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Using an extension of the Foldy—Wouthuysen transformation to
two-particle wave equations, we consider the problem of expan-
sion of the two-body Dirac Hamiltonian in powers of 1/c up to the
fourth order. The transformed Hamiltonian in an even-even form
to order 1/c? is obtained. Tt is shown that the extra terms which
can be eliminated by additional unitary transformations appear in
the expansion in higher orders. As an example, the Breit equation
for Coulomb particles is considered, and all the terms of order 1/c*
in its reduction are calculated. The obtained results can be used
for the expansion of relativistic and quasirelativistic two-particle
wave equations to higher orders.

1. Introduction

Nowadays, the relativistic and quasirelativistic two-
particle wave equations are widely used in a study of
various relativistic effects in quantum systems and in
calculations of their energy spectra [1]. In many cases,
however, to obtain an acceptable description of a two-
body system, it is not essential to solve the original equa-
tions of motion, and one can often restrict oneself to the
consideration of their approximate forms. In order to
reduce the relativistic equations to such forms, canoni-
cal transformations of the Foldy—Wouthuysen (FW) type
are usually applied. At first, the FW transformation was
developed to expand relativistic one-particle equations of
the Dirac type into a series in powers of 1/¢ (or 1/m)
[2-4], and it was generalized afterwards by Chraplyvy
to two-particle equations of the Breit type [5-8]. This
method allows one to expand a relativistic Hamiltonian
to any desired degree of approximation, keeping its Her-
mitian character.

As a rule, it is sufficient for many applications to limit
oneself to the expansion of two-particle wave equations
in powers of 1/c to the second order. Thus, the well-
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known Breit—Fermi Hamiltonian which can be derived
from the nonrelativistic reduction of equations of the
Breit or the Bethe—Salpeter type is often used to de-
scribe spectra of atomic and quark systems (7, 9]. Yet,
a further expansion of relativistic and quasirelativistic
two-body equations to higher orders in 1/c¢ can be of
some interest as well, and not only from the theoreti-
cal point of view. The improvements of experimental
techniques for the study of the energy spectra in atomic
systems, first of all, in hydrogen-like atoms, muonium,
and positronium, enable one to make precise measure-
ments of their energy levels [10]. Researchers usually
apply quantum electrodynamics (QED) to calculate the
contributions of orders a®mc? and a®mc? to the en-
ergy (see, e.g., [11] and references therein). However,
the problem of derivation of the higher-order Hamilto-
nian for an arbitrary light atom within the framework
of QED still remains a difficult one. Nevertheless, the
direct derivation of an effective Hamiltonian that con-
tributes to a®mc? can be performed by the reduction of
relativistic two-body equations, though it does not give
a complete treatment of the field effects.

In this paper, we consider the problem of expansion of
the two-particle Dirac equation to order 1/c¢* by apply-
ing an extension of the FW method to two-body systems
for the case of unequal masses. In Section 2, a short re-
view of the FW transformation and its generalization to
the two-body problem is given. Section 3 deals with the
higher-order transformed Hamiltonian, for which all the
1/c*-order terms are found. It happens that this Hamil-
tonian involves certain terms having mass differences in
the denominators even if both particles are in a posi-
tive or negative energy state. We propose the additional
unitary transformations canceling these extra terms. In
Section 4, we calculate all the terms of order 1/c* in the
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expansion of the Breit equation for Coulomb particles.
The problem of modification of the fourth-order part of
the transformed Hamiltonian is also discussed. Finally,
Section 5 contains main conclusions of the work.

2. Summary of the FW Transformation and Its
Extension to Two-Particle Systems

We start off with a brief review of the FW method which
is the nonrelativistic expansion of the Dirac Hamiltonian
for a particle in external fields [2-4]. One can express this
Hamiltonian in terms of even £ and odd O four-by-four
matrices. An effect of even matrices upon components
of a four-component spinor produces a new spinor, in
which the upper and lower components of the first one
are not interlinked with one another. An effect of odd
matrices upon a spinor interlinks its upper and lower
components. The identity and § matrices are even, and
Oz, Oy, o, are odd. Thus, the Dirac Hamiltonian for a
single particle in external scalar V' and vector (By, B)
fields can be written down as follows:

H=pmc* +&+0. (1)

Here, £ = By — BV is the even part, O = a(cp — B)
is the odd one, and g€ = £, O = —Opf. In order to
remove all the odd terms, the original Hamiltonian (1)
must be subjected to canonical transformations of the

type

2
S He S = 1 ils o) + (s S ]

(i)
...+F[S,[S7...,[S,H]...]]+..., (2)
where the generating function S is suitably chosen. Here,
the reciprocal speed of light or the reciprocal mass may
be taken as the expansion parameter of the series.

Though one cannot find a unitary transformation can-
celing all of the odd terms in all orders in the case of ex-
ternal fields, the one-particle Dirac Hamiltonian can be
converted into an even operator, to any desired degree
of approximation, by canonical transformations like (2).
To remove the odd terms in H, the function S is usually
chosen for the first iteration in the form
i

S =— .
2mc?

