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INFLUENCE

OF THE TEMPERATURE AND CHEMICAL
POTENTIAL ON THE THERMODYNAMIC
COEFFICIENT — (8V/8P), OF WATER

On the basis of available literature data, the temperature, T, and chemical potential, u, de-
pendences of the thermodynamic coefficient — (OV/OP), for water in the liquid state are cal-
culated and analyzed. The coefficient found for water is compared with that for argon. Taking
the principle of corresponding states into account, the existence of a region of thermodynamic
similarity between those two substances is confirmed. At the same time, there is a region of
thermodynamic parameters, where the indicated similarity is not observed. It is shown that, for
water, there is a particular temperature of (42.0 £ 0.2) °C at which the T-dependence of the
thermodynamic coefficient — (OV/OP) 1 along the liquid-vapor equilibrium curve has a mini-
mum. This feature leads to a specific behavior of the thermodynamic coefficient — (0V/OP) .
for water, which is not observed for argon. It is shown that there is a particular p value
for water at which the p-dependence of the thermodynamic coefficient — (0V/OP), along the
liquid-vapor coezistence curve also has a minimum. In addition, at the triple point of water,
the thermodynamic coefficient — (0V/OP), as a function of y reaches a mazimum value.

Keywords: water, argon, isothermal compressibility, chemical potential, liquid-vapor coex-

istence curve, liquid-solid coexistence curve, hydrogen bonds.

1. Introduction

According to its properties, water in the liquid state
is, perhaps, the most unique of the liquids existing
in nature. It possesses certain anomalous properties
[1, 2] and demonstrates certain features as a solvent
and under confined-geometry conditions [6,7]. On the
other hand, the atomic liquid argon can be consid-
ered the simplest liquid by its structure [8, 9], which
prompted us to compare the physical properties of
those two substances.

For this purpose, in this work, the temperature,
T, and chemical potential, p, dependences of the
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thermodynamic coeflicient — (0V/OP), = prV as-
sociated with such a mechanical characteristic as
the isothermal compressibility S = — (0V/OP), /V
[10], which determines the mechanical response of the
thermodynamic system to an external action and is
associated with the pair correlator of thermal fluctu-
ations [11]

(AVAV) = = (0V/0P) [(ksT) = prV/(ksT), (1)
were compared between water and argon. Here, V =
= 1/p is the specific volume measured in units of
m? /kg, and p is the mass density of the substance.

It is known that the T-dependence of the water
compressibility measured along the liquid-vapor co-
existence curve passes through a minimum at a tem-
perature of about § = 46.4 °C [12, 13]. The physical
origins giving rise to the emergence of this minimum
were analyzed in work [14].

The aim of this work was to calculate and analyze
the T- and p-dependences of the thermodynamic co-

ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 6



Influence of the temperature and chemical potential

efficient — (0V/OP) for liquid water in the interval
of relative temperatures T'/T. < 0.7, where T, is the
critical temperature of water, and compare the indi-
cated dependences with their counterparts for argon.

2. Calculation Procedure for the T-
and p-Dependences of the Thermodynamic
Coefficient — (0V/0P), for Water and Argon

The calculations of the thermodynamic coefficient
— (0V/OP), were performed using the most reli-
able experimental data for the thermodynamic prop-
erties of water and argon, which can be found
in modern reference books [15, 16] and physical
databases [17-21]. The method of calculation of the
T- and p-dependences of the thermodynamic coeffi-
cient — (0V/OP), was as follows.

At the first stage, the T- and baric, P, depen-
dences of the thermodynamic coefficient — (0V/0P) .
are calculated. In general, in order to obtain the P-
dependences of the derivative — (0V/OP), along the
isotherms, it is necessary to differentiate, by pressure,
the P-dependences of the specific volume of the liquid
phase, V' = 1/p, along the isotherms that terminate
at the liquid-vapor coexistence curve. Furthermore,
the endpoints of the isotherms of the P-dependences
of the quantity — (0V/OP), located on the coexis-
tence curve determine the T-dependence of the quan-
tity — (0V/OP),. along the coexistence curve. At cer-
tain fixed pressure values, the values of the thermody-
namic coefficient — (0V/9P),. on the isotherms deter-
mine the T-dependences of the quantity — (OV/OP),
along the isobars.

At the second stage, to determine the reference
point and the scale of the chemical potential varia-
tions, the reference points selected in a certain way
for the entropy and the internal energy of the system
are assigned.

Afterward, on the basis of stages 1 and 2, a tran-
sition from the (T, P) variables to the (T, ) ones is
carried out.

