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We present an improved version of the Stillinger-David polariza-
tion potential of the intermolecular interaction in water. A clear
algorithm of construction of a function describing the oxygen-
hydrogen interaction in water molecules is formulated. A new
approach to the modeling of a function screening the charge-dipole
interaction on small distances is developed. To describe the long-
range asymptotics of the intermolecular potential, the bare Stillin-
ger—David potential is supplemented by a term related to the inter-
action of dipole moments of oxygen ions. In addition, we introduce
a term involving a deformation of the electron shells of oxygen
ions to the polarization component. These corrections allow us to
successfully reproduce all essential results of quantum mechanical
calculations of the interaction energy for water molecules obtained
by Clementi. Analyzing the behavior of the dipole moment of a
water molecule as a function of the intermolecular distance, we
obtain the estimate of irreducible two-particle effects in water.

1. Introduction

Astonishing properties of water are directly related
to the formation of hydrogen bonds between water
molecules [1-4]. Various potentials are used to simulate
the influence of hydrogen bonds, as well as electrostatic
multipole interactions between water molecules [4-12].
One has to distinguish between rather simplified poten-
tials, which mainly describe the interaction between wa-
ter molecules [7-10], and potentials, which describe both
the molecule-to-molecule interaction and the interaction
between model charges inside a water molecule [4-6,12].
As a result, the calculation, e.g., of vibrational spectra
of water molecules becomes possible.

In the framework of the Malenkov—Grokhlina—Poltev
potential model [11], a water molecule is simulated as
that composed of three effective charges: one positive
and two negative charges located at the centers of the
oxygen and two hydrogen atoms, respectively. The Jor-
gensen potential [9] also represents a water molecule
as three effective charges: the positive charges are
centered at hydrogen atoms, but the negative charge
is displaced with respect to the oxygen anion center.
It was done to match the dipole moment of a water
molecule. The model of intermolecular interaction po-
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tential turned out optimal, provided that the charge
values are fractional. Note that the Jorgensen and
Malenkov—Grokhlina—Poltev potentials, owing to their
simple structure, are widely used, while simulating the
behavior of aqueous systems by methods of molecular
dynamics.

The Stillinger-David (SD) potential [12, 13| is one of
the most fruitful models of interaction between parti-
cles, which was used to describe the formation of hydro-
gen bonds in water. In the framework of this potential,
a water molecule is represented by three charges, and
the oxygen anion is supposed to be polarizable. With
the help of the SD potential, both the intermolecular in-
teraction and the vibrational spectra of water molecules
are reproduced satisfactorily [4,12,13]. The approach by
Stillinger and David allows one to obtain a good agree-
ment with experiment for the dipole moment of a water
molecule and the angular dependence of the interaction
between molecules which corresponds to the formation of
hydrogen bonds. This potential was also used, while con-
structing the autocorrelation functions for translational
and angular velocities of water molecules, as well as when
calculating their self-diffusion coefficient [4]. The SD po-
tential was also used in works [14-17], where the spectra
of acoustical and optical excitations in crystalline ice and
the ice dielectric permittivity were calculated [17].

In works [4-6], a modification of the Stillinger-David
potential-the modified polarization model (MPM) — was
proposed. This model substantially simplifies the form of
potentials for the oxygen—hydrogen and oxygen—oxygen
interactions and uses only one screening function, S(r),
rather than two, 1 —L(r) and 1 — K(r), as the SD poten-
tial does. As a result, the values of force constants were
calculated more precisely, and the computation proce-
dure was made simpler [4].

At the same time, the results obtained by Stillinger
and David, as well as by the authors of MPM do not
agree with the results of quantum-chemical calculations
carried out by Clementi [10] at distances shorter than
about 2.5 A. A comparison of MPM and SD poten-
tials with the interaction energy that was determined
in work [10] evidences their unsatisfactory agreement at
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distances that either correspond to or are much longer
than those corresponding to the dimer formation.

