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THEORETICAL CALCULATION
OF TWO-PROTON DECAY HALF LIVES
USING THE HULTHEN POTENTIAL
IN A MODIFIED CYE MODEL

Using a MCYE (modified Cubic plus Yukawa plus Exponential) model, we will thoroughly ex-
amine the two-proton radioactivity half-lives [1]. Additionally, we employ this model to forecast
the half-lives of various two-proton emitters. Our anticipated outcomes are in line with those
attained from other pertinent models. The model is improved by including the total diproton-
daughter nucleus interaction potential Hulthen-type electrostatic term in the two-sphere approx-
imation, as well as by examining the effects of this in the half-life time values. The computed
2𝑝 radioactive half-lives are discovered to be in excellent accord with the other theoretical model
predictions, such as CPPMDN model of K.P. Santhosh, the GLDM, ELDM, GLM, SEB, and
UFM models.
K e yw o r d s: 2𝑝- radioactivity, Hulthen potential, half-live.

1. Introduction
The simultaneous release of two protons from a nu-
clear ground state, that is, close to or over the proton
drip line, each having a measurable half-life, is known
as the two-proton radioactivity. Proton pairing may
participate in the 2𝑝 radioactivity phenomena, when
the nuclei with an even proton number (even −𝑍)
are situated in proximity to the proton drip line. 2
proton (2𝑝) radioactivity have been 1st discovered
by Zel’dovich in the 1960s [2], and Goldansky later
went on to explain the system [3]. The diproton cor-
relations for the 2𝑝 decay of 12O were conducted in
1978. The nuclear binding energy led to the conclu-
sion that it was a diproton emitter. For a very long
period, study on the 16Ne isotope according to the nu-
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clear binding energy, It was believed to be an emit-
ter of diproton [4]. In a vicinity of the proton drip
line, the first experimental attempts to access iso-
topes of light 2𝑝 unbound nuclei were made in 1984
[5]. In 1991, two protons might be regarded as a sin-
gle quasi-particle called a “diproton” with a charge
of two and a mass of two [6]. In 1996 the 2𝑝 decay
of the activated 14O nucleus caused by the reaction
of resonance 13N+P [7] was studied. In 17Ne, the
first excited state 3/2 is a fascinating 2𝑝 decay candi-
date. Numerous experimental attempts to investigate
this state have been made [8]. A brand-new technique
for analysing 2𝑝 decay was developed by Mukha et
al. in 2001. It is ideal for the in-flight analysis of very
short-lived 2𝑝 emitters and complements implanta-
tion operations in gases and solids [9]. The first gen-
uine 2𝑝 emitter was finally discovered in the decay
of 45Fe in 2002, after more than 40 years of research
[10, 11]. In addition, the GANIL group found 54Zn
[12], another 2𝑝-emitting isotope Mukha et al. [13]
found another fascinating example of 2𝑝 radioactivity
in 2006 from the high-lying 21+ isomer in 94Ag. Ra-
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dioactivity involving two protons is handled as 2-body
problem, where a cluster of decaying valance protons
occurs. Consequently, asymptotic behavior of 3 bod-
ies is broken, and a significant amount of the spe-
cific information regarding the valence proton con-
figurations is lost. This study was done in 2006 by
Rotureau et al. [14] utilizing the continuum’s embed-
ded shell model framework. The ground-breaking re-
search utilized to investigate the two-proton radioac-
tivity of 19Mg was revealed in 2007 [15]. Using sili-
con microstrip detectors, the in-flight decay approach
painstakingly reconstructs the routes of all decay
products. Direct observation of 2𝑝 radioactivity and
research into the 𝑝–𝑝 correlation (TPC) were made
possible in 2007 and 2008 employing time-projection
chambers that are gaseous. The proton track pro-
jections on the TPC’s anode plane can be recorded
thanks to these detectors, verifying the 2𝑝 emission
from the 45Fe decay [16]. A brand-new optical TPC
detector (OTPC) was subsequently used to photo-
graph each unique 2𝑝 decay event of 45Fe [17]. Mukha
et al. conducted research on the 16Ne isotope in 2008
using the recently developed in-flight decay technol-
ogy [18]. In 2009, Grigorenko [19] examined the ra-
dioactivity of two protons as a 3-body (core+𝑝 𝑝)
problem using the harmonics that are hyper spheri-
cal approach. Anther proton emitter, 8C, should also
be recognized for the year 2010. It was once believed
that the simultaneous emission of 4 protons would
cause this isotope to decay. The 2𝑝 decay of the 12O
[20] and 16Ne [21] was experimentally investigated us-
ing the invariant mass technique. The 4th 2𝑝 emitter,
67Kr with a half-life of a few milliseconds, was even-
tually found in 2016 at the fragment separator Big
RIPS in RIKEN by a French team. [22]. In 2019 [23],
a new 2𝑝-unbound isotope, 11O, was found. In a pilot
study in 2019, the novel 2𝑝-emitting isotopes 29,30Ar
and the FRS will be put to the test. Numerous pub-
lications using different theoretical frameworks have
been written by several authors and characterize 2𝑝
radioactivity as a 2He cluster decay process. Effec-
tive liquid drop model (ELDM) [24], empirical formu-
las [25], GLDM (generalised liquid drop model) [26],
GLM (Gamow like model) [27], CPPMDN (Coulomb
& proximity potential model for deformed nuclei)
[28], and New Geiger–Nuttall Law [29] are some of the
theoretical models that have been utilized since 2006
to analyze 2𝑝 radioactivity and its half-lives. Addi-
tionally, these methods have been successfully applied