Consider the indicated calculation stages in more
details.

In modern thermodynamic databases (Minirefprop
[17], SRD69 [18], Coolprop [19], Refprop [22], WTT
[23], and ThermodataEngine [24]), the T- and P-
dependences of the main thermodynamic quantities,
in particular, the density p, are given in the form
of analytical functions. Accordingly, the error of the
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original experimental data determines the error of the
physic quantities calculated with the help of those
functions. For example, the error for the temper-
atures determined by us is equal to the total er-
ror of the corresponding experimental studies pre-
sented in the literature. In particular, the tempera-
ture error for the minimum of the thermodynamic
coefficient — (0V/OP), determined by us for water
equals 0.2 K [25].

As a result of such calculations, the P- and T-
dependences of the density p, the specific volume
V', the compressibility fr, and the thermodynamic
coefficient — (0V/OP), form a mesh in the T — P
plane, which is confined from the low-pressure side by
the liquid-vapor coexistence curve. The calculations
of the corresponding physical quantities were carried
out by us at the grid nodes and along the coexistence
curve.

In the course of the sequential calculation of the
T- and P-dependences of the quantities p, V, fr,
and — (OV/OP), for water and argon in the tem-
perature interval from the melting point to temper-
atures T/T. < 0.7 and the pressure interval from
P/P, > 0.02 to the liquid-solid coexistence curve, ev-
ery isotherm and every isobar were presented by at
least 103 equidistant points. The corresponding test-
ing showed that, for such a splitting of the temper-
ature interval, the results of direct calculations of
the thermodynamic derivative — (0V/OP), and the
results of analytic calculations performed by differ-
entiating the analytic functions differed by no more
than 1%. Furthermore, the T- and P-dependences of
the compressibility S and the thermodynamic coef-
ficient — (0V/OP), turned out qualitatively similar.

After obtaining the T- and P-dependences of the
derivative — (OV/OP),, a transition to the variables
(T, ) was made. When carrying out such calcula-
tions, it is necessary to select the reference points
for the specific entropy S/m and the specific internal
energy E/m (m is the substance mass). We propose
to reckon the specific entropy S/m from the abso-
lute zero temperature in accordance with the Nernst
theorem, and the specific internal energy E/m from
the melting point in the liquid phase on the liquid-
vapor coexistence curve. The main argument for this
approach consists in the holding of the law of the
corresponding states [26,27]. According to our calcu-
lations, if the indicated choice of the reference points
for S/m and E/m is made, the law of corresponding
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Fig. 1. Temperature dependences of the derivative

— (8V/0P) . along the family of iso-chemical potential curves
with g = —600 (1), —750 (2), —900 (3), —1050 (4), —1200 (5),
—1350 (6), —1500 (7), —1650 (8), and —1800 kJ /kg (9) along
the liquid-vapor (a) and liquid-solid (b) coexistence curves for
water in the liquid state in the temperature interval T' < 450 K
(T/T. < 0.7). cis the triple point
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Fig. 2. Temperature dependences of the derivative
— (8V/0P) . along the family of iso-chemical potential curves
with g = —90 (1), —95 (2), —100 (3), —105 (4), —110 (5),
—115 (6), —120 (7), —125 (8), —130 (9), and —135 kJ/kg
(10) along the liquid-vapor (a) and liquid-solid (b) coexistence
curves for argon in the liquid state in the temperature interval
T <105 K (T/T. < 0.7). c is the triple point

states is obeyed for the critical parameters of some
substances, which allows the critical values of the spe-
cific entropy S/m, the specific internal energy E/m,
and the chemical potential p to be predicted quanti-
tatively for all molecular liquids.
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Afterward, the transition from the (7', P) variables
to the (T, 1) ones was carried out as follows. The de-
pendences of the chemical potential p and the ther-
modynamic coefficient — (0V/0P),. on the pressure
P were calculated for every temperature value. Then,
with the help of a computer program, equidistant val-
ues of the chemical potential and the corresponding
values of the thermodynamic coefficient — (0V/0P) .
were determined on the obtained dependences. As
a result, there appears a mesh in the 7' — u plane
with equidistant 7" and p values, and with already
determined values of the thermodynamic coefficient
— (0V/OP) at the nodes of this mesh. The described
procedure was carried out in the liquid state region
corresponding to the temperatures T/T. < 0.7 and
confined by the liquid-vapor and liquid-solid coexis-
tence curves.

