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FACTORIZATION
OF THE LORENTZ TRANSFORMATIONS

The article shows how the factorization of an arbitrary Lorentz transformation is performed.
That is, the representation of an arbitrary Lorentz transformation as a sequence of a spatial
rotation and a boost or a boost and a spatial rotation. Relations are obtained that determine

the required boosts and turns.
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1. Introduction

In quantum electrodynamics, the most convenient
and natural form of Lorentz transformations is the
hypercomplex form based on 16 Dirac matrices [1]. In
the hypercomplex representation, a scalar is asso-
ciated with the matrix al, a pseudoscalar is asso-
ciated with the matrix af, a 4-vector is associated
with the matrix a,v®, a 4-pseudovector is associ-
ated with the matrix a,7®, and an antisymmetric
4-tensor of the second rank is associated with the ma-
trix aagao‘ﬁ. Here, 1 is the identity matrix 4 x 4,

¥y’ + 4P = 2%, (1)
0.1.2_3

0 =710, 1 =401, 2007 =407 — 4Py (2)
As always, Greek indices take values 0, 1, 2, 3, Latin
ones take values 1, 2, 3.
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Let us name the numbers
- 1
al + bt + co v + dom® + §fa60(w- (3)

Dirac numbers [2]. The hypercomplex system of Dirac
numbers contains a subsystem based on 8 matrices 1,
i, 0®8. The numbers of this subsystem have the form

A 1 A
al + bt + iLagao‘B =al +bi+ Lo1o® +
+ L020'02 + L03(TO3 + L230'23 + L310'31 + L120'12. (4)
We will call these numbers the Lorentz numbers,
since it is with their help that Lorentz transforma-

tions are carried out. More precisely, with the help of
the matrix exponent

o o1 11
e3loso™ — 14 L300 + —~Los0°? x

2 212
1 ~ 1 L? L1
- af — — af _ 2 2 af
X 2La50' +... = 1+2L(,ﬁ(f 21 30 2La[30' +
L* Logo®P
+j+...:cosL+%sinL (5)
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Here, we have used the equality

1 1
5Las0® 5 Lapo™’ =

1
—§(LaﬁLaﬁ —iL* L) = —L? (6)

and the designation

1
LZB = *EagW,Luy, 50123 = 1, £€0123 = —1. (7)

2
The tensor Lf 5 dual to Lag has components
L§y = —Las, Lgy = —Ls1, Lz = —Laa,

8
LS3 = Lo, L§; = Loz, LS5 = Lo3. ®)

The Lorentz transformation of scalars, pseudo-
scalars, vectors, pseudo-vectors, and second-rank an-
tisymmetric tensors is performed by the operations
s

~ 1 aB 1 a
_ o5Lapo —5Lago
al = e272B9 " gle” 277 |

bi = e3Lano™ pe= 3Laso™”
1 aB 1 aB
R L )

1 af 1 apB
(e sLapgo a,—35Lago
d, m* =e2=P7 d,mYeT 2B

B

f&BUO‘B = e%Laﬁgaﬁfa[gao‘Be*%LaﬁUQ
The Lorentz transformation of Dirac spinors is per-
formed by the operation

W = erlas™y,

(10)
If the exponents in (9)—(10) have the form §Lyo*!,
then these formations are spatial rotations; but, if
they have the form Loio%, then these transforma-
tions are boosts. In the general case, transformations
are neither spatial rotations nor boosts. However, any
Lorentz transformation can always be represented as
a sequence of a spatial rotation and a boost or a
boost and a spatial rotation. Below, we obtain rela-
tions that allow us to do this in an arbitrary case.

2. Biquaternion Representation
of the Lorentz Transformations

Hypercomplex Lorentz numbers are isomorphic with
biquaternions. This makes it possible to use the well-
known quaternion algebra to simplify manipulations
with Lorentz transformations. To verify this isomor-
phism, we firstly note that

0_01 — _20_23’ o

20

02 _ ;g1 503 _ ;512

(11)

Therefore, (4) can be written as

1 1 1
a+ b+ iLaﬁaaﬁ =a+1b— Znglakl + iLklakl =

1 1
=a+ib+ 5 (Ly - (LYo = a4 b+ ilklakl. (12)

Here

lgg = Ly — I:Lzl. (13)

The algebra of matrices 1, 623, ¢3!, o'2

with the algebra of quaternions:

is isomorphic

X 023 o3t ol? X 2 J k
023 -1 12 —g3t i | —1 k -7
o3 | _g12 -1 523 il k| -1 i
ol2 31 —o23 -1 k j —3 | -1

Therefore the numbers
1 1 kl
al + §LMJ (14)

can be thought of as quaternions, and the numbers

1 ~ 1
a+ ) + iLaﬁo'aﬁ = (al + 2Lkla'kl) —+

1
+1 (b - 2Lzlakl>

like biquaternions [3]. That is, as a system of quater-
nions, expanded by introducing an additional unit ¢.

