximate description of hydro-
gen-like bound states. It gives the energy spectrum
with bound state levels (24) which depend on the
principal quantum number n and the total angular
momentum j, only and are degenerate with respect to
number o. This degeneracy is accidental in the sense
that it occurs, only if the interaction between the elec-
tron and proton is exactly proportional to ~ 1/r as
predicted by the Coulomb’s law. Such degeneracy is
explained by the existence in the Coulomb field of the
additional Johnson—Lippman integral of motion, non-
commuting with the Dirac invariant.

In 1947 | in the Lamb-Rutherford experiment [20],
a difference between the energy levels of the 2.5, /5 and
2P, /5 states of a hydrogen atom was established. The
splitting between these levels, denoted as the Lamb
shift, removes the degeneracy in the spectrum of the
DE in the Coulomb field. The very existence of the
Lamb shift indicates that the Coulomb’s law fails on
short-distance scales near the atomic nucleus. In this
paper, we have considered the main factors which
break the Coulomb symmetry, namely, modification
of the Coulomb’s law predicted in QED.

First of all, QED is the theory of the interacting
spinor (Dirac) and electromagnetic (photon) fields in
which electrically charged particles interact by means
of the exchange by photons, and photon propagator
describes this interaction. Photon interaction with
the electron-positron spinor field inserts the polar-
ization operator, related to the virtual emission and
absorption of electron-positron pairs, in the photon
propagator. This effect leads to modification of the
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Coulomb potential in the form of the Uehling poten-
tial (2).

Second, an electron continuously emits and absorbs
virtual photons and, as a result, its electric charge
is spread over a finite volume described by electron
form factors in (1). This also leads to the effective
modifications (2)—(3) of the electron interaction with
external charge. The electric form factor modifies the
Coulomb law and the magnetic form factor describes
radiative corrections to the spin-orbit coupling.

Third, we have accounted for also the vacuum
polarization of the external charge by the electric
field. At strong external electric fields & ~ mm?c®/eh
the creation of real electron-positron pairs from vac-
uum is possible (so-called Schwinger effect). It is easy
to estimate that, for a point charge, such fields cor-
respond to the distance r? = (a/m)A\g (o = €*/hc
is the fine structure constant, and A\. = h/mc is
the Compton wavelength). The vacuum polarization,
which was considered for the first time by W. Heisen-
berg and H. Euler, prevents such processes. To our
knowledge, the influence of the vacuum polarization
by the electric field of an external charge on the Lamb
shift was not considered previously.

In this paper, the solution (23)—(24) of the DE with
the Coulomb potential was used as a starting point to
obtain the bound energy spectrum of hydrogen atom,
when all three above-mentioned effects contribute to
the Lamb shift. As a result, the energy spectrum of
the hydrogen atom is described by the Hamiltonian

— E: o o f )
H= Enﬁj’aan,j,mj,aandvmj’(ﬂ

n,3,1M;,0

where

— 2 ) .
Enjo=mcen; + Anjo-
Here, the value

Amjﬁ = VPP (na j7 U) + V;elec (n;ja 0) +
+ Vvac(”v Js U) + Vmag (ﬂ, Js U)

determines the Lamb shifts of the levels. Although
initially the Lamb shift was defined as the splitting
between 25) /5 and 2P, /; states, the difference in lev-
els n # 2 are also referred to as Lamb shifts. In par-
ticular, for A, = Agg, ,, — Agp, ,, We have

mc2a® 2m

In — +

Ap ~
L 67 A

L
8 5
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3 (bmy Am U\ 1 fra (8 5
8\ 8 A 16 4V 30 \3 3
8 V2 4 V241 1 22 10v2
“ln 2= + =21 AT )
+3n62+3\fnﬁ71+3+9+ 5

We recall that the expression for the electric form
factor Fy(¢®) in Eq. (4) contains, in the logarithm
argument, the parameter A — 0 which is “finite vir-
tual photon mass” introduced to remove the infrared
singularity. It plays the role of a low-frequency cut-
off parameter. In the standard calculations, this pa-
rameter in the general case of arbitrary Z is as-
sumed to be in the interval (Za)’m < A < m
and, after the addition of the low-frequency con-
tribution parameter, A\ cancels out. Minimization of
the low-frequency contribution leads to the equality
In (2m/X) — In(1/Z%a?) + const, where const ~ 1
[8,9,13], which allows us to use it as some kind of the
fitting parameter.