to several real sources to duplicate the experimental
2𝑝 radioactive half-lives.

The features of 𝛼 decay, cluster decay, as well as
Fission degradation that occurs spontaneously of ac-
tinide, transactinide, and extremely heavy nuclei with
and without incorporate deformation effects were in-
vestigated in our previous works using the CYE
model [30–35]. To thoroughly explore the half-lives of
2𝑝 radioactivity, the Cubic Plus Yukawa exponential
model (CYE) was modified for this work, and uti-
lized to investigate the emission of 2 protons from a
variety of proton-rich nuclei. We have figured out the
half-life of 2𝑝 decay for various emitters [36–39]. In
the current work, we have added the Hulthen poten-
tial to the CYEM calculation of the two-proton decay
half-lifetimes.

2. CYE (Cubic Plus
Yukawa Plus Exponential) Model

In current investigation, We have employed a prac-
tical framework [40], recognized as the CYE model
to investigate the characteristics of deterioration. As,
the zero-point Energy from vibration is specifically
mentioned. At a certain distance from the nucleus,
the proton pairs are already there, and the proton
particle only comes into contact with pure Coulomb
potential. For the post-splitter region, this potential
is given by a function of 𝑟, the separation among the
mass centers of the 2 parts,

𝑉 (𝑟) =
𝑍1𝑍2𝑒

2

𝑟
+ 𝑉𝑛(𝑟)−𝑄; 𝑟 ≥ 𝑟𝑡, (1)

where 𝑉𝑛(𝑟) is expressed as the nuclear interaction
energy in the form

𝑉𝑛 (𝑟) = −𝐷

[︂
𝐹+

𝑟−𝑟𝑡
𝑎

]︂
𝑟𝑡
𝑟
exp

[︂
𝑟𝑡−𝑟

𝑎

]︂
.

Here, 𝑟𝑎 and 𝑟𝑏 are the integrand’s 2 suitable zeros.

3. Opportunities for the Region
after Scission

The parent along with daughter nuclei are regarded
as spherical in this work. The potential for the post-
scission is provided by, if the ejected nucleus is spher-
ical, the daughter nucleus only shows one deforma-
tion, like a quadrupole deformation, and, if the origin
of the reaction is taken to be its 𝑄 value, shown below

𝑉 (𝑟) = 𝑉𝑐(𝑟) + 𝑉𝑛(𝑟)− 𝑉𝑑𝑓 (𝑟)−𝑄; 𝑟 ≥ 𝑟𝑡, (2)
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𝑉𝑐(𝑟) is the Coulomb potential among the fragment
that is released and the spheroidal daughter, 𝑉𝑛(r) is
limited range effects on the nuclear interaction energy,
𝑉𝑑𝑓 (r) is a change in the energy of nuclear interaction
brought on by the daughter nucleus’ quadrupole de-
formation (𝛽2).

It will be taken into account that a prolate spheroid
daughter nucleus possesses a larger axis in the fission
plane

𝑉𝑐 (𝑟) =
3

2

𝑍1𝑍2𝑒
2𝛾

𝑟

[︂
1−𝛾2

2
ln

𝛾 + 1

𝛾 − 1
+ 𝛾

]︂
. (3)

In the case of an oblate spheroid daughter, the
shorter axis is in the fission direction

𝑉𝑐 (𝑟)=
3

2

𝑍1𝑍2𝑒
2

𝑟

[︀
𝛾
(︀
1+𝛾2

)︀
arctan 𝛾−1−𝛾2

]︀
. (4)

Here
𝛾 =

𝑟

(𝑎22 − 𝑏22)
1/2

.