(3)

By removing the O terms, the transformation produces
new even and odd ones instead, but all of the latter are

6

of lower orders of magnitude. Using (2) and (3), H can
be converted into an even operator

ﬁ 02 1

2mc? 8m2ct

Htr = ﬁmc2 + &+ [Oa [Oa g”_
1
12mAc®

B en_ B

8m3ch 8m3c

1 54
+m[0’ [0,10,]0,¢&]]]] + T6mpel0

(03[0, €]+

=0, +

O +..., (4)

where we have retained terms up to order 1/c*. In order
to get this expansion, one has to do three iterations. We
note that there is one term, in which £ is involved twice
in the expression (up to order 1/¢?), and it is the only
term nonlinear in the scalar interaction. We should also
note that the FW transformation is a relatively simple
way to get an approximate form of the Hamiltonian to
higher orders, and, furthermore, this procedure yields
the transformed Hamiltonian in its Hermitian form.
Let us consider an extension of the FW transformation
to two-particle wave equations. Following Chraplyvy, we
represent the original relativistic Hamiltonian as

H = Bimi®+famac +(EE) +(EO) +(0OE) +(00). (5)

It is a sum of the two “large” terms 31 m1c? + Bamac? and
the others which are written down as even-even, even-
odd, odd-even, and odd-odd terms, respectively. In gen-
eral, they are matrices of 16 x 16 = 256 elements and can
be represented as direct products of 4 x4 matrices of each
particle. Here, we assume that (£€), (OO) are of order
& and (O€), (EO) are of order ¢!, which corresponds to
the case of the two-particle Dirac equation.

As in the case of a single particle, an approximate
expression for a two-body Hamiltonian can be obtained
by converting it into an even-even operator, by applying
transformation (2), where the operator S can be repre-
sented as the sum S = S,c + Seo + Soo- The generating
functions can be written for the first iteration in the form

. i[)’l _ iﬂQ
Soe = = 2myc? (0F), Seo= 2mac? (£0), (6a)
S, = _M(OO)’ (6b)

2(m? — m3)c?

because of the meeting of the two large terms in the
first commutator of (2). These functions remove the
even-odd, odd-even, and odd-odd components from the
original Hamiltonian,

[Seo, Bimic? + 52m202} =i(£0), (7a)
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[Soea ﬂlmlcz =+ 52m202] = 2(05), (7b)
2 _
[So0s Brmic? 4 Bamac®] = i 2515277317712 (00) +
my —my
S Bamamg — m3 iy
+i mZ —m3 (00) =i(00). (7c)
In fact, expressions (6a) resemble S in (3). Operators

(6) enable us to transform a sixteen-component two-
body equation with the Hamiltonian in the form (5) to
its four-component approximate form for chosen energy
states of two particles. The generating functions (6) were
first proposed by Chraplyvy in [5] to convert a two-body
Hamiltonian into an even-even operator to order 1/c2.
This operator takes a relatively simple form under condi-
tion that (O€) and (£O) commute with each other and
reads

P

2m c?

HA = ,61771102 + /32m262 + ((‘:5) + (Og)2+

+275202 (£0)? — 8m1§04 [(0€), [(O€), (E8)]]—
: b
7@[(50)3 [(£0), (E8)]] — Smi’)CG (0&)*—
_8”3506 (5(/))4 + %[(05), [(E0), (00)]4]++
P 00, o

2(mi —m3)c?

where [a,b]; = ab + ba. Notice that this expression is
linear in (£€) and (OO) except the last term.

3. Higher-Order Transformed Hamiltonian

Expression (8) is the transformed two-body Hamilto-
nian to the second order. Proceeding with the proce-
dure of transformation of H, we obtain new even-even
terms which come after H4 and are of a lower order of
magnitude than those written in (8). They form the
higher-order (with respect to 1/c) part of the trans-
formed Hamiltonian. We will distinguish between two
types of terms in it. The 1/c*-order terms of the first
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type are nonlinear in (£€) and (OO) and can be written
as

Hp = 8;?;6 [(08), (£€)? — H%CG (£0), (E€)]*+ (9a)
f P (600,002 + 2 ((08).(00)
8m,m3co ’ T 8m2mycS J T

Bimy — Bomea

~16m2(m2 — m2)cS

[(00),[(0€),[(0€), (OO)]1]+]+—

Bimy — Bome

~16m2(m? — m2)c

5((00),[(€0),[(€0), (0O0)|4]+]+—

- B = ) (00), [00), (08~

16m1(m3 —m3)2c

_ Ba(Brma — 52’”2)6 [(00),[(00), (£0)*4]+—  (9b)

16ma(m? —m3)2c

i 1(00),[(08).[E0). €8]+

8myima(m; —m3)c

+8mlﬁnllgce[[(50), (€6)],1(0€),(00)]+] +

Bima — oy

24mymso(m? —m3)c

5 [[(0E)(£0), (00)], (E€)]+ (9d)

Bimg + Pamy
24myma(m?2 — m3)cd

x[(EO)(00)(OE) — (0OE)(VO)(E0), (EE)]+ (9e)

(Bimy — Bams)?