3. Comparison of the Behavior
of the Thermodynamic Coefficient
— (0V/9P)  for Water and Argon

3.1. T-dependences of — (8V/OP) .

Figs. 1 and 2 demonstrate the T-dependences of the
derivative — (0V/OP), calculated using the above-
described method for water and argon, respectively,
along certain iso-u curves for temperatures 7'/T,. <
< 0.7. The iso-p1 curves of the quantity — (0V/0P)
for water and argon lie between the liquid-vapor and
liquid-solid coexistence curves. In Figs. 1 and 2, those
curves for water and argon are substantially different
by shape. By comparing the T-dependences of the
derivative — (0V/OP), exhibited in Figs. 1 and 2,
one can see that water has a particular temperature
T = (315.15 £ 0.2) K Jor § = (42.0 £ 0.2) °C], at
which the T-dependence of the thermodynamic coeffi-
cient — (0V/0P) along the liquid-vapor equilibrium
curve (curve I in Fig. 1) passes through a minimum.

Both for water and argon, the iso-y curves of the
quantity — (0V/OP), are monotonically decreasing
functions of the temperature. Note that the quantity
—(02(0V/OP)r/0T?),, along the iso-u curves is pos-
itive for water and equals about zero for argon.

3.2. p-dependences of — (0V/OP) .

The p-dependences of the derivative — (9V/0P) . cal-
culated along certain isotherms for water and argon
are shown in Figs. 3 and 4, respectively. As one can
see, the shapes of the liquid-vapor and liquid-solid co-
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existence curves for water and argon are substantially
different. The isotherms of the quantity — (0V/0P),.
for water and argon are located under the liquid-
vapor and liquid-solid coexistence curves. For argon,
the triple point is observed as a weak cusp at the
point, where the liquid-vapor and liquid-solid coexis-
tence curves meet. In contrast, for water at the triple
point, the thermodynamic coefficient — (0V/0P), as
a function of the chemical potential, has a maximum
at this point.

A comparative analysis of the u-dependences of the
derivative — (0V/OP), presented in Figs. 3 and 4
shows that, for water, in addition to the particu-
lar temperature 7' = (315.15 £ 0.2) K (6 = (42.0+
£0.2) °C), there exists a particular value of the chem-
ical potential for which the p-dependence of the ther-
modynamic coefficient — (0V/0P),. along the curve
liquid-vapor coexistence also passes through a min-
imum. For the selected method of determining u,
its particular value at which the T-dependence of
— (0V/OP), along the liquid-vapor coexistence curve
reaches a minimum equals fimin = —(1122+1) kJ/kg.

As one can see, both for water (Fig. 3) and argon
(Fig. 4) the isotherms of the quantity — (0V/0P)
are monotonically decreasing functions of the chem-
ical potential. A comparison between Figs. 3 and 4
makes it possible to conclude that the position of the
water isotherms, which is different from that of argon
isotherms, is associated with an anomalous growth
of its compressibility — (0V/0P), /V and thermo-
dynamic coefficient — (0V/0P),, when the chemi-
cal potential increases in the region g > fipmin =
= —(1122 £ 1) kJ /kg.

3.3. (T, p)-dependences of — (0V/OP).

To verify the applicability of the principle of corre-
sponding states [26, 27|, we performed a compara-
tive analysis of the (T, u)-dependences of the deriva-
tive — (0V/OP), for water and argon. It should be
noted that, despite a significant difference between
the properties of water and argon, nevertheless, ac-
cording to [28-30], there exists a region at T' < T,
(T is the critical temperature), where the principle
of corresponding states is applicable. A similar con-
clusion about the existence of the region of thermo-
dynamic similarity was made in work [25] when ana-
lyzing the (T, p)-dependences of the thermodynamic
coefficient (OV/OT) p. In work [25], it was shown that
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Fig. 3. Chemical potential dependences of the derivative
— (0V/OP) along the family of isotherms with T = 290 (1),
330 (2), 370 (3), 410 (4), and 450 K (5) along the liquid-vapor
(a) and liquid-solid (b) coexistence curves for water in the lig-
uid state in the temperature interval from 7" = 273.15 K to
T =450 K (T/T. < 0.7). c is the triple point
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Fig. 4. Chemical potential dependences of the derivative
— (0V/OP) along the family of isotherms with 7' = 90 (1),
95 (2), 100 (8), and 105 K (4) along the liquid-vapor (a) and
liquid-solid (b) coexistence curves for argon in the liquid state
in the temperature interval from 7" = 83.8 K to T' = 105 K
(T'/T. < 0.7). c is the triple point

there is a region of thermodynamic similarity between
water and argon, as well as another region of ther-
modynamic parameters, where the water and argon
properties differ considerably.