The radius vector 𝑅(𝜃) that locates the sharp nucleus
surface that has been distorted, when the nuclei are
spheroid-shaped, the information at an angle 𝜃 in re-
lation to the symmetry axis is given by

𝑅 (𝜃)=𝑅0

[︃
1+

∞∑︁
𝑛=0

𝑛∑︁
𝑚=−𝑛

𝛽𝑛𝑚𝑌𝑛𝑚(𝜃)

]︃
. (5)

Here, 𝑅0 is the corresponding radius of a spherical
nucleus.

The variation in the energy of nuclear interactions
resulting from the daughter nucleus’ quadrupole de-
formation 𝛽2 can be found by

𝑉𝑑=
4𝑅3

2𝐶𝑠𝐴2𝛽2

𝑎𝑟20

(︂
5

4𝜋

)︂1/2

.

4. The PRE-Scission Area

A 3-order polynomial in 𝑟 approximates the bar-
rier’s shape that has a potential in the overlaid area
between the “ground state, as well as the meeting
point. We have

𝑉 (𝑟) = −𝐸𝑣 + [𝑉 (𝑟𝑡) + 𝐸𝑣]

{︃
𝑠1

[︂
𝑟−𝑟𝑖
𝑟𝑡−𝑟𝑖

]︂2
−

− 𝑠2

[︂
𝑟−𝑟𝑖
𝑟𝑡−𝑟𝑖

]︂3}︃
; 𝑟𝑖 ≤ 𝑟 ≤ 𝑟𝑡. (6)

That is, 𝑟𝑡 = 𝑎2+𝑅1, and 𝑟𝑖 is the distance among
the center of mass of two daughter sections and the
released nuclei in the spheroidal parent nucleus. Here,
depending on the shape, 𝑎2 is either the semimajor
or minor axis of the spheroidal daughter nucleus.

With regard for the spheroid deformation 𝛽2,

𝑅 (𝜃) = 𝑅0

[︃
1+𝛽2

(︂
5

4𝜋

)︂1/2 (︂
3

2
cos2𝜃−1

2

)︂]︃
(7)

and deformation may additionally include the Nils-
son’s hexadecapole deformation 𝛽4. Then Eq. (5) be-
comes

𝑅(𝜃) = 𝑅0

[︃
1+𝛽2

(︂
5

4𝜋

)︂1/2(︂
3

2
cos2𝜃−1

2

)︂
+

+𝛽4

(︂
9

4𝜋

)︂1/2
1

8

(︀
35 cos4 𝜃 − 30 cos2 𝜃 + 3

)︀]︃
. (8)

The system’s half-life is estimated using the rela-
tion:

𝑇 =
1.433× 10−21

𝐸𝑣
[1 + exp(𝐾)], (9)

where

𝐾 =
2

~

𝑟𝑡∫︁
𝑟𝑎

[2𝐵𝑟 (𝑟)𝑉 (𝑟)]
1/2

𝑑𝑟+

+
2

~

𝑟𝑏∫︁
𝑟𝑡

[2𝐵𝑟 (𝑟)𝑉 (𝑟)]
1/2

𝑑𝑟.

For calculating the 0 point vibration energy 𝐸𝑣,

𝐸𝑣 =
𝜋~
2

⎡⎢⎣
(︁
2𝑄
𝜇

)︁1/2
(𝐶1+𝐶2)

⎤⎥⎦,
𝐶1 and 𝐶2 are the central radii of the fragments as-
signed by 𝐶𝑖 = 1.18𝐴1/3−0.48 (𝑖 = 1, 2) and reduced
mass,

𝜇 =
𝑚1𝑚2

𝑚1+𝑚2
.

5. Hulthen Potential
Incorporation in Half-Life
Time Calculation

We alter the CYE model by including the Hulthen po-
tential 𝑉H(𝑟), an electrostatic potential of the expo-
nential kind. The Hulthen potential is considered to
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be the Coulomb potential. In the domains of atomic,
solid state physics, along with molecular, this po-
tential is used. IT exhibits the same behavior as the
V𝐶(r) at short distances (𝑟 → 0) and declines expo-
nentially more quickly over large distances (𝑟 ≫ 0).

We have

𝑉H𝑟 =
𝑎𝑍2𝑝𝑍𝑑𝑒

2

𝑒𝑎𝑟−1
, (10)

where 𝑎 is the screening parameter, which might de-
cide the potential’s range, or the reduction of the es-
cape radius.