Mathematicians consider three possible options for
introducing an additional unit: when i-7 = —1, when
t-t =1, and when ;-2 = 0. In the first case, the result-
ing numbers are called elliptic (ordinary) biquater-
nions, in the second, hyperbolic biquaternions, and,
in the third, parabolic ones. Since ¢ -7 = —1, we are
dealing with elliptic (ordinary) biquaternions.

The numbers al + bi are isomorphic with complex
numbers and commute with o®?. We will call such
numbers i-complex numbers. Accordingly, biquater-
nions (15) can be considered as quaternions with i-
complex coefficients. In particular, exponent (5) can
be written as

(15)

[e3 1
ezlano B:el<:1+l<+§lc~l§+

1 l
+—lc-l§-l§+...:cosl—i—TCsinl. (16)
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Here, we use the notation

1 1 1
lC = §La50aﬁ = ilklgkl = i(Lkl - ZLZZ)Ukl =
= (Log—1L53)0% 4 (L31— LS, )03 4+ (Lig—iL$y) 0% =
(17)

(18)

= (r+b)s =

(re + iby)o®> + (ry + iby)a® + (r, + ib,)o'?,
?=—-ls-ls=1-1=(r+ib)> =r>—b>+i2b-r, (19)
I=V_ls le=VI1=+r2—b2+i2b-r.

Ifl =r, b =0, then transformations (9)—(10) de-
scribe the space direct rotation of the reference frame
around the r-axis by an angle 2r. But ifl = b, » = 0,
then transformations (9)—(10) describe the boost. Na-
mely, if % = 7, tanh 2b = %, then they will describe
the transition to the reference frame that moves rela-
tive to the original system with a speed v. In the gen-
eral case, when I = 7 + ib, transformations (9)—(10)
are neither spatial rotations nor boosts. However, as
we will see below, they can always be represented as a
sequence of a spatial rotation and a boost or a boost
and a spatial rotation.

Operations with biquaternion exponents (16) are
much more convenient to perform, if, instead of i-
complex vectors I, i-complex vectors A are used as

parameters of the Lorentz transformations

(20)

Al) = Lant.

: (21)

Obviously, in the case of a spatial rotation, when [ is
a i-real vector I = r, the parameter X is also a i-real
vector

T

p(r) = —tanr. (22)
T

In the boost case, when [ is the i-imaginary vector

l = Ib, the parameter A is also the i-imaginary vector

B(ib) = % tanh b. (23)

If the parameter A(l) is known, then the parameter I
is determined by the relation

l= arctan VA - A = % arctan A,

A
VA
{ = arctan vV - A = arctan \.
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(24)

When using the parameter A(I), the exponent el
takes the form

e = cosl + chsinl = cos| (1+ llgtanl) =

_; <1+lgtanl> —&
V1 + tan?1 l VIFAX

and the product of two exponents e!2Sel1s is of the
form

(25)

VX2 X)) (T + A - Ay)
1—A1- A o
\/(1+)\2'>\2)(1+)\1')\1)

el2solis — (1 + AQC)(l + /\1§)

AL+ A+ A X A\

1 . 2
X(+ WY g) (26)
Here, A1 = A(l1), A2 = A(l2). Putting

)\1 + AQ + AQ X )\1
() = 2
( ) 1 _ Al . A2 ? ( 7)
we get
1 . 1 .
L AD) - AW = (T+X2-A)(14+ Xy /\1). (28)

(1 —=X1-A2)?

The product of the exponents takes the form of ex-
ponent (16) with the exponent I¢:

el2sehis = 1t =els. (29)

VIHA-A

Relation (26) determines the rule for the composition
of the parameters A(l1) and A(l3), when multiplying
the exponents e'2Sel1<. Note that, in [4], the same re-
lation was obtained for another parameter not related
to biquaternions.