* 8(m?2 — m3)2c*

[(00),[(£€), (0O)]]. (9f)
The second type includes the higher-order terms that are
linear in the original even-even and odd-odd terms and

can be represented in the following way:

1

= W[(Of), [(0€),[(0€), [(08), (EE)]]II+

He
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o [(08),[(06), (E€)]1+
1
1
o [(EO) [(EO), (E€)]1+
2
+ 5 |(02). (08). (£0). [€0). 8-
~ Sz (08", [(€0). (00)) L+

+(0€),[(0¢€),[(0¢€), [(£0), (0(9)}+]+]+]+}—

B152

T 96m. m3cd
96m, msc

15 {8I(0), [(€0), (00)] )4+

+[(0€),[(€0),[(£0),[(£0), (00)}+}+]+]+}+

Bimg — fomy

48mima(m?2 — m2)c8

x {:fln«oe)(eox (00)).(0£)?] +
+ 2 08)£0), (©0), <60>2]} N
Bima + fomy

2

48mima(m?2 — m2)c8

{2
my

[(£0)(00)(0€) - (0€)(00)(£0), (0€)*]+

+%[(50)(0@)(05)—(05)(00)(50), (50)2}}+ (9k)

+

S

16m3cto

fa

6
(O€)"+ 16m3cto

(E0)S.

(90)

Here, as in the previous section, we assume that (££),
(00) are of order ¢, and (O€), (EO) are of order c'.
Expressions (9) have been obtained with the use of the
generating functions (6) with regard for the commutative
relation

[(0€), (€0)] =0 (10)

which causes, as in the case of the expansion to the sec-
ond order, a considerable simplification of the fourth-
order part of the transformed Hamiltonian. We note
that it is necessary to do three iterations to obtain the
transformed two-body Hamiltonian in the second and
fourth orders. For the first iteration, one should limit
oneself to the first seven terms (n = 6) in transformation
(2). The third iteration only removes all the even-odd,
odd-even, and odd-odd terms to the fourth order from
the Hamiltonian without changing its even-even part.

We emphasize that Hg and H¢ include all the terms
of order 1/c* in the expansion. They together with the
operator H 4 give the prescription of the transformation
of the original Hamiltonian (5) into an even-even opera-
tor up to the fourth order:

(11)

We call the sum Hp + H¢ representing the fourth-order
part of H, as the higher-order transformed Hamiltonian.
It should be noted that if the inverse mass is taken as the
expansion parameter, all the terms of Hp are of order
1/m? except term (9f) which is of order 1/m?. In Hc,
all the terms are of order 1/m* except the last two ones
which are of order 1/m?.

Actually, in contrast with H 4, the higher-order trans-
formed Hamiltonian can be expressed in several different
forms. Indeed, let us consider, for example, the first four
terms of group (9b). Using the relation

Hy=Ha+Hp+Hc+0(1/°).

[(00),[(0€),[(0€), (00)]4]+]+ =

=2((0¢), (003 +[(0€).[(0€), (00)*]], (12)

we can rewrite them in such a manner:

_ primg — Bamy
8myima(m2 —m3)c

-[(0€),(00)]3 -

Bimg — fomy

© 8mymy(m2 — m3)c

-[(£0),(00)]3 -

Bimi — Pame

T 16m2(m2 — m2)¢

51(0€),1(0¢),(00)]] -
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o Bimy — Bama
16m3(m3 — m3)c

51(£0).[(£0),(00)7]]. (13)

It is easy to see that there appeared other terms instead
of the third and fourth terms of (9b), and the factors by
the first two ones were also changed.

In the case where the mass of one particle becomes
considerably great as compared with the mass of the
other one, i.e. m; — 00 or my — 00, expression (11)
goes over into the corresponding expression (4) for a
single Dirac particle in external fields. Under this con-
dition, only terms (9a, g, 1) remain in the higher-order
transformed Hamiltonian and go over into the last four
terms in (4); the rest of the commutators and anticom-
mutators which involve the (OO) terms in expressions
(9) vanish. It is shown in the next section that, for the
Breit equation, terms (9a, g) give relativistic corrections
of the fourth order to the Coulomb interaction.

Though the expansion of a two-particle Hamiltonian
to the second order gives an equation without any infi-
nite terms, when both particles with equal masses are
in positive or negative energy states (those correspond
to setting B = (B3 = +1), one should remember, how-
ever, that expressions (8) and (9) are useful under con-
dition that two particles have unequal masses, as the
procedure applied here to convert the original Hamil-
tonian (5) into an even-even operator is correct only if
my # mo. Because of the structure of the function S,,,
the operators Hy, Hp, and H¢ involve certain terms
having mass differences in the denominators if two par-
ticles are in different energy states (81 = 1, § = —1,
or 81 = —1, B2 = 1) and, therefore, becoming infinite
in the equal-mass case. Still, certain extra undesirable
terms, with mass differences in their denominators, of
another kind appear in the expansion of H in higher
orders. Indeed, the higher-order transformed Hamilto-
nian includes a new type of terms (see (9e) and (9k))
having the differences of masses in the denominators,
even although both particles are in a positive or neg-
ative energy state, and this type is not represented in
the expansion to order 1/c?. The terms with this struc-
ture enter, obviously, into the expansion also in higher
orders. This is an important feature of the reduction of
a two-body Hamiltonian to approximate forms of higher
orders, which makes a difference from its expansion to
the second order. So, each of the four parts of the total
transformed Hamiltonian in higher orders involves unde-
sirable terms becoming infinite when one puts m; = mo.
The two parts of the Hamiltonian for both particles in
a positive or negative energy state have mass differences
in the denominators due to (9e, k). The other two parts,
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for particles in different energy states, have mass differ-
ences due to the last four terms in (9b), the first term
n (9¢), and also (9d, j). In other words, even though
one considers the most useful case of particles in posi-
tive energy states, when there are no mass differences in
the denominators in the Hamiltonian reduced to order
1/c?, there are infinite terms in higher orders in any case
if my = mao.

