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The theoretical and numerical study of the enhancement of the
amplitude of the incident electromagnetic radiation in small metal
ellipsoidal particles and spherical dielectric particles covered by a
metal shell with nonlinear dielectric functions is carried out. If
the frequency of the external radiation approaches the frequency
of surface plasmons of a metal, the local field in the particle consid-
erably increases. At intense incident electromagnetic fields (laser
radiation), it is necessary to consider the nonlinear part of the
dielectric functions of a metal and a dielectric. This results in
the induced optical bistability (IOB) when one value of the am-
plitude of the incident field initiates three values of the local field
in a particle. The domains of IOB are specified in the case where
the radiation wavelength is much larger than the typical size of
particles. The range of external fields and the IOB frequency are
specified. A decrease of the IOB domain and an increase of the
critical fields with increase in the damping of plasmon vibrations
are discussed. The results of numerical computations for typical
small silver particles are presented graphically.

1. Introduction

The induced optical bistability (IOB) means that some
nonlinear optical systems can produce two different out-
put intensities for a given input intensity [1] or, in par-
ticular, the given value of an external electric field may
produce several values for the local field and the polar-
ization. Since its theoretical prediction in 1969 [2] and
the experimental realization in 1976 [3], this effect has
been intensively studied because of its potential use for
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optical switching devices and in optical computing [4—
12]. Recently, it has received a new attention because
of the intensive study of properties of composite media
and nonlinear photonic crystals [13-15].

It is clear that the nonlinear part of the dielectric func-
tion (DF) is important only if the electric fields are com-
parable with the inner atomic fields. At present, such
fields may be achieved in laser radiation. Another in-
teresting property of a pure metal and metal-covered di-
electric small particles is the abnormal enhancement of
the local field, when the frequency of the incident elec-
tromagnetic wave approaches the surface plasmon fre-
quency of the metal. As a result, the IOB emerges at
comparatively low electric fields.

The aim of this study is a detailed theoretical and
numerical analysis of the local field enhancement and
the bistability domain in small metal and semiconductor
particles in the electrostatic approximation. We account
for a cubic nonlinearity in the polarization with respect
to the local electric field. In Section 1, we analyze the
local field enhancement inside an ellipsoidal metal parti-
cle embedded into a dielectric matrix when the incident
electric field is parallel to one of the ellipsoid axes. Sec-
tion 2 is devoted to the analysis of the IOB domain for
these particles. Lastly in Section 3, we study the IOB of
a two-layer nonlinear dielectric spherical particle covered
by a metal shell.

We also propose a comparatively simple analysis of
roots for a cubic equation that may be useful for the
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Fig. 1. Enhancement factor |Fp|? for a small silver particle versus z
and L; €}, = 2.25, &}l =0, e, = 4.5, e, = 0.16, wp = 1.46 x 1016,
v =168 x 101, v =1.15 x 1072

study of instability domains in the processes that are
described by an S-type characteristic curve (the local
field in the particle versus the applied field).

2. Enhancement of the Local Field in Small
Metal Ellipsoidal Particles

Let an electromagnetic wave impinge on a metal par-
ticle in the form of a rotational ellipsoid embedded in
a dielectric host matrix. The dielectric function of the
particle is assumed to depend on the frequency w and
the local electric field E (inside the particle) and can be
presented in the form

e(W,E) = e(w) + x(w) [Ef, (1)
where x(w) is the complex Kerr coefficient,
e(w) = '(w) + i€”(w) is the linear part of DF (with

w)
respect to E) and taken in the Drude form

w2 v w2

P " o P
FErp Wm0

e(w)=¢el, —

Here, w), is the plasma frequency of electrons in the
metal, v is their collision frequency, and ¢, is a constant
that can be a function of the frequency and depends on
the type of a metal.