In this work, a generalized version of the Stillinger-
David potential (GSD) has been developed. In this
model, we try to combine the most successful features of
the SD and MPM potentials. In particular, (i) the func-
tions that describe the energies of the oxygen—hydrogen
and oxygen—oxygen interactions are similar to the ex-
pressions obtained in the MPM; (ii) in order to deter-
mine the function that describes the oxygen—hydrogen
interaction energy in a water molecule, a very rigorous
algorithm has been formulated. It takes into account the
fact that the solutions of the system of algebraic equa-
tions for the coefficients of a polynomial that is used to
approximate the screening function 1 — L(r) have a very
irregular character; (iii) besides the Coulomb and polar-
ization components of the SD potential, the interaction
between the induced dipole moments of oxygen atoms
is taken into consideration, which is very important for
a correct reproduction of the dipole-dipole interaction
energy between two water molecules separated by long
enough distances. As shown below, the screening func-
tion 1 — L(r) changes monotonously, thus being substan-
tially different from that given in works [12,13]. Owing
to the aforesaid improvements, the results of quantum-
chemical calculations by Clementi were reproduced quite
successfully.

In Section 2 of the work, a modified version of the
Stillinger-David (MSD) potential is presented. It is used
to obtain the dipole-dipole asymptotics of the interaction
energy between water molecules. In Section 3, the laws
of interaction between the hydrogen atoms and the oxy-
gen one, which are included into a water molecule, are
generalized. A short discussion of the results obtained is
presented at the end of the article.

2. Modified Stillinger—David Potential

In the framework of the Stillinger—David potential ap-
proximation [12], the energy of interaction between two
water molecules is expressed by the formula

D = Py 4 Pyp + Pypy. (1)

The first contribution ®1 in Eq. (1) is associated with
a direct Coulomb interaction between oxygen and hy-
drogen atoms in a water molecule,

-, (2)

where the subscripts i,7 = 0,1,2. The subscript ¢ enu-
merates the charges of one water molecule (i = 0 corre-
sponds to the oxygen charge, whereas ¢ = 1,2 to the hy-
drogen ones), and j enumerates the charges of the other
molecule. The charges are measured in terms of elemen-
tary charge units, so that ¢q¢ = —2 and ¢; = ¢» = 1.
The Coulomb interaction between hydrogen and oxygen
charges at large distances is reduced to the interaction
between the dipole moments py of water molecules as-
sociated with the charges of hydrogen atoms in those
molecules.

The second contribution @17 corresponds to the repul-
sion potential of a hydrogen atom from the electron shell
of the oxygen atom. It is approximated by the Born ex-
ponential dependence

er*P2T0102
7"0102

where b; and by are the amplitudes of hydrogen—oxygen
and oxygen—oxygen, respectively, repulsion energies; p1
is the reciprocal range of action of repulsion forces be-
tween the hydrogen atoms and the electron shell of oxy-
gen; and ps is the reciprocal range of action of the repul-
sion forces between the electron shells of oxygen atoms.

The third contribution @11 in Eq. (1) is responsible
for the potential of interaction between the point-like
charges of the first molecule with the polarizable oxygen
atom of the second one. The oxygen atom is polarized
under the influence of a field created by the charges of
hydrogen atoms belonging to the same water molecule,
as well as by the charges of hydrogen atoms and the po-
larized oxygen atom belonging to the second molecule.
The oxygen polarization gives rise to an emergence of the
dipole moment po, which characterizes the deformation
of oxygen electron shells. Hence, the polarization con-
tribution ®p1; can be written down as follows:

Py = (/1’01 ) ;'0102)1102 [1
70,0,

- L(T0102)]+

_|_

(/1’02 ) ro102)q01 [

3 1- L(roloz)]"'
0102
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where po, and po, are the dipole moments of oxygen
atoms of the first and the second, respectively, water
molecule; and 1 — L(r) is the screening function (see be-
low). The dipole moments are determined in the molec-
ular coordinate system (MCS), the origin of which co-
incides with the center of mass of the oxygen atom in
the water molecule. At large distances, the polarization
contribution ®gy7 is reduced to the interaction between
the polarized oxygen atom of the first molecule and the
charges of the second molecule.