Yet, as it turns out, the undesirable terms (9e, k) can
be eliminated from the operators Hg and H¢ provided
that the transformed Hamiltonian has to be subjected
to an additional canonical transformation like (2), where
the function S is a suitably chosen Hermitian operator.
We represent it as an even-even operator of order 1/c*
in the following form:

__i(Bima + Boma)
24myma(m?2 —m3)cb

See =

x{(os)((w)(w) - (5(9)((90)(05)}. (14)
Furthermore, taking its higher order into consideration,
we may restrict ourselves to only the first two terms
in transformation (2), and the rest of the terms can be
omitted as they are of lower orders of magnitude,

eiSethrefiS"/c ~ Hi + i[Seea Htr]' (15)

Since the generating function S, is an even-even oper-
ator, it commutes with the large terms of Hy,:

[See, Bimac® + ﬂQTI’LQCQ] =0. (16)

In fact, to remove undesired terms, it is quite convenient

to retain the terms of order ¢® in Hy, that stand in the

commutator of (15) and to discard the rest. So, we have
Bi(OE)* | Ba(EO)?T

, o~ _
i[See, Hiy Z|:See,(55)+ Dy + mac?

_ Bimg + Pamy
24mymsg(m? — m32)cb

X { [(EO0)(OO)(OE) — (VE)(OVO)(EO), (EE)]+

+2£;2 [(EO)(O0)(O) — (OE)(VO)(E0), (V)] +
2,5202 [(E0)(00)(0E) - (0€)(00)(£0), (E0)?] }
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which is just sufficient to eliminate (9e, k) from the
Hamiltonian. One should also pay attention to the dis-
tinction of the operator S, from the generating func-
tions (6).

Though S, serves the similar purposes as the opera-
tors Seo, Soe, and Sy, (to remove the undesirable terms
from the Hamiltonian), it differs essentially from them.
Thus, in contrast with Se., the main object of the pre-
scription of the proper choice of (6) is to remove the
even-odd, odd-even, and odd-odd terms from the two-
body Hamiltonian, using the fact that they all do not
commute with the large terms (see expressions (7)). On
the other hand, the main purpose of the function Se.
is to remove the undesirable even-even terms from the
transformed even-even Hamiltonian, because it does not
commute with the terms of the zeroth order in Hy,. We
remark that, while canceling the undesirable terms in
expressions (9), this transformation gives rise, in gen-
eral, to new undesirable even-even terms having mass
differences in the denominators, but all of them are of
lower orders of magnitude than the canceled ones. We
also note that any of even-even operators, not only in
the form (14), certainly satisfy relation (16).

Moreover, in addition to (14), there also exists another
even-even function serving the similar object, but it only
enables to remove terms (9d, j) and reads

v i(Bima — Bamy)

7 24myma(m? — m2)c

S

5[(00),(08)(€0)l. (17)

Indeed, one can easily verify that

i[Se/e7Htr] Rt |:Se/e7 (55) + 61(08)2 + ﬂ2(50)2 _

2m c? 2moc?

e {[{(osxem, (0)], (E€)]+

24myma(mi — m3)c

S

2mqc?

+ [(0£)(£0), (00)], (0£)*)+

Pa

+ 2moc?

1(08)(£0). (00)] (8@21}.

We remark that S, and S, can be combined into one
Hermitian even-even operator. Indeed, their sum forms
another even-even operator which can be expressed in
terms of Se,, Soe, and Sy, in a convenient brief form:

" ’

See = See + See = = [Seo, [Soe, Sool]- (18)

Wl =

10

Introducing this function in expression (15) instead of
See, one can remove both terms (9e, k) and (9d, j) from
the higher-order transformed Hamiltonian.

Thus, the generating function (14) (or (18)) enables
us to modify the transformed Hamiltonian, by eliminat-
ing all the fourth-order terms that have mass differences
in the denominators (in the case of two particles in a
positive or negative energy state) from it.

If the commutation relation (10) has not been taken
into account, the form of the higher-order transformed
two-body Hamiltonian would be more lengthy than we
have in expressions (9). Thereto, the structure of the
even-even operators See, S.., and S.. would be more
awkward as well, than it is here. Furthermore, many new
higher-order terms would also appear in the transformed
Hamiltonian in expressions (9).

We note that, in contrast with the generating func-
tions proposed in [6] which are also applicable to the case
of equal masses of particles, the functions in the form
(6) enable one to express the higher-order transformed
Hamiltonian in a relatively simple form if relation (10)
is satisfied.