The effective potentials (5) and (6) were first con-
sidered in [13] and used in the calculations of the
relativistic heavy elements and in molecular calcula-
tions (see [14,18]). As above, we consider the hydro-
gen spectrum (Z = 1) and, according to Schwinger’s
analysis [21], we choose

2m 1

instead of Eq. (41). Julian Schwinger used the fol-
lowing numerical values

1 m 2
T 137060 VB a2 ’
3 2.5
& _ MY 135.644 MHz,
3T 61

and, for the electron mass, he used the equivalent
mass (factor M,/(M, + m.)) which gives the value

AL = E251/2 — E2p1/2 = 1050.55 MHz.

At present, the following values are accepted:
o 1

~137.036°
AlPP) — 1057.845 MHz.

Altheor) — 1057.864 MHz,

For our estimation, the Lamb shift A; can be repre-
sented as

m02a5

61
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T 22

5 10v2
-In2+ -+ =+ —1|.
+3n+3+9+ 9>]

Here, constant Cp can be represented as Cp =
=In QT’” + D, where D = 0.400759. Estimating now

Cr, from A(LCXP), we can calculate the value In(2m/\)
and estimate the difference

2m 1

which is very close to ~—2.8118, and, therefore, we
have a good argument in favor of our calculations.

6. Conclusions

Taking into account that the correct description of a
hydrogen atom can only be ensured by the DE, we
have calculated the bound electron states of a hydro-
gen atom with account of the Coulomb law modifi-
cation in a vicinity of the atomic nucleus predicted
by QED. The deviation of the electric field from the
Coulomb law is the main reason which removes the
“accidental” degeneracy of the hydrogen-like energy
levels and results in the Lamb shift. The DE and
Lamb shift are discussed in any textbooks on quan-
tum electrodynamics and quantum field theory (see,
e.g., [8-10]). The early results on the Lamb shift can
be found in the classical book by Bethe and Salpeter
[4] and the modern state of the theory is given in the
comprehensive review [22].

In the field-theoretical approach, calculations of
the corrections to the energy levels are based on
the covariant form of the QED Lagrange func-
tional. Electrodynamic corrections are searched in
the form of the power series expansion with re-
spect to the small parameter « [8-10]. Within this
scheme the Lamb shift is traditionally obtained us-
ing the perturbation theory in the form of the
power series expansion up to the given power of
a, and the eigen functions of the Schrodinger
equation as the non-relativistic approximation of
the DE are always used to calculate physical
quantities.

ISSN 2071-0194. Ukr. J. Phys. 2024. Vol. 69, No. 8

Our idea is based on the DE and is principally dif-
ferent from this scheme. We have derived the rela-
tivistic Hamiltonian given in Eq. (29) for the hydro-
gen atom with external fields using the solution of the
DE with a Coulomb source as a starting point. As a
perturbation in this Hamiltonian, we have considered
a deviation of the electric field, which acts on the elec-
tron, from the Coulomb law, and calculated the Lamb
shift within the conventional in quantum mechan-
ics Hamiltonian description. The perturbation matrix
elements V,y ¢,y are determined by the exact so-
lution of the DE with the Coulomb potential. The-
refore, the relativistic Hamiltonian in the form (29)
contains all the so-called relativistic or binding cor-
rections [22]. This approach seems to be more con-
sequent as comparing with other calculations (e.g.,
diagrams).

We have considered only the RCs that modify
the Coulomb law near a nucleus which results in
the Lamb splitting between various energy levels in
the general case. In the case of the lowest hydrogen
states 251, and 2P; 5, the Lamb shift equals, ac-
cording to our calculations, 1,340 MHz, neglecting
terms ~a?.