6. Result and Discussion

In the current work, we have used the CYE model to
perform assessments of the two-proton (2𝑝) radioac-
tive half-lifetimes for different emitters. Here, we have
calculated the 2𝑝 radioactivity in the two-sphere ap-
proximation using the CYE model, modified CYE
in the two-sphere approximation, and by using the
Hulthen potential in MCYEM. Subsequently, we ex-
amined the deformation effects in 2𝑝 radioactivity
only in MCYE model. First and second columns of
Table 1 should list the nuclei with 2𝑝 radioactivity,
the experimental 𝑄2𝑝 values, and We compare the
half-life time values of our CYE model with other
models without accounting for deformation effects,
MGLM [29], and SEB [41] with experimental values
(columns 3–7). Only in MCYE model, by including
the hexacontatetrapole (𝛽6) deformation in the par-
ent nucleus together with the quadrupole 𝛽2 and hex-
adecaple 𝛽4 deformations, we have attempted to an-
alyze the two-proton decay features of elements with
atomic numbers in the interval 𝑍 = 16–80 and are
listed in Table 2. The potential barrier’s height and
width are reduced, when three-grid deformations are
included. It is clear that this results in a large drop
in the half lives of two-proton decay. The concepts
of the deformation parameters are derived from Ref-
erence [42]. Our estimated half-lives, based on the
computations, accord well with the other available
data. Therefore, the nuclei’s stability is improved by
the hexacontatetrapole deformation (𝛽6). Figures 2
and 3 predict about the contour plot of half-life time
values with and without deformation effects.

The screening parameter, 𝑎 = 1.436 × 10−3 fm−1

in order to observe the way the 2𝑝-radioactive nu-
cleus’s charge 𝑍 and released energy 𝑄2𝑝 affect the

Fig. 1. Illustrates the relationship between the decay sys-
tem’s centre of mass and the Hulthen potential between the
two protons that are released and the daughter nucleus

Table 1. Calculated the 2𝑝 radioactivity
in the two-sphere approximation using theCYE model,
modified CYE in the two-sphere approximation,
and by using the Hulthen potential in MCYEM

Parent
nuclei

𝑄2𝑃

(MeV)

Log10 𝑇1/2(𝑠)

CYEM
calcu-
lated

CYE
model
with

Hulthen

Exp.
values

MGLM
[29]

SEB
[40]

6Be 1.372 –21.41 –21.42 −20.30+0.03
−0.03 – –19.86

[43] [43]
12O 1.638 –15.81 –15.83 >20.20 – –17.70

[20] [20]
16Ne 1.401 –14.47 –14.49 −20.38+0.03

−0.03 – –15.71
[44] [44]

19Mg 0.750 –10.25 –10.29 −11.40+0.14
−0.20 –11.39 –10.58

[15] [15]
45Fe 1.100 –1.94 –2.01 −2.40+0.26

−0.26 –2.28 –2.32
[10] [10]

48Ni 1.290 –1.67 –1.73 −2.52+0.24
−0.22 –2.69 –2.55

[45] [45]
54Zn 1.280 –0.9 –0.95 −2.76+0.15

−0.14 –1.12 –1.31
[46] [46]

67Kr 1.690 0.11 0.04 −1.70+0.02
−0.02 –0.84 –0.95

[22] [22]

electrostatic shielding effect. The value of the param-
eter determined by fitting the data from experimen-
tal values. The contour plot of half-life time values
that incorporates the Hulthen potential is shown in
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Table 2. Comparison between the predicted half-lives for 2𝑝

from various nuclei by using MCYE model with three grid deformations (𝛽2𝑃 , 𝛽2𝐷, 𝛽4𝑃 , 𝛽6𝑃 )

Nuclei
𝑄2𝑃

(MeV)

Log10 𝑇1/2(𝑠)

Without deformation With deformation

CPPMDN
[47]CYEM

calcu-
lated

CYE
model
with

Hulthen

CYE model
with deformation

𝛽2𝑃 , 𝛽4𝑃 ,
𝛽6𝑃 , 𝛽2𝐷)