4. Application to the Breit Equation

As a simple example, we consider the Breit equation for
two Coulomb particles of charges €; and eg, respectively:

Hy = {ca1p1 + Bimic? + caaps + famac®+

+¥ - % (a1a2 + (alrzgaﬂ)) }¢ =FEy.  (19)

Here, r = r; —ry and 7 = |r|. One ought to remember,
however, that the total form of the original interaction
in the equation can also include, in general, many other
components in addition to the instantaneous Coulomb
interaction and the Breit operator such as, for example,
the intrinsic magnetic moment terms [7]. Nevertheless,
we limit ourselves here to the treatment of the equation
with the interaction in a simple form, as it is in (19).
Thus, for the Breit equation, we have

€1€2

(05) = C(x1P1, (50) = CO2P2, (55) = T, (20&)
(00) = —% (a1a2 + (alrigagr)> : (20b)

One can see that, in this case, the (E€) and (OO) terms
denote the original interaction in H and commute with
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each other. Applying (8), one can perform the expan-
sion of H to order 1/c? and, if 3; = 2 = 1, get the
Breit correction derived also in QED (see, e.g., [12,13]).
Based on formula (8), the expansion of the Breit equa-
tion to the second order and the study of properties
of the transformed Hamiltonian have been carried out
in [5,7]. We note that the Breit correction is divergent,
as it involves the Dirac J-functions appearing because of
the Coulomb potential in H. Due to the same potential,
the é-functions, already together with their derivatives,
will also appear in the corrections of higher orders.

Since the expressions Hp and H¢ are just suitable for
the case of the Breit equation, it is convenient to work
out the terms of (9) and thereby to obtain the higher-
order Hamiltonian in an explicit form in the case under
consideration. Below, with the use of notations (20), we
calculate the 1/c*-order terms in the expansion of Eq.
(19), what is the main object of this section.

We start with two terms (91)

B 6 B2
(08)" + 16m§cw Z

16m®c10
6my n=1,2

BnpS (21)

16m2ct’

which yield, under condition that both particles are in
positive energy states, the correction of order 1/c* to the
kinetic energy. The rest of the components of (9) form
the fourth-order relativistic corrections to the effective
potential, which can be divided into three parts with
respect to the contribution of (£€) and (QO) to it.

The terms of the first part give a correction of the
fourth order to the Coulomb interaction between two
fermions. They are represented by (9a, g, h). For terms
(9a), after substituting the operators (O), (£0), and
(EE) from (20a), one gets (h = 1)

B1 B2

~gmas (08): () — 5~ g [EO) (EE)? =
= // dSQdSk ( + f;) (;Zilfquei(qmr -

B B2 (e1€2)?
(242 22
(mi’—i_m% 8cird (22)
|
3 47T61€2

<2C:>3 Ik

= 616204{47TA5(I') — 81[Vi(r)p1]or + 87[Vi(r)pz]o2 + 4 [4;6( P A— <5w
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(a® — 2io1[api1]) (q

In order not to miss any d-functions in the final results,
it is convenient, in general, to work out the terms from
Hp and Hg first in the momentum space and then to
pass into the coordinate space, like the computation of
corrections to the second order. Thus, the integration
element in (22) contains the terms written in the mo-
mentum representation.

The sum of the first two terms of group (9g) can be
presented as follows:

S5 (02). [(08). (08).108). B+
+ﬁ[(05)gv (0€), (£€)]] =

_ 1 / d3q 4meies
© 384mict | (2m)3 Q2

- q)2) X

(qz _ 2io’1[qp1]) +15(q (2p1 — q))2} plar _

{9 (q2 + (2p1

X

3er€
— M;{ﬂm%ﬁ(ﬂh?ﬂv& )pilo + [rp1 ] 12
1
SRR 1 AV ) G B N ¢ gL (23)
79 1 12877’7/111(34 1 15 , .

Here, [ab] denotes the vector product of the vectors
a and b. The second component can be developed as

[P?a |:p%7 El:QH = 6162{—47TA5(1‘) — 16miVo(r)p1+

1 (e rriN\]
3 (6]—3 7’2 >:|p1p'{}

The next two terms in expression (9g) are symmetric to

those derived above and can be obtained from them by

interchanging indices 1,2 and by replacing p; by —pa.
Then term (9h) yields

4 [4;5@)5” +

2+ 2igs[qps]) €' =

7’7"3

2 )] [Ulpﬂ"[dzpz]j}. (24)
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All these expressions, together with the terms sym-
metric to equation (23), represent the relativistic cor-
rections of order 1/c* to the Coulomb interaction in
the higher-order effective Hamiltonian. With neglect
of the Breit operator (20b) in Eq. (19), only the ex-
pressions calculated above form the higher-order trans-
formed Hamiltonian which can be also applicable to the
equal-mass case. One can easily see that there are the
singular operators involving the Dirac J-function and

J

its derivatives in the treated terms. As it was empha-
sized, such singular operators appear there because of
the Coulomb term represented by the even-even opera-
tor in H.