One can verify that, at distances that exceed the di-
mensions of water molecules very much, the interaction
potential ® looks like

S = ®4(pin, pon) + Pa(pin, po,) + Pa(pen, po, ), (5)

where
(1 - pao 3 (1 -710,0,) (M2 -TO0
(I)d(llflal—la): < )_ ( 152 ( 2 1>.
70,0, 70,0,

(6)

In formula (5), p1g and popy are the contributions to the
dipole moment of water molecules resulting from the spa-
tial arrangement of hydrogen charges. The oxygens are
at the origin of the MCS, and their contributions po,
and po, to the dipole moment may arise only due to
their polarization by the electric field of hydrogen atoms.
Asymptotics (5) is incorrect, because the energy of in-
teraction between water molecules at large enough dis-
tances is determined by their total dipole moments,

H = pH + Ho- (7)

We note that the influence of hydrogen atoms that
belonging to the same molecule is by two orders of mag-
nitude larger than the influence of charges in the second
molecule. This fact completely agrees with the order of
magnitude of a relative variation in the frequency of va-
lence vibrations in the water molecule, when changing
from the liquid-water to the saturated-vapor state [18].

Unfortunately, asymptotics (5) is also characteristic
for the modified polarization model (MPM) that was
developed in works [4-6].

To correct the asymptotics of formula (1), we have to
pass to the modified Stillinger-David potential,

O = P + Oy + Py + Pry, (8)
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Fig. 1. (a) Configuration of molecules and (b) the angular depen-
dence (at o = —360° + 360°) of the interaction energy between
water molecules calculated with the use of the SD (dotted curve)
and MSD (dashed curve) potentials and the Clementi function
(solid curve)

where the component @1y looks like

Py = (I)d(ll’Ou/J’OQ)[]- - K(Toloz/a)]. (9)

Here, 1/a is a coefficient that modifies the screen-
ing function 1 — K (r) for the interaction between the
dipole moments of oxygen atoms in two neighbor water
molecules. The optimal fitting of Clementi’s data (see
Fig. 1) was obtained at a = 2.235.

It should be noted that the component @y (Eq. (9))
of the MSD potential supplements the SD potential by
including the dipole—dipole interaction between polar-
ized oxygens in water molecules. The effect of the dipole
moment screening for oxygen atoms in water molecules
is described by the function 1 — K(r/a). The screening
function 1 — K(r/a) is similar to the function 1 — K (r)
which was used in works [12,13] to describe the dipole-
charge interaction in the SD potential (see below).

Owing to the screening functions 1 — K(r/a), the in-
teraction energy between water molecules almost does
not change at short distances. Meanwhile, at large dis-
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tances, formula (8) gives the correct asymptotics,

P — Dy(p1, p2). (10)

The Stillinger-David potential and its modified ver-
sion are compared in Fig. 1,b. The configuration of water
molecules is depicted in Fig. 1,a.

3. Generalized Stillinger—David Potential

In this Section, the modified Stillinger—David potential
is generalized further. The structure of the interaction
potential between two water molecules (8) is adopted to
remain invariant. Only the character of the interaction
between oxygen atoms and hydrogen atoms in both the
molecule and its neighbor changes considerably. In par-
ticular, the form of the screening function 1 — L(r) is
improved, and the fact is taken into account that the
polarization of oxygen atoms depends, to some extent,
on the electric field that emerges owing to a deformation
of the electron shells of oxygen atoms induced by their
immediate contact.

3.1. Behavior of screening functions

In the Stillinger-David approach, two screening func-
tions, 1 — K(r) and 1 — L(r), are used. We adopt that
the function 1 — K(r) is equal to that obtained in work
[12]:

1—K(r) :r3/[r3+F(r)], (11)

where

F(r) = 1.855785223(r — ron)? exp[—8(r — ron)?]+

+16.95145727 exp[—2.7025634257],

and rog = 0.9584 A.

The structure of the function 1— L(r) is approximated,
similarly to what was done in work [12], by a combina-
tion of an exponential function and a polynomial,

1-L(r) =1—e Lo"(14-Ly r+Lor’+ L334+ Lyrt). (12)

However, the relevant coefficients are determined now,
by using a new rigorous algorithm. It should be noted
that nine parameters are to be determined simultane-
ously; they include four coefficients L1, Ly, L3, and Ly
in expression (12) and four parameters by, p1, ba, and py
in formula (3). The listed parameters were determined
under the following conditions: (i) the equilibrium dis-
tance between the oxygen and hydrogen atoms in a water
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molecule was accepted to be rog = 0.9584 A [4]; (i) the
angle between the directions from the oxygen atom to-
ward hydrogen ones was taken § = 104.45° in the equilib-
rium configuration (see work [4]); (iii) the force constants

9% = 2064.114 and 255 = 91.5562 were taken from
the molecular spectral characteristics (see work [19]);
(iv) the final result had to reproduce the energy of inter-
action between two water molecules that was obtained
as a result of quantum-chemical calculations in work by
Clementi and coauthors [10]. We demanded that the
function 1 — L(r) should change monotonously, because
its nonmonotonicity would undesirably affect the behav-
ior of the derivatives of the interaction energy of a water
molecule.

