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ANALYTICAL THEORY OF PLASMON
EFFECTS IN ROD-LIKE METAL NANOPARTICLES.
THE EQUIVALENT-SPHEROID MODEL

1. Introduction

In the framework of the model of equivalent prolate spheroid, analytical expressions for the
polarizabilities of rod-like metal structures have been derived, which substantially simplified
the calculation of their optical characteristics. The frequency dependences of the transverse
and longitudinal components of the polarizability tensor, as well as the absorption and scat-
tering cross-sections, are calculated for prolate spheroids, cylinders, and spherocylinders. The
changes in the positions of the maxima of the imaginary part of the polarizability tensor com-
ponents and the changes of the absorption and scattering cross-sections with variations in the
size, shape, and material of nanoparticles are analyzed. It is found that the position of the
transverse surface plasmon resonance (SPR) in rod-like nanoparticles of the considered shapes
is practically insensitive to the changes of their semiazes, whereas the increase of the aspect
ratio leads to a “blue” shift of the longitudinal SPR. It is shown that the use of the model of ef-
fective prolate spheroid provides satisfactory agreement with experimental data obtained at the
longitudinal SPR frequencies and does not require the application of complicated computational
methods.

Keywords: polarizability tensor, absorption and scattering cross-sections, equivalent prolate
spheroid, relaxation rate, plasmon resonance.

Nowadays, the methods of wet chemical synthe-
sis allow plasmonic nanoparticles with a wide vari-

The interaction between light and matter at the sub-
wavelength level opens new possibilities for optical
probing, accumulation of light energy, and develop-
ment of new optical devices [1-3]|. Resonance nanos-
tructures and nanoparticles can enhance the optical
response and improve the parameters of photonic de-
vices [4-8].

Localized surface plasmon resonances (SPRs) can
be excited at the surface of metal nanoparticles whose
sizes extend from a few to hundred nanometers. As a
result, a significant enhancement of electromagnetic
fields takes place near the nanoparticle surface [9,10].
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ety of their shapes — including spheres [11], triangles
[12], prisms [13], rods [14], and cubes [15] — and with
controlled dimensions and narrow size distributions
to be manufactured. The production of such a vari-
ety of nanostructures favors their wide application in
optoelectronics and nanophotonics [16]. This occurs,
because the SPR frequency is determined by the di-
electric function of the metal and the dielectric per-
mittivity of the environment; besides it also strongly
depends on the nanostructure size and shape [17—
22|. For instance, in the case of spherical nanoparti-
cles, the SPR emerges if the real part of the dielectric
permittivity of the nanoparticle, being taken with the
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Fig. 1. Geometry of rod-like nanoparticles: prolate spheroid
(a), finite-length cylinder (b), and spherocylinder (c)

minus sign, is equal to twice the value of the dielectric
permittivity of the environment (the Frolich condi-
tion). On the other hand, in the case of non-spherical
nanoparticles, the electron oscillations are anisotropic
and localized either along the principal axes [23, 24]
or at the nanoparticle boundaries and corners [25],
which leads to an additional SPR dependence on de-
polarization factors, as well as the SPR split into the
longitudinal and transverse modes. Such features can
give rise, for example, to the enhancement of the Ra-
man scattering effect and, in particular, to the giant
Raman scattering (GRS) [26, 27].

In the majority of works aimed at studying the op-
tical response of rod-shaped nanoparticles, the model
of prolate spheroid [28, 29] is used, because the cor-
responding electrostatic problem has analytical solu-
tions. According to this model, the aspect ratio of
a rod-shaped particle is equal to the ratio between
the semi-axes of this spheroid. However, currently the
opinion prevails [30-32] that this model does not ac-
curately describe some features in the experimentally
obtained optical properties of nanorods. For instance,

Table 1. Geometric parameters of rod-like
nanoparticles (a and b are the major and minor,
respectively, semi-axes of the spheroid;

r and ! are the radius and the length

of the cylinder (spherocylinder))

Sizes Volume
Shape
aj bt \%
Prolate spheroid 2a 2b 4?7"7raQb
Cylinder l 2r mr2l
Spherocylinder L+ 2r 2r wr? (l + %7‘)
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in work [30], by comparing the positions of the longi-
tudinal SPR for cylinders, spherocylinders, and pro-
late spheroids with the same aspect ratio, the cited
authors came to the conclusion that this position de-
pends on the object geometry. In addition, it was
found that the model of equivalent prolate spheroid
provides a better approximation to experimental re-
sults than the model of prolate spheroid does.