Let the electric vector of the incident wave Ej be par-
allel to the large semiaxis of the ellipsoid. It is known
[9] that, in the electrostatic approximation (when the
wavelength of electromagnetic radiation is much larger
than a typical size of the particle), the local field E is
uniform and parallel to Ej, for an arbitrary dependence
of e(w,E). This electric field can be expressed in the
form

€h
en(l1—L)+ Le(w,E)’

E=F-E, F= (3)
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where F' is an enhancement factor, L is a depolarization
factor along the field direction which coincides in our
case with the larger semiaxis of the ellipsoid, and ¢y,
is the dielectric function of the matrix [9]. Combining
(3) and (1), we obtain the following expression for the
enhancement factor:

Eh 1

= . (4)
L g/+x/‘E|2+i(€~//+X// |E‘2)

Here, &’ and &” are the real and imaginary parts of the
combination

. en(1=L)+ Le(w)
g - , (5)

and x’ and x” are the real and imaginary parts of y(w).

We now consider the case of small electric fields such
that the nonlinear term of DF (1) may be ignored. In
this case, relation (4) with account of definitions (2) and
(5) transforms into the expression

1

2 2"
1 1 1 ~y
— | =+ —
22 2242 z2 2(22+79%)
(6)

Here, F, stands for the enhancement factor (4), where
the terms with the electric field are neglected. We have
also introduced the dimensionless frequencies

Eh 2
Rl =%

w v Ws _ Ws
zZ=—, Y=, Zs = —, Zs = —,
Wp Wp Wp Wp
L
Wg = W )
ST\ G- L)+el L (7)

_ L
Ws = wp\/a’,;(l — L)+l L

It is important to obtain the largest values of |Fy
It is clear that this happens if the first term in the de-
nominator (6) is close to zero. Because of the multipara-
metrical dependence of |Fy|®, we decided to use its 3D
representation versus z and L. Figure 1 presents such
a graph in the range of parameters, where |Fp|? is the
largest.

One can see that the enhancement factor has a rather
sharp maximum when the frequency w approaches the
frequency of the surface plasmon w, (7) if v < 2. To
clarify the dependence on L, we present |Fy|? as a func-
tion of z at different constants L (Fig. 2). Inspecting

2
|
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Fig. 2. Enhancement factor |Fp|? (6) as a function of the dimen-
sionless frequency z at different L (L1 = 0.02, Ly = 0.05, Lz = 0.1,
Ly =0.2, Ls =0.33, Lg = 0.5, L7 = 0.8) with the same parame-
ters of the particle and ¢} as in Fig. 1

graphs in Figs. 1 and 2, one can see that the enhance-
ment factor |Fp|? in the physically interesting range of
parameters sharply depends on the frequency of an inci-
dent electromagnetic wave w and weakly depends on the
depolarization factor decreasing with L. It can easily be
seen from (6) that |Fy|*> = 1 at L — 0. The maximum
value of |F0|2 at the accepted parameters of the particle
and the host matrix is around 200. By changing ¢, and
L, one can obtain even larger |Fy|?. This means that, at
comparatively large applied fields E} in a vicinity of the
corresponding plasma resonance, it is necessary to con-
sider the nonlinear terms in the dielectric function (1).
This will be done in the next section.

3. Bistability in Ellipsoidal Metal Particles with
Nonlinear Dielectric Functions

In this section, we consider the local field in metal ellip-
soidal particles while accounting for the nonlinear part
of e(w,E) in (1). It may be found with the help of Eq.
(4). But the direct usage of this equation is inconve-
nient, since it contains complex coefficients. It is better
to rewrite it with respect to |E|*. Introducing the def-
5 2

initions X= |x| |E|* and Y = ’fh x| |[En|®, we obtain
the cubic equation for X,

X?*+aX?+0bX =Y, (8)
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Fig. 3. Applied field x|Ej|? versus the local field x|E|? and the
frequency z at L = 0.33 with the rest parameters as in Fig. 1

where

=\ ! =/ I
a_2(€x|+|5x>, b= o
X

Relation (8) determines a dependence of the “local
field” X on the “applied field” Y, dimensionless frequency
z, depolarization factor L, and other parameters of the
system. The enhancement factor with account of the
above-specified quantities is given by a simple relation