In addition, we adopted that the coefficient Ly — L4
in the linear term r in the expansion of the function
1— L(r) in a power series of r in a vicinity of the point 0
was equal to zero, i.e. Lo = Li. The coeflicients Ly, Lo,
L3, and L4 were fitted to reproduce the value of force
constant

0%®
= 91.5562 13
67"180 ( )
and to satisfy the condition
o
— =0 14
20 (14)

for the water molecule in the equilibrium configura-
tion. Additionally, a requirement that the squared norm
L] = L3 + L3 + L% + L3 + L2 should be minimal
was introduced into the determination procedure of the
coefficients Ly, Lo, L3, and L4. A similar a priori con-
dition was proposed by A.N. Tikhonov in work [20] to
distinguish stable normal solutions of the systems of lin-
ear equations. By definition, normal are those solutions,
the moduli of which are close to zero.

In such a way, we obtained that the coefficients Lg,
Ll, LQ, L3, and L4 are

Lo =298, L;=2.98,

Ly =092, Ls=4.7044, L, = 2.3580. (15)

In what follows, the magnitudes of physical quantities
are given to an accuracy of 5 significant figures, because
it is to this accuracy that the experimental values of force
constants were determined.

The comparative behavior of the screening function
1 — L(r) in the SD and GSD potentials and the cor-
responding function S(r) in the MPM potential is pre-
sented in Fig. 2. We emphasize that the screening func-
tion 1 — L(r) is monotonous in the GSD potential (see
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Fig. 2. Behavior of the screening functions in the SD, GSD, and
MPM potentials

formula (15)), in contrast to its behavior in the SD po-
tential, and more adequately reproduces the extension
of screening region in comparison with the function S(r)
in the MPM potential [4].

Note that the surface F(Lo, L1, Lo, L3, L4) is very ir-
regular in the multidimensional space of parameters. As

a consequence, the equation 6;912(;}; - = —23.133, which
should have been used for the determination of the
screening function coefficients Lg, Ly, Lo, L3, and Ly,
turns out incompatible with Egs. (13) and (14). Coef-
ficients (15) give the following value for this derivative:

2 . . .
aa g) = 205.9. For a similar reason, the experimental
T10T2
foa)

value of the derivative 77— was managed to be repro-
duced in neither the SD potentlal nor the MPM one.

For the determination of the parameters b; and pq,
the following initial data were used: the aforesaid values
(see Eq. (15)) for the coefficients Lo, L1, Lo, L3, and Ly
of the screening function, the force constant

3000 D e
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1500 [
T 1000 |
© 500
0
-500 \
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-1000
-1500
05 1 15 2 25
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Fig. 3. Oxygen—hydrogen interaction energy in the SD, GSD, and
MPM potentials

which correspond to the equilibrium configuration of a
water molecule. The corresponding values obtained for
the parameters of the GSD potential are

by = 3172.8, p; = 2.569. (18)

3.2. Parameters of the GSD Potential

In Table 1, the values for all parameters in the GSD
potential are quoted, and a comparison with the corre-
sponding values in the SD and MPM potentials is made.

The values of force constants in the GSD potential,
which were calculated for a water molecule with the help
of the parameters presented in Table 1 are listed in Ta-
ble 2. For the sake of comparison, Table 2 also contains
the values for the same constants in the SD and MPM
potentials, as well as their values determined experimen-
tally. One can see that the values of force constants ob-
tained in the GSD potential are more exact than those
in the SD potential. Concerning the MPM potential,