In this connection, a conclusion was drawn in work
[33] that the equalities of the corresponding axial mo-
ments of inertia of the equivalent prolate spheroids
and rod-like nanoparticles comprise a natural crite-
rion for the comparison of metallic rod-like struc-
tures. This criterion can be used to obtain expressions
for the effective aspect ratios of prolate spheroids
equivalent to finite-length cylinders and spherocy-
linders.

Therefore, the aim of this work is to study the op-
tical properties of rod-like metal particles using the
model of equivalent prolate spheroid.

2. Formulation of the Problem
and Main Relationships

Consider a metallic rod-like finite-length particle em-
bedded into a medium with the dielectric constant
ém (Fig. 1). In order to analyze the particle geome-
try effect on the optical properties of such particles,
finite-length cylinders and spherocylinders, as well as
an equivalent to them prolate spheroid, will be con-
sidered. The geometric parameters of the indicated
objects are quoted in Table 1.

The starting point for our research includes the
following formulas for the absorption and scattering
cross-sections of the prolate spheroid embedded in a
dielectric medium [10]:

Wy/€m 2 1

Cabs = c Im (SQL + 30(|>, (1)
wte2 (2 5 1 2

Csca = 6rct <3|OZL + g‘a”’ ), (2)

where c is the speed of light,

er(pw) — ém

em + L1 () (e1()(@) — €m)

aqy=V 3)

are the diagonal components of the spheroid polariz-
ability tensor, V is the spheroid volume,

1—e2/ 1
;CH = ep <11’1 * Zp — 26p>7 (4)
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and 1

£L=§(1—£”), (5)
are the depolarization factors of the prolate spheroid,
and e,, is the spheroid eccentricity. The diagonal com-
ponents of the permittivity tensor are described in the
framework of the Drude theory by the relationships

2
“p

EL(”) (w) = EOO — 7% (6)
w (w + iV )

where ¢*° is the component describing the contribu-
tion of the ionic core to the dielectric permittivity,
wp = (e2ne/eom*)1/2 is the plasma frequency, n.
the concentration of conduction electrons, m* the
effective electron mass, €y the electrical constant,

and qlelff(”) the effective transverse (longitudinal) re-
laxation rate. For nanoscale objects, the latter is de-
termined as follows:

1 1
’Yeff(”) = Ybulk + ’YSL(”) + ”yra(d”), (7)

LD

where Yhuk and 73 are the bulk and surface, re-

LD

ad 18 the radiation

spectively, relaxation rates; and ~y
damping rate.

For a prolate spheroid, the surface relaxation and
radiation damping rates are determined by the for-
mulas [22]

MG Liaporan
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These formulas include the diagonal components o
and o of the conductivity tensor of prolate spheroid,
which can be determined using the relationships ob-
tained in works [34, 35|,

w
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2 2
X {1—sinx+2(1—cosm)}, (11)
x

x
where vs | and v, | are the frequencies of indi-
vidual electron oscillations along the corresponding
spheroid axes.

Now let us proceed to the calculation of the effec-
tive aspect ratio for a prolate spheroid equivalent to
a finite-length cylinder and a spherocylinder. For this
purpose, let us write down expressions for the axial
moments of inertia of those objects [33]:

sph = m;ph (a® + b?), sph = 2m55ph b2, (12)
= ”By‘ Br2+1%), I7 = m2°y1 r2, (13)
Lpheyt = mpr® X

x {2(3 +462) + % <38230 + <§ + Z)2>}, (14)
L;mwl=:wur5<g—%;i), (15)

where 6 = 1 — p, and p is the density of the sphero-
cylinder material. Equating the ratios I* /I* between
the axial moments of inertia and taking into account
that the aspect ratio equals

2
0= 77" (16a)
for the cylinder and
2r
= 16b
= T (16b)

for the spherocylinder, we obtain effective aspect ra-
tios for spheroids equivalent to cylinders,