26S 2.36 –16.43 –13.55 –18.29 –16.19
28Cl 2.72 –13.65 –13.69 –12.30 –16.35
29Ar 5.90 –18.51 –15.87 –18.08 –
30Ar 3.42 –16.82 –14.18 –16.33 –17.35
32K 2.74 –13.05 –13.09 –13.11 –15.61
33Ca 5.13 –17.34 –14.39 –17.40 –
34Ca 2.51 –12.18 –12.22 –13.49 –14.65
35Sc 4.98 –14.16 –14.21 –15.22 –17.36
37Sc 0.38 6.92 6.85 7.97 9.72
39V 4.21 –15.65 –13.71 –13.72 –16.74
41Cr 3.33 –12.17 –12.23 –12.72 –14.87
42Cr 1.48 –5.67 –5.73 –5.35 –7.60
43Mn 2.48 –10.14 –10.20 –10.53 –11.91
44Mn 0.50 8.79 8.70 8.29 9.19
47Co 1.02 0.94 0.85 1.13 0.11
49Ni 1.08 0.92 0.83 0.50 –0.59
52Cu 1.13 1.09 0.93 1.00 1.54
55Zn 0.78 8.29 8.19 8.20 7.71
56 Ga 2.82 –8.18 –8.72 –8.27 –11.03
57Ga 1.65 –2.16 –2.37 –2.24 –3.73
58Ga 0.51 17.09 17.34 16.99 18.27
58Ge 3.23 –9.47 –10.88 –9.55 –12.00
59Ge 1.60 –1.29 –1.37 –2.10 –3.23
60Ge 0.631 12.24 12.02 12.16 14.00
60As 3.32 –9.45 –10.04 –9.51 –9.83
61As 1.98 –3.19 –2.55 –3.28 –5.55
62As 0.59 15.72 15.61 15.66 17.51
63Se 2.36 –5.33 –6.51 –5.42 –7.26
64Se 0.70 12.90 12.37 12.81 14.15
65Br 2.43 –5.15 –5.10 –5.24 –6.42
66Br 1.39 2.69 1.97 2.60 1.36
68Kr 1.46 2.52 1.74 2.48 1.34
81Mo 0.73 21.80 21.58 21.76 22.98
84Ru 0.60 28.87 30.55 30.67 –
85Ru 1.13 13.84 13.14 13.73 13.67
105Te 0.24 27.95 23.36 24.62 –
108Xe 1.01 24.68 24.28 24.52 26.64
120Nd 0.33 74.17 73.23 76.35 –
126Sm 0.24 100.89 100.15 103.22 –
150Hf 1.16 35.74 37.69 33.10 –
154W 1.25 24.74 24.08 24.29 –
159Os 0.79 55.39 55.13 57.25 –
165Pt 1.44 32.28 31.43 33.96 –
170Hg 1.85 23.60 23.41 25.21 –
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Fig. 2. Shows the contour plot of half-life time Fig. 3 shows
the contour plot of half-life without including deformation
values

Fig. 3. Shows the contour plot of half-life time Fig. 3 shows
the contour plot of half-life time values with including defor-
mation values

Fig. 4. Shows the contour plot of half-life time values with
including Hulthen potential in the two-sphere approximation

Fig. 4. When compared to the contour plot of other
graphs, the number of contours and the area of the
inner closed contour are drastically reduced here. Ac-

cordingly, the addition of the Hulthen potential will
result in a rise in the nucleus’ half-life value.

7. Summary and Conclusion

In this study, the CYE model is used to determine
the 2𝑝-decay half-life. The experimental and theoret-
ical estimate of the 2𝑝-decay half time correspond
perfectly. Comparing the contour plot of with adding
deformation, to the contour plot of half-life time val-
ues including the Hulthen potential, the number of
contours, as well as the area of inner closed contour,
are greatly reduced. That demonstrates the enhanced
stability of proton-rich nuclei. The calculated results
within the CYEM model are in good agreement with
the experimental data and other theoretical models.
It may provide a theoretical reference for the future
experiments.
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Г.М.К.В.Бай, Р.Абiша

ТЕОРЕТИЧНИЙ РОЗРАХУНОК ЧАСIВ
НАПIВРОЗПАДУ З ЕМIСIЄЮ ДВОХ ПРОТОНIВ
В МОДИФIКОВАНIЙ CYE МОДЕЛI
З ПОТЕНЦIАЛОМ ХЮЛЬТЕНА

Дослiджуються теоретично часи напiврозпаду з емiсiєю
двох протонiв у MCYE моделi [1]. Враховується взаємодiя
двох протонiв з дочiрнiм ядром. Результати добре узгоджу-
ються з отриманими в iнших моделях.

Ключ о в i с л о в а: 2𝑝-радiоактивнiсть, потенцiал Хюльте-
на, час напiврозпаду.
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