A novel feature of our approach is the consistent
calculation of the vacuum polarization input into the
energy levels performed in Subsection 4.3. So, far
to our knowledge, it is the first calculation of such a
kind. Usually, in this context, the vacuum polariza-
tion is treated as the factor which leads to the modifi-
cation of the Coulomb law in the form of the Uehling
potential. Moreover, as has been shown above, the
vacuum polarization by the proton charge is auto-
matically (i.e., without any additional assumption)
accompanied by an appearance of some spatial scale
ro (see Eq. (11)) which, according to Egs. (12) and
(13), characterizes qualitatively different spatial be-
havior of the Coulomb law at r < rg and r > ry and
can be considered as the vacuum nuclear polarization
length. It can be indirectly associated with the proton
radius, though has another value.

As the simplest of all stable atoms, hydrogen is
unique in the sense of its usefulness for compari-
son of theory and experiments on bound-state energy
level structures. Nowadays precise optical spectros-
copy and theoretical calculations [22] have improved
tremendously and reached a point, where the pro-
ton size is the limiting factor when comparing exper-
iment with theory. Although the energy levels shifts
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associated with the proton finite size, are small, the
root-mean-square charge radius (rms radius) can be
determined based on the high precision spectroscopy
and QED calculations of the bound-states. The Lamb
shift is dominated by purely radiative effects and
to extract a value of proton radius r, from spec-
troscopic data, it is necessary to minimize theo-
retical uncertainty in QED radiative corrections. In
[23, 24] r, was determined from the spectroscopy of
muonic hydrogen (up, that is, a proton orbited by a
muon). Obtained from the measurement of a muonic
Lamb shift and on the basis of present QED cal-
culations, proton radius differs from determined by
electron—proton scattering experiments and from the
CODATA value [25], so it was concluded that the ori-
gin of the discrepancy with the data could originate
from the wrong or missing QED terms or from un-
expectedly large contributions of yet not considered
high-order terms.

At present, theoretical value for the 25,5 — 2P 5
energy difference 1057.833 MHz is very close to the
best experimental value 1057.845 MHz which is an
outstanding evidence of the QED validity. The dif-
ference can be connected with the radius rq, defined
in Eq. (11), due to the vacuum polarization by nu-
cleus charge considered in the present paper, which
has not been accounted previously. The exact solu-
tion of the DE with the Coulomb potential used to
calculate matrix elements, gives an account for high-
order terms of a.

Here, we did not aim to get the expressions for
the Lamb shift with the high-order accuracy with
respect to the constant o because, as it was men-
tioned above, the RCs considered here are only part
of electrodynamic effects which contribute to the
Lamb shift. Therefore, a quantitative estimation of
the Lamb shift can not be taken without regard for a
proton magnetic moment (hyperfine structure) and
recoil effect (electron-proton reduced mass correc-
tions). The consideration of the corresponding effects
demands a separate study.
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0.0. Epemxo, JI.C. Bpuostcux, B.M. Jloxkmes

JIO TEOPII JIEMBIBCHKOI'O 3CYBY
B PEJIATUBICTCbKOMY ATOMI BOJHIO

Panianiiiai monpaBku, fKi yCyBalOTh BUIAJKOBE BHUPOIKEHHS
B CIIEKTPi PeJISITUBICTCHKOrO aToMa BOJIHIO i TPUBOASATH JO MO-
mudikarnil 3akony KysioHa, po3paxoByrOThCsS B paMKaX HOBOI'O
I X0y, 32CHOBAHOI'O Ha TOYHOMY PO3B’si3Ky piBHsiHHs [lipaka
3 norenniasoM Kynona. 3 ypaxyBaHHSIM I[UX IIONPABOK OTPHU-
MaHO €HEePreTUYHUI CIIEKTP aTOMa BOJHIO Ta PO3PAXOBAHO JIEM-
OIBCHKUIl 3CYB [JIsi HAHUKYNX €HEPIeTUYHUX CTaHIB.

Katwvwoei caoea: piBusHHEA Jipaka, pesiTUBICTCHKUI aTOM
BOJIHIO, CIIIHOPHUI iHBapiaHT, pajialiiiHa onpaskKa, Moaudi-
Kanist 3akony Kysona, 3cys Jlemba.
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