3. Factorization of the Lorentz
Transformations

Any Lorentz transformation can be represented as a
sequence of a spatial rotation and a boost or a boost
and a spatial rotation. Accordingly, the exponent e's
can be represented as a product

els = efbsers, (30)

or

ols — or'sib's (31)
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Let us take a few steps to find the parameters of
boosts b, b’ and rotations 7, r’.

At the first step, we multiply the left and right
parts of equalities (29)—(30) by the left and right parts
of their Hermitian conjugate equalities

(el‘)T = e VS = ¢ TSelbs (32)
or
(elg)]‘ _ e_[*< _ €Zb/<e_r/§. (33)

Here, * denotes the i-complex conjugate: I = r + ib,
*=r—1ib.

We multiply equality (29) by (31) from the right
else Vs

_ ebbcergef'rceng _ eLQbC’

(34)
and equality (30) is multiplied by (32) from the left

_q* gt ’ B Ayt Ayt Ayt
e lcelczebbcer Se ’I‘CebbC:ebbCeLb§

= ¢"'s_(35)

Using (26), we find the parameters A(:2b) and A(i2b')
corresponding to the parameters I = i2b and I’ =

= i2b':

A - M +i\_( ()). (l() - A=Y _
SO
A2 = 20 i\*—(;\l()l;r' ig:i; -

_AD =N @) = A0 x A (37)

ESYOEX0)

At the second step, we will find the parameters A(ib)
and A(Zb') we need. They differ from A(i2b) and
A(i2b') by factors

tanvib - b tan Vib' - tb’ (38)
tan Vi2b - i2b tan Vi2b' - 020"

To find these factors, we use the trigonometric equa-
lity

tan z 1

= . 39
tan2z 14 /14 tan®2z (39)
Thus, we get
tanvib-ib 1 .
tanvi2b-2b 14 /1 + tan2V/i2b - i2b

22

1
1+ /T + X(i2b) - A(i2b)’
tan /b’ - ib’ 1

tan V20’ - i26' 1+ \/1+ tan? Vi2b' - i2b
|

(40)

(41)

T 1 /I A@20) A2
Let us calculate

A(i2b) - A(i2b) = A(i2b') - A(i2b) =

A2(D) + A*2(1) — 2A(1) - A (1) +
X2 OA(E) — [ () A
[14+ @) - A(1)]?
L X@I+A@)] - |
1+ A1) - A

(

_ LX)+ A2 (1))
IIEENORPNIO]

~1 (42)

Respectively,

tanvib-ib  tanvib b
tanv22b-2b  tanV12b’ - 12b'
T+ X)X ()

D+ [T+ X201+ 220

(43)

EESYOR)

Thus, the parameters A(tb) and A(ib’) corresponding
to the parameters | = tb and I’ = ib’, have the form

. tanm
= A b b
B A1) — A*(1) = A1) x A*(1)
S+ ADN () + VI F RO+ 220
tan\/m

tanv/i20/ 20

() — A5(1) 4+ A() x A*(1)
TEXD) X () + /[T + X))+ X2 (0]

A(ib)

(44)

A(ib') =A(i2b)

(45)

As it should be, the parameters A(ib) and A(ib’)
are [-imaginary vectors. The direction of these vec-
tors depends on which operation — turn or boost —
is performed firstly, and which is secondly. The mag-
nitude of the vectors A(ib) and A(ib') does not de-
pend on this.

At the third step, we find the exponents describ-
ing spatial rotations. To do this, we multiply (29) by

ISSN 2071-0194. Ukr. J. Phys. 2023. Vol. 68, No. 1
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e~%s on the left side, and (30) by e’ on the right
side:

—ibs Jls —ibs ibs rs

e et = e et e = e, (46)

A~y / ’ ~p/ ~p/ ’
elqebe S i geLb qebe S — s, (47)

=e€

We use (26) again and, after long, but not compli-
cated transformations, we find the parameters A(r)
and A(r") corresponding to the parameters r and r’:

A + A(=ib) + A(=ib) x A(l)
B 1= X(1) - A(—ib) B
— A(ib) + A1) x A(ib) _

1+ A() - A(ib)