ﬁg, (17a)

Qeft = 2

and spherocylinders,

1

46 62+ 0+ 3\ 2

g = (1 4+ — ————2) . 17b
Neglecting the oscillating terms owing to their
smallness in comparison with the unity in the braces
in Egs. (10) and (11), and calculating the integrals,
we obtain the following expressions for the diagonal
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components of the conductivity tensor of the equiva-
lent prolate spheroid:

9 fwp\2
o) (W) = T6€O< ) vs, LF () (0eft), (18)
where
_3
Fi(0er) = (1 — 0%) * %
3
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and for the frequency of individual oscillations in the
transverse direction equals [34]:

UF

Vs, 1 =
where vp is the Fermi velocity of electrons, and ex-
pressions for b; are quoted in Table 1.

By substituting relationships (18) into formulas (8)
and (9), we obtain the following expressions: for the
surface relaxation rate,

S = 9 L£1qp
s ].6 €0 [6m+EL(”) (1 *Gm)}

X

()
x —(Z2) F ; 22
5\, ) Fan (0eft); (22)
and for the radiation damping rate,
SV L "
rad 87T
(o] —
€m {6 + (ﬁuu) ) em}
)y
X — — | F 23
o ) Fan (0eft), (23)
Table 2. Parameters of metals
Parameter Al Cu Au Ag
rs/ao 2.07 2.11 | 3.01 | 3.02
m* /me 1.06/1.48/1.60 | 1.49 | 0.99 | 0.96
[ 0.7 12.03 9.84 3.7
Ybulk, 1013 s~1 12.50 3.70 | 3.45 | 2.50
852

where the dependence of the depolarization factor £
on the effective aspect ratio looks like

1+4/1 geﬁ

£y = % (
3
2(1 - 02%)* 1_ 1_Qeff

and an analogous dependence for £, is described by
expression (5).

Now, let us consider the issue of SPR excitation in
the cylinder and the spherocylinder. It is known [10]
that the corresponding condition consists in the van-
ishing of the real part of the denominator in expres-
sion (3) for the polarizability tensor components, i.e.,

—24/1— geﬂ>,

(24)

L= Lo,

(25)
L1

Ree () = —

Whence it follows that both the longitudinal and
transverse plasmon resonances can be excited in the
analyzed nanoparticles.

In the non-dissipative approximation (fyjff(u) = 0),

the formulas for the frequencies of the transverse and
longitudinal SPRs look like

Wt — “p
P L,
L1

(26)

600

Below, formula (26) is used to compare the ex-
perimental results obtained for the frequencies of
the transverse and longitudinal SPRs in a finite-
length cylinder with the theoretical ones calculated
in the framework of the model of equivalent prolate
spheroid.

3. Calculation Results and Their Discussion

The frequency dependences of the polarizability and
the absorption and scattering cross-sections for rod-
like particles were calculated for Au, Ag, Cu and Al
prolate spheroids, cylinders, and spherocylinders lo-
cated in the Teflon matrix (e, = 2.3). The parame-
ters of the metals are given in Table 2.

Figures 2 and 3 illustrate the frequency depen-
dences of the real and imaginary parts and the abso-
lute values of the longitudinal and transverse, respec-
tively, components of the polarizability tensor of Au
nanoparticles in the form of prolate spheroids. Note
that the real parts Rea () (w) change their sign in
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Fig. 2. Frequency dependences of the real (a) and imaginary
(b) parts and the absolute value (¢) of the longitudinal compo-
nent of the polarizability of rod-like gold particles in the form
of prolate spheroid: b = 10 nm, ¢ = 50 nm (1); b = 10 nm,
a = 100 nm (2); b = 10 nm, a = 200 nm (3); b = 20 nm,
a =100 nm (4); b =50 nm, a = 100 nm (5)

the examined frequency interval (Figs. 2, a and 3, a),
whereas the imaginary parts Ima )y (w) > 0 there
(Figs. 2, b and 3, b). Furthermore, the maxima of
the imaginary parts of the longitudinal and trans-
verse components of the polarizability tensor corre-