2
ZT(S = 2064.114, (16)  the corresponding force constants are almost identical
1 to their experimental values.
and the derivative A considerable advantage of the GSD potential with
oP respect to the SD and MPM ones becomes evident, when
o =0, (17) calculating the interaction energy between two water
molecules (see below).
Table 1. Parameters of the MPM, SD, and GSD A comparison of functions that describe the oxygen—
approximations hydrogen interaction within the MPM, SD, and GSD
‘ Lo Ly Lo L3 Ly
MPM — — — — — T able 2. Force constants for water molecule: experi-
mental, MPM, SD, GSD
SD 3.169 3.169 5.024 -17.99 23.923 s s s s
GSD 2.98 2.98 092 4704 2358 ‘ 52 ‘ 5 ‘ =7 ‘ e
b1 P1 b P2 Exper. [19] 2064.114 175.158 91.556 —23.133
MPM 30335.16 5.678 3.5756 5.05 MPM 2064.114 175.158 91.556 286.94
SD - - - - SD 2064.114 167.342 —34.485 117.57
GSD 3172.8 2.569 42129.1 2.59 GSD 2064.114 167.342 91.556 205.9
229
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Fig. 4. Relative arrangement of two water molecules used in work
[10]

potentials is made in Fig. 3. Figure 3 testifies that the
core of an oxygen atom is too rigid in the MPM. This cir-
cumstance is very important, when calculating the inter-
action energy between two water molecules at distances
that correspond to the dimer formation.

3.3. General structure of the GSD potential

The structure of the interaction potential between two
water molecules in the GSD and MSD approximations
is the same (see Eq. (8)). However, the calculation pro-
cedures for the dipole moment of oxygen in a water
molecule and the parameters b and po, which describe
the influence of the neighbor water molecule on the oxy-
gen dipole moment, change. The circumstance is taken
into account that the electric field acting on the oxy-
gen atom is a sum of the fields formed by the hydrogen
atoms in the water molecule and the hydrogen and oxy-
gen atoms belonging to the neighbor water molecules, on
the one hand, and a component that emerges as a result
of a deformation of the electron shells of oxygens, on the
other hand. The latter effect is particularly important
at distances between water molecules that correspond to
the dimer formation.

In accordance with all that, the dipole moment of an
oxygen atom is determined by the formula

_ TO102 “Ho,
Mo, = —@ 3

[1 - K(roloz)] - aEdefv (19)
0,0,

where the deformation field strength is

bre—PiTon 1

def 1

Bl = S 2 (o — Jroy+
j=34 Ouj 01
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Fig. 5. Comparison of the interaction energies between two water
molecules for the configuration depicted in Fig. 4

b2e—P2T0102
e

(20)
7%102

1
p2 + T) r01027

102

= 2 3r r . .
and To,0, =1 — % is the tensor of dipole—
010

dipole interaction. The 1déformation field strength is a
gradient of the repulsion force potential, E4®f = -~V ®y;.

Hence, the dipole moments po, and po, of oxygens
are functions of the parameters (b1, p1) and (be, p2), re-
spectively. The values of parameters b; and p; were
determined above (see formula (18)). To find the pa-
rameters by and po, let us calculate, using formula (8),
the energy of interaction between two molecules in the
configuration depicted in Fig. 4.

For this configuration, five numerical values for the
interaction energy at various distances between oxy-
gen atoms were obtained in work [10] on the basis of
quantum-chemical calculations. The by- and ps-values
were so determined that the calculated curve optimally
reproduced the positions of those points. The corre-
sponding values obtained are

by =42129.1, po =2.59.

A comparison between the energies calculated by for-
mula (8) and reported in work [10] is shown in Fig. 5.
Below, when calculating the interaction energy for two
water molecules, just those bs- and po-values were used.

In the MPM, the parameters by and ps were deter-
mined using the interaction energy @) = —8.47 be-
tween water molecules in a dimer at the distance ro,0, =
2.96 A between oxygen atoms (see work [4]).

3.4. Dipole moment of an isolated water
molecule

The electric dipole moment of an isolated water molecule
is determined as a sum of two antiparallel dipole-moment
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vectors, 4 = pu + po. The dipole moment py is
defined by the spatial distribution of the centers of
negative oxygen and positive hydrogen charges, pup =
gu(r; +r2). The absolute value of dipole moment py is
pa = 2quroun cos(%&) = 5.6281 D. The dipole moment
po of an oxygen atom emerges owing to the polarization
of the electron shell of an oxygen anion by the electric
fields of hydrogens in the water molecule. According to
the results of work [12] , it equals

po = aan (51t Kl + 5 1L~ K(ra))).