- {,\(z) FADAD) - A @O)] +

FADVI+ XD+ X2 =A1) + 251 +
+ A1) x A= (1)
=AM - X O]+ A (O[AQ) - A(l)]} X

LAD X W + VI RO ROF)

—A() x A (1) —

x {1+ A1) - A(ib)} ! =
[ AN VIT+ XM+ 220 + }
X (O[T + X1 A1)
+ VI X201+ X))
L4+ A0)-A (1) + /[T + X201+ A2(1)]*
[ 1T+ AD)- A1) + [T+ XD+ 220 + ]
FAD)AD) = A2 (1)
DT+ X2 4+ X (D)1 + A2(1)]
VIO + /1 +22(1)]
AL + A(=ib') + A1) x A(—ib)
1= A() - A(=ib) -

LA A() - AD) < A(b)
T IR AW) - AGY) -

1+ A1) (1)

; (48)

A(r) =

PO+ AOR@ X O] +AW) x

X A/[L+ X2D)][1+ X2(D)]* —=A(1) + X (1) —
A x A1) + A1) x A1) -
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= AORAO- A O] + AT O)[AD) ~>\(l)]} x

LA X W) + VT RO T RWF)

A(ib)) " =

_ AV O OF AN OIHAD-AD)]
(@)

L+ XD -2 () + /T + X201+ X2 ()]
T4+ XO)-X(1) + /1 + X201+ A2(0)]
L+ AD)- A1) + [T+ X201+ X2+
+A)-A) — )\(l)~)\*(l)

AV + X201 + X (1)/[1 4+ A2(1))

A
=T e+ vierg @

x {14+ A1) -

*

As expected, the parameters A(r) and A(r’) are i-
real vectors. Neither the magnitude nor the direction
of these vectors depend on the sequence in which a
turn and a boost are performed.

Having obtained the parameters A(ib), A(ib"), A(7)
and A(7'), we can use relations (23) to pass to the pa-
rameters I, I’, 7, ' and represent an arbitrary Lorentz
transformation in the form (29) or (30). It is even sim-
pler to express the exponents in (29), (30) directly in
terms of A(ib), A(ib'), A(r), and A(r’) using rela-
tion (24).

4. Summary

The article shows how any Lorentz transformation
can be represented as a sequence of a spatial ro-
tation and a boost or a boost and a spatial rota-
tion. Relations are found that determine the param-
eters of such turns and boosts. Representing an arbi-
trary Lorentz transformation in the form of a rotation
and a boost or a boost and a rotation makes it possi-
ble to give a physical meaning to this transformation
and to analyze it.

The authors would like to thank Prof. Evgeniy Tol-
kachev for stimulating discussions.
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I'ITEPKOMILJIEKCHE ITPEJICTABJIEHHA
I'PYIIN JIOPEHIIA

HocutiizreHo rinepKOMILIEKCHY CTPYKTYpy rpynu Jlopewrta, mo-
OynoBany Ha Marpuisx Jlipaka. Bona nogibua qo kBaTepHioH-
HOI JINYUHU IPYIIH IPOCTOPOBUX MTOBOPOTIB. Takuit BUIJIsAT Ma€e
HU3Ky mepesar. [lo-niepie, y Hiif I1epeTBOPEHHSI DI3HHX Ie€o-
METPUYHUX 06’€KTIB — BEKTOpIB, aHTHCHUMETPUIHUX TEH30DIB
APYyroro paHry i 6icriHOPIiB — 3iACHIOETHCS 32 JOIIOMOIOK0 THX
caMuX orepaTopis, 60 g smunHa 3BigHa. [lo-gpyre, npeacras-
JIEHHSI ITpaBUJjIa KOMIIO3UIN] JBOX JIOBIIBHUX IIepeTBOpPeHb JIo-
peHIa Mae npoctuil Burss. Lli mepeBaru 3HaYHO CIPONLYIOTH
3HAXO/PKEHHs 6araTboX 3aKOHOMIPHOCTEH, MIOB’A3aHUX 13 mepe-
TBOopenHsMu Jlopenna. 30kpema, BOHU CIPOILYIOTh JOCJIiKe-
HHs 3B’#I3Ky cIliHa 3 rceBpoBekTopoM Ilaymni—Jlrobancbkoro ta
MaJIoo rpymnoio Birmepa.

Katowoei cao6a: TinepKOMILIEKCHI Yncia, rpyna JlopeHa.
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