ISSN 2071-0194. Ukr. J. Phys. 2022. Vol. 67, No. 12
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Fig. 3. The same as in Fig. 2 but for the transverse component

of the polarizability of rod-like gold particles in the form of
prolate spheroid

spond to the longitudinal and transverse SPRs. The
calculation results testify that the position of the lon-
gitudinal SPR strongly depends on the lengths of the
spheroid semi-axes, in contrast to the transverse SPR
whose position practically does not change when the
lengths of the semi-axes change, with wj;, > wﬂp at
that. In particular, if the aspect ratio increases, the
sequences of curves 1 — 2 — 3 and 5 — 4 — 2
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1 2

3
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Fig. 4. TFrequency dependences of the absorption cross-

sections for prolate spheroids (a), cylinders (b), and sphero-
cylinders (¢). The parameters are the same as in Fig. 2

in Fig. 2, b demonstrate a “red” shift in the position
of the longitudinal SPR. Hence we obtain that for a
nanoparticle of this shape, the position of the longitu-
dinal SPR, unlike the position of the transverse SPR,
can be varied by changing the aspect ratio.

The curves describing the frequency dependences of
the absolute values of the longitudinal and transverse
components of the polarizability tensor (Figs. 2, ¢ and

854

1 2 3
ho, eV

Fig. 5. The same as in Fig. 4 but for the scattering cross-
sections

3, c) are similar to the curves for Rea () (w) (they
also have a maximum and a minimum), as well as to
the curves for Ima | () (w) (the positions of the max-
ima and the shifts (or their absence) of the maxima
when the aspect ratio changes).

Analogous dependences for the absorption and
scattering cross-sections of prolate spheroids, cylin-
ders, and spherocylinders with various sizes are shown
in Figs. 4 and 5, respectively. Since, according to for-

ISSN 2071-0194. Ukr. J. Phys. 2022. Vol. 67, No. 12
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mula (1), Caps= Im (%ou + %au), the curves Cyps (w)
have two maxima corresponding to the longitudinal
and transverse SPRs (Fig. 4), with the “blue” shift
of the first maxima in the absorption cross-section
occurring when the aspect ratio of the spheroid in-
creases (Fig. 4, a). The same effect takes place for
finite-length cylinders (Fig. 4, b) and spherocylinders
(Fig. 4, ¢) when the aspect ratio of the equivalent
prolate spheroid increases. The only difference con-
sists in that two close maxima merge into a single
one for cylinders with [ = 27, whereas this case has
no sense for spherocylinders because the spherocylin-
der degenerates into a sphere at [ = 2r.

It should also be noted that the distances be-
tween the first and second maxima in the absorption
cross-sections decrease along the sequence “prolate
spheroid — cylinder — spherocylinder” (Fig. 4). As
for the position of the second maximum, it is prac-
tically independent of the lengths of the minor and
major semi-axes in both a spheroidal particle and a
prolate spheroid equivalent to the cylinder and the
spherocylinder. Those facts testify that the first max-
imum in the absorption cross-section corresponds to
the longitudinal SPR, and the second one to the
transverse SPR.

The curves Cyca (w) depicted in Fig. 5 are qualita-
tively similar to the curves |1 (w)| and |y (w)|, and
the positions of the first and second maxima and their
shifts with the variation of the aspect ratio corre-
spond to analogous curves Cyps (w) for nanoparticles
of all examined shapes. Note that similarly to the fre-
quency dependences of the absorption cross-sections,
the dependences of the scattering cross-sections have
the same features for prolate spheroids (Fig. 5, a),
cylinders (Fig. 5, b), and spherocylinders (Fig. 5, ¢).