En 2 X
AR (9)

Further, we are interested only in the real and posi-
tive roots of the cubic equation (8). If this equation has
one real positive root, then the local field in the inclu-
sion is a single-valued function of the applied field. If
Eq. (8) has three positive roots, then the local field is
not a single-valued function of the applied field, and the
system becomes unstable. This situation is called the
induced optical bistability (IOB).

To obtain the general picture of the connection be-
tween the applied field, local field, and the frequency,
we decided to present a 3D graph involving these quan-
tities. The 3D graph depicted in Fig. 3 is obtained with
the help of (8) and shows the most interesting region
of these parameters (bistability), when three different
values of the local field correspond to one value of the
applied field.

While analyzing the bistability phenomena in the sys-
tem, it is more convenient to consider the dependence
of a local field on the applied field. Figure 4 shows
such dependences for different depolarization factors ob-
tained with the help of (8) at z = 0.2. One can see that
the bistability region (three different values of y |E|* for
one value of y |Ep|?) widens, as the depolarization fac-
tor L increases. Unfortunately, Fig. 4 is obtained for

P = |
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Fig. 4. Local field x|E|? versus the applied field x|Ep|? at the

frequency z = 0.2 for different L; the rest parameters as in Fig. 1

a fixed frequency of the incident electromagnetic wave.
The bistability domain in the plane (z, X |Eh|2) can be
specified from an analysis of the roots of the cubic equa-
tion (8).

Two ways of finding the root location of a cubic equa-
tion are described in Appendices A and B. Now, we an-
alyze the roots of (8) and find the IOB domain in the
plane (z,x |Eh|2>. Equation (8) has three real positive
roots provided conditions (47) are satisfied. In the case
under consideration, these conditions may be written in
the form

aS—\/Z’E, a <0,
2 ab 2 ab
—— | DX — Y <——=|DX — 1
9{ 2+2]< <9[ 1+2], (10)
where

— D
Xy = a]F\F, D= a® —3b. (11)

According to Appendix A, X o are the positions of ex-
tremum points of the function presented by the left-hand
side of (8). They are determined from the equation
3X2 +2aX +b=0.

It is easy to show that

[(é/xl 4 EIIXI/)Z o 3(51/)(/ 4 é/X//)Q]
Ix? '

It follows from (10) and (11) that IOB emerges pro-
vided that €’ > 0, x” > 0, and quantities ¥’ and & have

D= (12)
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different signs. Below, we carry out a detailed analysis
of the case & < 0, ¥’ > 0.

As an aside, it is possible to find the IOB frequency
domain analytically in the case ;7 = x3. The general
case requires numerical calculations.

Let us consider the non-absorbing host medium (¢}, =
0) containing the metal inclusion with the non-absorbing
nonlinear part of the dielectric function (x’ > 0, x” = 0).
In this case, Eq. (8) takes the form

X3+ 28 X2+ 8 X =, (13)
where

1 1
“N
E(Z)_g_22+,y27 (14)
=1 o Y

The dimensionless frequencies z, zs, v were specified in
(7). The first inequality (10) implies that IOB exists at
frequencies z that satisfy the inequality

28— 2(22 —428) + V322v <0,

where 3 = (14 1/322¢’2) > 0. To solve inequality (16),
we consider the cubic equation

(16)

2B = 2(22 = ¥2B) + V3z2y = 0. (17)

This equation at z2 — 4?3 > 0 has two positive roots
(22, z3) and one negative root, provided that its discrim-
inant @ is negative, and the coefficients of this equation
are positive and close to the surface plasmon frequency
2% < 22 — 42 (see Appendix B). The boundary frequen-
cies of the IOB domain can be found from the cubic
equation (17). Differentiating the function, which is the
left-hand side of (17) with respect to z, we find the ex-
tremum points +£+/(22 — v23)/(353). Substituting them
into (17), we obtain the inequality
2 2,3, Ol 40