The second part of the terms is a little larger than
the preceding one, comes from groups (9b, i, j, k), and
describes the correction that is conditioned by the Breit
operator, namely by the (OO) terms. The computation
of the second term from group (9b) gives

d3q d3k; (4meren)?c? iy ‘¢’ o kP P Ny o o i a i
[(08),( // 121{22) (5] - q2> (5 - kz) {2(21?1 +ilo1q)') (pF — %) + k'q* — qkd"*+
A mi m J ] 7 r €1€ 262 2 2 3
+2ipt [o1k]® — i[qk]'o$ — ™ q™ (o, k)} ((5]5 + 2535%5) eHlatir — % {7"3 — T—g[rpl]tn — ﬁ[rpl]az—
18 7 Am i rird P Gy ey rird\ o5 2i
30102+ (7“3 - 36(r)) (36 T — . ) ool + - (5 I 4+ 37ﬂ2) pip] + rgrpl} , (25)

where £7¢ is the unit absolutely antisymmetric tensor.

Instead of the straightforward calculation of the next
type of the terms from (9b), we can apply Eq. (12) where

J

d3q ddk (4meren)?c? (.
(06).[(0€). (007 = [ [ T Creere (50 -
+igopie?Prol — (2p1 — q — k)20 oT o 1 4 (phph

Pl [ 3
o r 73 3

r

2 o pipd . i g
-= <25” - ) (aioép? - (Ulpl)oép]l) +

(

q

qi J af
qz) (‘5 TR

— plq

- [21”1){ + 3rip}| — (75” -

the first term standing on the right-hand side is already

worked out in (25), and the second term is simpler than

the one on the left-hand side. The computation of it yields

kokP

) {2(q(q +k) — 2oy [qp,]) 67677 +

k. 1 iak _j06n I _n | i(q+k)r __
— gkpl) eiokeis 0102}6,((1 ro_

6 3 7 1 47 i rirj i
6(r) + ﬁ[rp1]01 + = 3 5 [rp1]o2 + —0102 — 2 (7‘3 + (5(1‘)) (35‘3 — 7&> olod—

3

rird P
4 = > rpl} oiaé}.

(26)

Then, for the last type of the anticommutators from group (9b), we have

d3q d3k dreren)’c? (o ¢ o
(00),[(00). (€. = [[ TS el (0 - £ (500 -
% (6ia§jﬁ _ Eiamé_jﬁno_in n) _ 2q (2p1
12

k:;ﬁ) {(2q2 +(2p1 —q-— k)2) X

) (i(sjﬁgi(wno{n + i(sia&_jﬁna.gz) }ei(q+k)r _
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(e1€2)c® [ 1 64r 1 13 1 dr; A
:T —Tf3+?5(r)+rf3[rp1] (0’1 +0’2)+7‘f30'10'2—4 7,73—’_?5(1‘) 3(5J— 7“2 010'%"‘

2 ii rird . 127 20 |, - ii rird i
+; {3 — (25J -— >0104 P2+ P S} [r Pl +ript +4 <53 3 )rpl] 010'%}. (27)

The two terms in the first brackets in group (9i) can be represented as

c* TELE y igd
S((08)°.[(£0). (OO +((0€). [(OE). [(OF).[(E0). (OO L)y =~y [ a3 (5” _ qq) .

<{(a®+ 21— @)?) (20} +ilonal’) +ia2p1 — @)lo (201 — )]’} (264 — iloa]’ ) € =

) { (20 -+ o5 [, 2 (67 )| +fontzimn — 90 [ 5 (37 + 57| } (29)

The next two terms of (9i) are symmetric to the ones calculated in (28). Then, for (9j), we write

[(08)(€0). (00N (08 = s [ ™92 (57 = L) atzps - @) {[o(2p1 - @)l (2} ~ dloaal)+

2(2m
+ (29} +ilo1d]’) [o2(2p2 + Q)V}ezqr = c*o1(2ip1 — V)]' (2p} — [02V]) [P?a % <5” + rrgﬂ +
. . ) . ipd
£l (2t + o V1) o Cip + DY (03,92 (54 D) (29)
Finally, we compute the first commutator in (9k) as follows:
ict 4 g ,
(£0)(00)(08) ~ (0F)(00)(E0). (0F] =~ [ a4 (6” - ‘{f) a(2p1 — a){[o1(2p1 — a))'x

x (2pb—iloaa)’) — (2p + i[o1d]’) [Uz(2pz+q)]j}ei‘“ = —c*o1 (2ip1— V)] (23— [02V]) {pi % <5ij + T”; ﬂ +

,

#6429} + o2V ) ot + W) [ 42 (394 20 . (30
[

Notice that expressions (29) and (30) are similar to Since commutators (9a, g, h) involve operators (20a)

each other except for the sign of the first term. only, the calculations of them lead to relatively simple
As for the rest of the terms from groups (9b) and expressions. However, as it is easy to see, the terms
(91, j, k), they are symmetric to the calculated from group (9b) have more lengthy forms than the ones
ones. in (22), (23), and (24). The terms computed in (25)-30)
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have a more awkward structure than the others in (9),
as the terms of (9b, i, j, k) involve six o-matrices, which
leads to tedious calculations.