For the comparative analysis of those liquids, con-
sider the temperature interval 0.556 < T'/T. < 0.7,
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Fig. 5. 3D plot of the temperature-chemical potential depen-
dence of the value — (9V/9P) for water in the liquid state in
the relative temperature interval 0.556 < T'/T. < 0.7
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Fig. 6. 3D plot of the temperature-chemical potential de-
pendence of the quantity — (8V/0P) . for argon in the liquid
state in the relative temperature interval 0.556 < T'/T. < 0.7.
Liquid-vapor coexistence curve (1), liquid-solid coexistence
curve (2), triple point (8), projection of the liquid-vapor coex-
istence curve onto the temperature—chemical potential plane
(4), projection of the liquid-solid coexistence curve on the
temperature—chemical potential plane (5)

where the influence of the critical fluctuations of order
parameter can be neglected. Note that the relative
freezing temperature for argon T/T. = 0.556 (T =

394
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Fig. 7. 3D plot of the temperature-chemical potential de-
pendence of the quantity — (0V/OP), for water in the lig-
uid state in the relative temperature interval 0.422 < T/T,. <
< 0.556. Liquid-vapor coexistence curve (1), liquid-solid co-
existence curve (2), triple point (8), projection of the liquid-
vapor coexistence curve onto the temperature—chemical poten-
tial plane (4), projection of the liquid-solid coexistence curve
on the temperature—chemical potential plane (5)

= 83.81 K) is higher than that for water T'/T, = 0.422
(T = 273.15 K). In the indicated temperature inter-
val, the baric dependences of thermodynamic quan-
tities for argon are confined from the high-pressure
side by the liquid-solid coexistence curve. This physi-
cal condition determines the maximum pressure value
P/P. = 20.56 (P = 1 x 10° kPa) at which argon
still exists in the liquid state at the temperature
T/T.=0.7 (T =10548 K).

Let us plot and compare the three-dimensional sur-
faces of the (T, u)-dependence of the thermodynamic
coefficient — (0V/0P),. for water (Fig. 5) and argon
(Fig. 6) in the same interval of relative tempera-
tures 0.556 < T'/T, < 0.7. This is the temperature
interval 359.87 K < T < 452.97 K for water, and
—83.81 K < T < 105.48 K for argon. It should be
noted that, unlike the argon case, the selected inter-
vals of relative temperatures and chemical potentials
for water do not contain the liquid-vapor and liquid-
solid coexistence curves.

As one can see from Figs. 5 and 6, the plotted sur-
faces are qualitatively similar. This fact confirms the
validity of the principle of corresponding states in the
indicated temperature and chemical potential inter-
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vals for water and argon, and is in agreement with
the conclusions of works [25, 28-30].

Let us plot the (7T, u)-dependence of the thermo-
dynamic coefficient — (0V/OP), for water (Fig. 7)
in the temperature interval from the water melting
temperature T = 273.15 K (T/T. = 0.442) to the
temperature T = 358.89 K (T/T. = 0.556) cor-
responding to the relative melting temperature of
argon, T = 83.81 K (T/T. = 0.556). A compari-
son of Figs. 6 and 7 testifies that there exists a re-
gion of thermodynamic parameters where the prop-
erties of water and argon differ substantially. It fol-
lows from Fig. 7 that, for the thermodynamic coef-
ficient — (OV/OP), of water, the liquid-vapor coex-
istence curve passes through a minimum located at
the coordinates Ty, = (315.15 £ 0.2) K (Opin =
= (42.0 £0.2) °C) and pimin = —(1122 + 1) kJ/kg.

In contrast to argon, in the case of water, when
the temperature decreases in the interval T' < T =
= (315.15 + 0.2) K and the chemical potential in-
creases in the interval g > pmin = —(1122+1) kJ /kg,
the thermodynamic coefficient — (0V/0P), along the
liquid-vapor coexistence curve abnormally grows and
reaches a maximum value at the triple point (see also
Figs. 1 and 3).

The results above testify that the temperature
T = 315 K is particular for water and associated with
other specific features in the 7- and p-dependences
of its thermodynamic coefficient — (9V/9P). In our
opinion, these features can be related to the struc-
tures of hydrogen bonds in water according to its
two-phase (LDW and HDW) model [31, 32].

4. Conclusions

To summarise, on the basis of available physical
databases, the temperature and chemical poten-
tial dependences of the thermodynamic coefficient
— (0V/OP) for water and argon in the liquid state
are calculated, and their comparative analysis is car-
ried out.