As follows from Appendix A, at points zo and z3,
a2 —3b = 0 (a =2¢,b=|é]"). The critical magnitudes
of the electric fields at these points are (49)

(z0) 2 (1 1
T =——|=-— 1,
3 3\ 22 Z%,s + 72

(Ye)2,3 = ()3 3. (19)
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Fig. 5. Ellipsoidal silver particle with the parameters L = 0.3, ¢} = 2.25, &}/ = 0, e, = 4.5, e/, = 0.16, v = 1.15 x 1072, (a) The
IOB for a local field x |E|? versus the applied field x |Ej,|? at the frequency z = 0.2. The IOB domain in the plane (z, x|Ex|?) (shaded
area). (b) High-frequency limit part of the IOB domain. (¢) Low-frequency limit part of the IOB domain

At Q =0, z1 = 23 = z., the critical magnitude of the
field y. coincides, according to (19), with a minimum
value of the external electric field when the bistability
emerges in the system. Therefore, in the case under con-
sideration, IOB in the system emerges in the frequency
band
29 < 2 < 23. (20)
The range of applied fields is again specified by the sec-
ond inequality (10). Roots z3 > 0, z3 > 0 can be found
from (18) which has three real roots. Inequality (18) at
B

2
Zs

fixed § and zs and at < 1 allows one to obtain the

critical ~.:

9 4 3/2
c = L ~s 1—— .
7 92( 81/8>

If the collision damping v > ~., then IOB disappears.
We may suggest that any increase in the damping that
exists in the inclusion makes the conditions for the IOB
emergence more restrictive. A minimum critical value of
the external electric field for the IOB emergence can be
found from (19). It is given by the relation

L\? 1 1\*
R PRP= () (= =
|X| | hlc (€h) (Z§+p}/2 Z?) ’

where z3 is the larger of the roots z2 and z3 of Eq. (17).
If €7, and ~ tend to zero, the critical electric field tends
to zero as well.

(21)

(22)
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The curves fi o restricting the IOB domain in the

plane (z, X \Eh|2) can be obtained from the equations

fi=—(2/9)[Dai + ab/2)(L/en)?, i=1,2. (23)

Figure 5 depicts the IOB domain (shaded area) in the
plane (z, X \Eh|2) for an ellipsoidal silver particle. The

boundaries of the IOB domain (curves f; and f3) have
been calculated with the help of formula (23).

Below, we present he IOB domain for the curve Lo =
0.3. Tt corresponds to the lowest applied and local fields
as compared with those for the bistability domains with
L1 = 0.27 and L3 = 0.33. The bistability domains for
the polarization factors corresponding to L1 and L3 have
the same style as depicted in Fig. 5. But the bista-
bility domain is narrower for L; and is wider for Ls
than for Ly in accordance with the range of applied
fields.

The limiting values of the incident electric field are
shown in Fig. 5 by a dashed line at w = 0.2w,. Figure
5,b shows the bistability domain near a point zo (the
smaller root of Eq. (17). The entire bistability domain
looks like an area enclosed by a hysteresis-type curve. Its
upper part gets narrowing with increase in the external
field. We would like to note that IOB in a spherical
metal particles has been studied in many papers and in
[1], particularly.

We would like to note that the upper end of the
bistability domain in Fig. 5,¢, point A, corresponds to
z = 0.02, v = 0.0115 and considerably high applied
fields. We also have calculated x|E|? versus x|Ep|? for
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different v with the same rest parameters as in Fig. 1.
The results show that the IOB practically disappears at
v =3 x 0.0115.