The third part of the corrections of order 1/c* comes
from terms (9¢c, d, e, f). They all involve the (£€) and

[(00),[(0¢),[(£0), (£€)]]

(O0) terms and, therefore, give the contribution condi-
tioned by both the static Coulomb interaction and the
Breit operator. These are the terms nonlinear in the
original interaction. The computation of the first term
in (9¢) yields

kik

The expression for the second term of (9¢) takes the form

[[(£0), (£€)],[(0€), (0O)]+ dPqd’k

. N . 9 22 (1 g
+[‘71k]1[02qy}el(q+k)r _ 2(ae)’ { m

P B A i

Finally, we have obtained the following expressions for
commutators (9d) and (9e):

[[(0€)(£0), (0O)], (£€)] =

2 5 g, 4meren dmerey [ ;s k'kI
(2ﬁ)6//dqdk CERe (aa_ - >><

x {—iqi [o1(2p1 —

Q) +i(2ph + ¢')[orq) —
—i(2p} — ¢")[o2q)’ + ig'[o2(2p2 + Q)]  +
+[o1q)'[o2k) +

(1Kl o2q] feiaHr

_ (ae)e _ ~
- 1 {[rpl}@"l o2) + [rps)(o1 — 202)+

[(£0)(00)(0€) — (0€)(00)(£0), (£€)] =

14

4mer€e 47’(66
3, 3 1€2 12 i
oo [ o g (0

2(e169)%c® (1 87 3 1 27 L AN
:—f ﬁ—?d(r)"‘ﬁalaz— ﬁ—?é(r) 35‘]— 'r2 0'10"% .

471'6162 47T€162 ( ij

) {q ¢ —[o1q]’ [O-Qq]j}ei(quk)r _

(31)
ik o ,
- kQ) {Q”qj —i(2p1 — ¢')[o2q) +
1 1 (i
73[TP1]0'2+T3<5]_ 2 )‘710%}- (32)

(

d3qd®k

4meq€o 4TE €0 KR
5 oY — X
q k2 k2

«{~ig'lo1 (201 — @)} +i(2p} + ¢') ol +
+i(2p; — ¢')[o2a) —ig'[o2(2p2 + @)+

Hloral look)? — [k foaq JeilaHr =

(€1€2)2c?
= 22 P20 + 02) + [rpal(01 +20) | (34)
So far as term (9f) is concerned, it is equal to zero, be-
cause (£€) and (OO) commute with each other in the
case of the Breit equation. Note that all of the terms in
the third part are only spin-depended ones.

As was noted, expressions (8) and (9) can be appli-
cable to expand the Breit equation to the fourth or-
der only if my; # mgo. In this case, both the proce-
dure of expressing the small components of the spinor
1 in terms of its large components, applied to H to
get its expansion to order 1/c?, and expression (8) lead
to the same results. However, we cannot assert that
this occurs in higher orders. In other words, we can-
not state that all the terms of (9) with (22)—(34) agree
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with the terms derived by the method of large compo-
nents. Thus, obtaining terms (9e, k) within the method
of large components is open to question. Otherwise, the
expansion of the Breit equation to order 1/c¢* cannot be
performed in the equal-mass case in principle, even if
(1 = (B> = +1. The presence of the terms with mass
differences in the denominators in (8) is conditioned by
the structure of the Breit equation which cannot be re-
duced in the case of particles in different energy states
if m1 = ms. On the other hand, the appearance of the
terms having mass differences in the denominators in (9)
when both particles are in a positive or negative energy
state is probably conditioned by choosing S, in the form
(6b).

We note that the higher-order part of the transformed
Breit Hamiltonian which follows from (9) with regard
for (21)—(34) can be easily modified. Indeed, as we have
shown in Section 3, terms (9d, e, j, k) can be eliminated
by applying the function .S, e//e and do not give a contribu-
tion to the self-energy. Still, this transformation is not
the only one that modifies the 1/c*-order Hamiltonian.
Consider, for example, a Hermitian even-even operator
in the form?

i [/6’1
16¢8

+ é(SO) (58)] ,
m3

See =

(0€)? (35)
where we bear in mind that (Of), (£0), and (EE) are
defined by (20a). Under this condition, operator (35)
reads

See =

i [51 (36)

2, D2
J— + JR—
T 16¢t I

2 6162]

By applying formula (2) to the transformed Breit Hamil-
tonian, using the generating function S in the form (36),
and neglecting the terms of the sixth and higher orders,
we obtain

eSee Hype '%¢ = Hyp 4 i[See, Hye) + ... ~
N B B2 (ar€e)?
~ He ( 5t m3) 8ctrt

7;[2[26162:“7 1 [2[26162]]7
32mict PL [P ) 32mict b2, |P2, =

B152 1 1 { 5 [ 9 eleQH
© 32myimact \my erg P1 P2, '

1 Here, we use one common notation See for all the even-even
generating functions.

(37)
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Note that the term coming after H;, coincides up to
a sign with the one calculated in (22). Thus, trans-
formation (37) removes terms (9a) from the approxi-
mate Hamiltonian in the case of the Breit equation.
On the other hand, if operator (35) is taken with an-
other factor like —i5/64c5 instead of —i/16¢°, one de-
stroys the last member in (23). But, at the same
time, term (22) will be saved out (with another fac-

tor).
Let us also consider two further transformations:
i
See = = T es (0): (OO))1. (€O)) (38a)
See =~ _[[(£0),(00)]., (0F).  (3%h)
ee 16m1m266 ) s

Here, the second operator is symmetric to the first one.
We apply operator (38b) to modify the transformed
Breit Hamiltonian. So, to within terms of the fourth
order, we have

lSMHt See — Htr =+ Z[See,Htr] LR

S 2
~ Huc i ()] 1 [ S, 5125 (08 +

Pa

+7 | See, Mngc?