1. The existence of a region of thermodynamic sim-
ilarity between water and argon is confirmed. For
the thermodynamic coefficient — (0V/0P)., this re-
gion is located in the temperature interval 0.56 <
< T/T. < 0.7. At the same time, there is also a region
of thermodynamic parameters, where the properties
of water and argon differ substantially.

2. It is shown that there is a particular tempera-
ture of (42.0 £+ 0.2) °C for water, at which the tem-
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perature dependence of the thermodynamic coeffi-
cient — (0V/0P) along the liquid-vapor equilibrium
curve passes through a minimum. This peculiarity is
responsible for other features in the behavior of the T-
and p-dependences of the indicated thermodynamic
coefficient of water.

3. It is shown that there is a particular value of
—(1122+1) kJ/kg for the chemical potential of water,
for which the p-dependence of the thermodynamic
coefficient — (0V/0P), along the liquid-vapor coex-
istence curve also has a minimum.

4. In contrast to argon, in the case of water, the
thermodynamic coefficient — (0V/0P), as a function
of chemical potential reaches a maximum value at the
triple point (at the meeting point of the liquid-vapor
and liquid-solid coexistence curves).
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Translated from Ukrainian by O.I. Voitenko

JI.A. Byaasin, €.1. Pyonikos

BIL/INB TEMITEPATYPY TA XIMIYHOT'O
MMOTEHITAJTY HA TEPMOJAMHAMIYHUI
KOE®IIIEHT — (9V/dP), BOJIU

Ha ocHoOBi icHyrounx JiiTepaTypHHUX JaHUX IPOBEJEHI PO3-
PaxyHKM 3 IOJAJIbIINM aHAJI30M TEMIIEPATyPHUX Ta XiM-
MMOTEHIIaJIbHUX 3aJIe2KHOCTEN TePpMOIUHAMIUHOTO KoedirieHnTa
—(8V/OP) nns Bomu y crami pimunu. IIpoBemeno mopisHs-
HHs 3HAWIEHOTrO KOoedilieHTa Uil BOAM Ta aproHy. 3 ypaxy-
BaHHSAM IPUHIMITY BiJIIOBIIHUX CTaHIB MiATBEPIKEHO iCHyBa-
HHsI objiacTi TepMoiuHaMigHOl HOaiOHOCTI Mik HuMmu. Pazom
3 TUM, iCHy€ 00OJIaCTh TEPMOJMHAMIYHUX [apaMeTpiB, B sKiil
3a3HadeHa MOAIOHICTH MiXK BOZOIO Ta aproHOM He CIOCTepira-
erbcsa. [lokazano, mo Ui Boau icHye ocobiuBa TeMmIeparypa
(42,0£0,2) °C, 3a siK0l KpHUBa TEMIIEPATYPHOI 3aJI€2KHOCTI Tep-
Mo uHaMigHOrO Koedinienrta — (8V/IP)» y3n0BxK JiHil piBHO-
Baru pijuHa—Iiapa IpoOXoAuTh Yepe3 MiHimyM. Bkazana ocobJiu-
BiCTH IPUBOJUTD JI0 OCOOJIMBOCTI MTOBEIIHKU TEPMOIMHAMIIHO-
ro koedinienra — (0V/OP) BoxM, HOro He CHOCTEPIiraeThbCst
st aprouy. [lokazano, 1o [j1s1 BOAH iCHy€ 0CcOOINBE 3HATEHHST
XIMiYHOIrO IIOTEHITiaJTy, 32 AKOIO KPUBa XiMIIOTEHI[iaJIbHOI 3aJj1e-
»KHOCTI TepmouHaMiyHOro Koedinienra — (OV/OP) ysmosx
KPUBOI CIIiBiCHYBaHHSI piimHa—TIapa TakoxK Mae Minimym. Kpim
TOro, y HOTPifiHIN TOYIl BOAM TepMOAMHAMIYHHMI KoedilieHT
— (8V/OP) sk dysKuig XiMiYHOIO IOTEHI[ALy JOCArae Ma-
KCUMAJIbHOTO 3HAYEHHS.

Katwoei caoea: Boga, aproH, isorepMivHa CTUCIUBICTD, Xi-
MiYHUN IOTEHIliaJI, KpUBa CIIBiCHyBaHHA piiuHa-TIapa, KpuBa
CIIiBICHYBaHHSI piuHa—TBEP/E TiJIO, BOJAHEBI 3B SI3KU.
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