The frequency dependences of the absorption cross-
section for the particles of various geometries, cylin-
drical particles of various metals, and cylindrical
Al particles with various effective electron masses
are shown in Fig. 6. The first maximum in the de-
pendence Cyps (w) is characterized by a “blue” shift
along the particle shape sequence “prolate spheroid —
— cylinder — spherocylinder”; at the same time,
the “red” shift of the second maximum is insignif-
icant in this case. As a result, the distance be-
tween the maxima in the absorption cross-section
substantially decreases along the indicated sequence
(Fig. 6, a). The blue shift of the first maxima in the
absorption cross-section along the series of metals

ISSN 2071-0194. Ukr. J. Phys. 2022. Vol. 67, No. 12
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Fig. 6. Frequency dependences of the absorption cross-
sections for particles of various shapes with b = 20 nm and
a = 100 nm (a), cylinders with b, = 20 nm and a; = 100 nm
made of various metals (b), and Al cylinders with b, = 20 nm,
a; = 100 nm, and various values of the effective electron

mass (c)

Au — Ag — Cu — Al is a consequence of the rela-
tionships wﬁ“ < wf}g < wg“ < wﬁl (Fig. 6, b). In
cylindrical Al particles (Fig. 6, ¢), as the effective

electron mass increases, the first and second max-
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Table 3. Longitudinal and transverse
SPR frequencies for rod-like nanoparticles

at various aspect ratio values

Prolate spheroid
4
w‘slp, eV wSJ;,, eV
0.05 0.486 2.6
0.10 0.825 2.593
0.15 1.089 2.585
0.20 1.299 2.575
0.25 1.471 2.564
0.30 1.612 2.553
0.35 1.730 2.541
0.40 1.830 2.530
0.45 1.916 2.518
0.50 1.989 2.506
Cylinder
4
wﬂp, eV wﬁ;, eV
0.05 0.433 2.601
0.10 0.743 2.595
0.15 0.990 2.588
0.20 1.192 2.580
0.25 1.360 2.571
0.30 1.501 2.562
0.35 1.620 2.552
0.40 1.723 2.542
0.45 1.811 2.532
0.50 1.888 2.522
Spherocylinder
4
w!p, eV wsip, eV
0.05 2.062 2.492
0.10 2.078 2.488
0.15 2.095 2.485
0.20 2.112 2.481
0.25 2.129 2.477
0.30 2.146 2.473
0.35 2.163 2.468
0.40 2.180 2.464
0.45 2.196 2.459
0.50 2.213 2.454

ima in the absorption cross-section undergo a ‘“red”
shift associated with a reduction in the frequency of
bulk plasmons (and, accordingly, the SPR frequen-

856

eV
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1 1 L L
2 3 4 5 6

1/0

Fig. 7. Calculated dependences of the longitudinal SPR fre-
quency on the inverse aspect ratio: the “prolate spheroid”
model (the shape parameter is the aspect ratio p) (1); the
“equivalent prolate spheroid” model (the shape parameter is
the effective aspect ratio geg) (2); symbols correspond to ex-
perimental results taken from work [26]

cies wj})(“)) owing to the increase of the effective elec-

tron mass.

The results of calculations for the frequencies of the
longitudinal and transverse SPRs for the particles of
the considered shapes are given in Table 3. As one
can see, with the growth of the aspect ratio, the fre-
quencies of the longitudinal and transverse SPRs get
closer and the distance between the resonances de-
creases along the shape sequence “cylinder — prolate
spheroid — spherocylinder”.

Figure 7 illustrates a comparison of experimental
data with the results of theoretical calculations ob-
tained for the shape dependence of the longitudi-
nal SPR frequency in the cases of a cylinder consid-
ered in the framework of the “prolate spheroid” model
(curve 1) and the “equivalent prolate spheroid” model
(curve 2). The results demonstrate the proximity of
experimental points to curve 2, which confirms the
adequacy of the “equivalent prolate spheroid” model
to the real situation and the validity of this approach.

4. Conclusions

Analytical expressions for the frequency dependences
of the transverse and longitudinal components of the
polarizability tensor and the absorption and scatter-

ISSN 2071-0194. Ukr. J. Phys. 2022. Vol. 67, No. 12
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ing cross-sections of finite-length cylinders and sphe-
rocylinders have been obtained in the framework of
the model of equivalent prolate spheroid. It is shown
that the position of the longitudinal SPR substan-
tially depends on the lengths of the spheroid semi-
axes, whereas the position of the transverse SPR
practically does not change at that. Therefore, the
position of the longitudinal SPR in rod-like structures
can be adjusted by changing their aspect ratio.