It is easy to calculate that puo = —3.7752 D. Therefore,
the magnitude of the dipole moment p is p = pug+po =
1.8528 D. This value completely agrees with the absolute
value of dipole moment of an isolated water molecule.

3.5. Influence of a neighbor molecule on the
dipole moment of a water molecule

The modification of the dipole moment under the influ-
ence of a neighbor molecule is one of the simplest man-
ifestations of many-particle effects in the system. To
estimate the influence of the second molecule, let us cal-
culate the ratio ug 2 /o between the dipole moment of
an oxygen atom calculated in the pair approximation to
the dipole moment of an isolated molecule. The depen-
dence of the ratio u(ol 2 /1t on the distance between the
oxygen atoms of two neighbor molecules is exhibited in
Fig. 6.

4. Conclusions

This work was devoted to the generalization of the
known Stillinger-David potential ®gp, which is widely
used for the description of the intermolecular interac-
tion in water. Two versions were considered: the modi-
fied Stillinger-David potential ®psp and the generalized
Stillinger—David potential ®gsp. The modified poten-
tial ®ysp improves the behavior of the potential ®gp
at rather large distances between water molecules. The
generalized potential ®gsp takes additionally the polar-
ization effects into account more adequately in compar-
ison with the initial potential ®sp. Moreover, the fact
that the repulsion part of the interaction between oxy-
gen atoms affects their polarization [21, 22| was taken
into account.

The values obtained for the interaction energy be-
tween water molecules with the use of the generalized
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Fig. 6. Dependence of the ratio ,u(om)/p,o on the distance between
oxygen atoms in two water molecules

Stillinger-David potential and in quantum-chemical cal-
culations [10] coincide within the whole range of inter-
molecular distances. The results of detailed calculations
of the ground state energy and the dimer vibrational fre-
quencies on the basis of ®\sp and ®gsp potentials will
be presented in a separate work.
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V3ATAJIBHEHNIT [TIOTEHIIAJI CTIJIIH/I?KEPA I IEBIJIA

1.B. 2Kueamnrox
Pesmowme

Y po6oTi 3arporOHOBaHO BAOCKOHAJIEHUI MIOJISAPU3AIITHUN TOTEH-
mian Crininazkepa i JeBima s Mi2KMOJIEKYIJISPHOT B3a€MOJIT y BO-
ni. ChopMysiboBaHO WITKUN aJropuTM BU3HAYEHHs PYHKIIL, fKa
OIIKUCY€E B3AEMO/III0 OKCUI'€H-TiAPOreH B MOJIeKyJli Bogu. Po3pobiie-
HO HOBUIl MiAXi 40 MOAESIOBaHHsI (DYHKIIT, [0 €eKPAHYE 3apsi/i-
JIUIIOJIbHY B3a€MO/III0 Ha MaJjIuX BijcTansax. [jist npaBuIbHOrO Onu-
Cy aCUMITOTUYHOI HOBEJIHKH Mi>KMOJIEKYJISIPHOTO ITOTEHIiaIy Ha
IOCTATHBO BEJIMKHUX Bijgcransix morenmian Criminmxkepa i desina
3aBEPIIEHO B3AEMOJIIECI0 MiXK JUTOJILHUMUA MOMEHTAMU OKCHUTEHIB.
Kpim Toro, nonsipusariiina ckiagosa norenniaay Crininmkepa i
JeBina moroBHeHa TOMAHKOM, IO OMUCYE HedopMallito eJIeKTPOH-
HHUX 0DOJIOHOK OKCHUT€HIB. ¥Y3arajbHeHHs rnoreniany CTimiHmKepa
i JeBifga 103BOJISIE YCHINIHO BiITTBOPUTHU BCi OCHOBHI PE3y/JIbTaTH
KBAHTOBO-XIMIYHUX PO3PaxXyHKIB €Hepriii B3a€Mo/il JBOX MOJIEKYJI
Boau, orpuManux Kiemenrti. BuBueHo 1MoBeiHKY JUIIOJILHOIO MO-
MEHTY MOJIEKY/IN BOAM #AK (PyHKIIl Mi>KMOJIEKy/IsIpHOI BifgcTaHi Ta
OTPUMAaHO OI[iHKY HE3BIIHUX JIBOXYACTHUHKOBHUX e(dEKTIiB y BOIi.
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