(50)2} ) (39)
It is convenient to write out each of the three commuta-
tors apart:

, Ba(€1€2)?
i[See, (EE)] = —8”122(722(2:4)17,4{2[1‘1)1]0'1 + [rpy]oi+
1
.. ri'rj .
+ (5%] - ) 010%}, (40a)
z[s 275 (0€) } 32£1522C4 (o1 (2ip1 — V)]'x
< (20 - [o2VV) [p%, 5 (5” + g )} . (40b)

. 62 2| 1 . i
1 |:See, 2m202 (EO) = 32m%m§c4 [0‘1(211)1 V)] X
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. . .. vl

X <2p§ — [O'QV}]> {p% —% (5” + TTZ)] . (40c)
One can easily see that commutator (40b) destroys the
term which is the second component in the brackets in
expression (28). As far as operator (38a) is concerned, it
plays the role similar to (38b) and leads to the analogous
modification of the Hamiltonian but in its symmetric
part.

Thus, the higher-order two-body Hamiltonian can be
easily modified by unitary “even-even” transformations.
With the help of transformations of this kind, one can re-
move a number of higher-order terms from the Hamilto-
nian. But, at the same time, it is shown by the example
of transformations (35) and (38) that these procedures
produce new terms instead of the removed ones (see, e.g.,
the last term in (37) and (40a, c)).

Obviously, as in the two-particle case, one can modify
the transformed one-body Dirac Hamiltonian in a similar
way, using an even transformation.

5. Conclusions

Thus, on the basis of an extension of the FW method to
two-body equations, the expansion of the two-particle
Dirac equation to higher orders in 1/¢ (or in 1/m)
can be easily performed. With the use of the pro-
cedure of transformation which is applicable fo the
case m; # may, we have found the 1/c*-order part
of the transformed two-body Hamiltonian. We have
also shown that the use of the generating functions
in the form (6) to transform the original Hamiltonian
leads to the appearance of certain extra terms having
mass differences in the denominators in Hi,, even al-
though both particles are in a positive or negative en-
ergy state. These undesirable terms give no contri-
bution to the self-energy of the transformed Hamilto-
nian and can be canceled by additional unitary trans-
formations with the generating functions in an even-
even form. In addition, transformations of this type
simplify Hi, and can be used to modify it in higher
orders, in general. The presence of the terms that
can be removed by additional transformations (without
changing the rest of the terms in Hi,) is a feature of
the expansion of the two-body equations to higher or-
ders.

The treated method gives a straightforward deriva-
tion of an effective Hamiltonian of order a®mc? for
hydrogen-like atoms. As an example, we have con-
sidered the expansion of the Breit equation to order
1/c*. The calculated terms form an effective higher-

16

order Hamiltonian for two Coulomb particles having un-
equal masses. One should note that a number of the
terms calculated here in the case of the Breit equa-
tion are similar, in many features, to the relativistic
corrections in the many-electron higher-order Hamilto-
nian that has been derived in [14] for an arbitrary light
atom.

By expanding a relativistic two-body Hamiltonian, we
have in mind, in particular, that it corresponds to the
Hamiltonian of the two-particle Dirac equation. How-
ever, the obtained results are too far-reaching and can
be used for the expansion of relativistic and quasirel-
ativistic two-particle wave equations of other types to
higher orders.
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PO3KJIAL ABOYACTMHKOBOI'O PIBHAHHS JIPAKA
3A CTEIIEHAMMU 1/c¢ O BUIINX ITOPAIKIB

0.1. Typoscvruti
PesowMme

3acrocoByioun y3arajabHenus mepersopenus Posai-Byrxaiizena
Ha JIBOYACTHUHKOBI XBUJIbOBI PiBHSIHHsSI, PO3IVIAHYTO 3aJady pPO3-
KJIaJIy JIBOYaCTUHKOBOrO ramisibroniana /lipaka 3a cremensimu 1 / c
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JIO 4eTBEPTOro IOPsiJIKy BK/IO4YHO. OTpuMaHO TpaHChOPMOBAHUIT
ramisbToHiaH y mapHo-mapHiit dhopwmi mo mopsaxy 1/c*. Tlokazawo,
[0 B PO3KJIaJl y BUIUX MOPAIKAX 3’fBJIAIOTHCS OCOOJIUBI je-
HU, AKi MOXKYTb OyTH BUKJIIOYEHI JOJATKOBHMH YHITApDHUMH IIe-
perBopenHsaMu. K IpuKiIad PO3IVIAHYTO piBHAHHA Bpeiita mis
KyJTOHIBCHKMX YaCTHHOK Ta IOPAXOBaHO BCi uyern mopsaxy 1/c¢t B
#ioro poskmazni. Orpumani pe3yabraTd MOXKYTH OyTH 3aCTOCOBAHI
1711 PO3KJIaly PEJIATHBICTCHKUX Ta KBa3ipesATUBICTCHKHUX JBOYA-
CTHHKOBUX XBHUJILOBUX PIBHSIHBb JO BHUIIUX ITOPSIIKIB.

17