It is found that the first maximum of the absorption
cross-section corresponds to the longitudinal SPR,
and the second one to the transverse SPR in nanopar-
ticles of all considered shapes. Furthermore, the dis-
tance between the maxima in the absorption cross-
section substantially decreases along the nanoparti-
cle shape sequence from the prolate spheroid to the
spherocylinder. It is demonstrated that the character
of the SPR shift (“blue” or “red”) depends on both
the particle shape and the material the particle was
made of.

It is shown that the application of the “equivalent
prolate spheroid” model for the determination of the
frequency of the longitudinal SPR makes it possible to
achieve better agreement with the experiment with-
out applying complicated computational approaches,
e.g., the discrete dipole method, which was used in
work [26].
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Translated from Ukrainian by O.I. Voitenko

A.B. Kopomyn, A.B. Kapandaco, B.1. Pesa

AHAJIITUYHA TEOPIA ITJTASMOHHUX
EDPEKTIB ¥V CTPN2KHEIIOJAIBHUX METAJIEBUX
HAHOYACTUMHKAX. MOJIEJIb
EKBIBAJIEHTHOT'O C®EPOIIA

B pamkax wMogesi eKBiBaJI€EHTHOO BHUTATHYTOro cdepoina
OTPUMAHO aHAJITHUYHI BUPA3H JJIsI TOJISIPU30BHOCTEN CTPUZKHE-
noAibHUX MeTaeBUX CTPYKTYP, IO JO3BOJIUJIO CYTTEBO CIPO-
CTHTHU PO3PaxXyHKH IX ONTHYHHX XapaKTePUCTHK. PospaxoBano
YaCTOTHI 3aJI€?KHOCTi ITOIIEPEYHOI Ta IO3J0BXKHbOI KOMIIOHEH-
TH TEH30pa IIOJISIPU3OBHOCTI, a TaKOXK IIepepi3iB IOIVIMHAHHS
i po3cioBaHHS JJIsl BUTATHYTHX cepOoiaiB, nuIiHapiB Ta cde-
poumtinapis. IlpoanasizoBaHo 3MiHYy MOJIOXKEHb MaKCHMYMiB
YABHOI JACTHHH KOMIIOHEHTIB T€H30pa IIOJISIPU30BHOCTI, Iepe-
pi3iB OryIMHAHHS Ta PO3CIIOBAHHS IIPU 3MiHi po3Mmipis, popmu i
MaTepialy HAaHOYACTUHOK. BcTanoBieHo, mo moJIozKeHHsI Iolre-
PEYHOI0O MOBEPXHEBOI'O INIA3MOHHOI'O PE30HAHCY B CTPHKHEIIO-
OiOHUX HAHOYACTHHKAX (DOPM, IO PO3IVISAAIOTHCS, IPAKTHIHO
HeYyTJIMBE JI0 3MiHU BEJIMYUH IiBOCEei, y TO# 4ac sK 30ijbiie-
HH$I aCIIEKTHOI'O BiIHOIIEHHS IPHUBOIUTEL 0 ‘9€pPBOHOIO” 3Cy-
BY IO3JI0B’KHBOI'O IIOBEPXHEBOIO ILJIA3MOHHOIO pe3onaHcy. [lo-
Ka3aHo, IO BUKOPHCTaHHs MOJIeJIi eKBiBaJIeHTHOTO BUTATHYTO-
ro cdepoina gae 3aJ0BiAbHE Y3rOMXKEHHS MiXK pe3yJIbTaTaMu
PO3PaxyHKiB Ta eKCIEPUMEHTAJIBHUMU JaHUMU JJIsl YACTOT II0-
30BKHBOI'O IIOBEPXHEBOIO IIJIA3MOHHOI'O PE30HAHCY, He IIOTPe-
OyI0UIHN 3aCTOCYBaHHSI CKJIAJHUX OOYUCIIIOBAJIbHUX METOMIB.

Katowoei ¢.ao06a: TEH30p HMOIAPU30BHOCTI, Iepepi3u morIu-
HaHHSI Ta PO3CilOBaHHS, €KBiBaJIeHTHHUII BUTATHYTHI cdepoin,
MIBUJKICTH peJIaKcallil, IJIa3MOHHUN PE30HAHC.
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