4. Bistability in Coated Spherical Particles

We now consider a spherical dielectric particle (the core)
of radius ry covered by a metal shell of radius ro. Let
the core be a nonlinear dielectric of the Kerr type with
the nonlinear dielectric function (DF)

€1 :€10+X|E\2a (24)

where €1¢ is the linear part of DF, x is the nonlinear
Kerr coefficient that depends, in a general case, on the
frequency of the electromagnetic field, and E is the am-
plitude of the local field in the core. The dielectric
function of the metal shell will again be of the Drude

type [9]
1

m7 (25)

€9 = Exo —
where z and + are given by (7). In the long-wavelength
limit (the electrostatic approximation), the electric field
within the inclusion or the local field can be found from
the relation (3) with the enhancement factor F' given by
the expression

r_ § sgsh’

p A
A=e2413/2p—1)e1 + (3/p — Depea +e1en. (26)
Here, p = 1 — ri”/rg’ is the metal fraction in the in-

clusion particle. One can easily see that (26) for a
completely metallic particle (p = 1) gives the same en-
hancement factor as (3) for a spherical metallic particle
(L =1/3).

It is clear that one may obtain a considerable increase
in the local electric field provided that the denominator
of (26) tends to zero. This condition can be realized by
tuning the parameters that comprise A.

In the limit v < 1 (the collision frequency of electrons
is small as compared with the plasma frequency), the
imaginary part of (25) can be neglected. In this case,
the “resonance” condition (A = 0) reduces to a quadratic
equation in €5 with the roots

cox = (—s /82 —4deen)/2,
s=1(3/2p—1)e1 + (3/p— 1)ep. (27)
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We note that, in our case, s < 0 and e+ < 0 always.

Moreover, e5_<éeo4. In the limiting case of a small metal

fraction, p < 1, expressions (27) may be simplified to
3(e1 + 2¢en)

o = ———————5, E9y = —

2p

2515h
3(e1 + 2€h)p’

p< 1. (28)

Since €24+ < 0, the realization of a local field enhance-
ment requires Reez(w) < 0 as well. One can see from
(25) that it takes place at frequencies w < wy = wp/\/Eoc
(we assumed that wg > v). The frequency wy corre-
sponds to the bulk plasmon frequency. It also follows
from (3), (26), and (27) that a maximum enhancement
of the local field occurs when the frequency of an elec-
tromagnetic wave approaches

wp
VEoo — E24

For example, at p < 1, when the metal fraction of an
inclusion is comparatively small, ws_ — 0, wsy — wp.
Here, we would like to note that the polarizability of
a two-layer spherical inclusion may be presented in the
form 8]

Wst+ = (29)

3 €E—€n
2 = )
g+ 2¢p

o = 4mr (30)
where £ is the effective dielectric function of the individ-
ual two-layer inclusion in the dipole approximation and
given by the relation

€1(3/p — 2) + 29
2 £1 +€2(3/p— 1) '

Combining (30) and (31), one may easily show that the
enhancement factor (26) and the polarizability coeffi-
cient (30) have the same denominator A (26). This
means that « increases considerably when the frequency
w approaches one of the frequencies (29). At the same
time, the absorption of radiation by a particle increases
due to an increase in the polarization.

The local field enhancement within a coated spherical
particle means that the nonlinear term in (24) must be
taken into account. Therefore, the enhancement factor
F (26) itself depends on the local field E, and, in the
general case, relation (3) turns out to be the equation
for the local field as a function of the applied field Ey,.
Acting in the same manner as in Section 2 by deducing
(8), we again obtain the cubic equation for the local field
in the particle

E=¢ (31)

X34+ a1 X2 +b0,X =Y,
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Fig. 6. IOB in a coated spherical particle: €10 = 6.00, ecc = 4.5, e, = 2.25, p = 0.4, v = 0. a) The local field x \E|2 versus the applied
field x |Ep|? at z = 0.1, b) IOB domain (shaded area) in the plane (z, x |Ep|?). The curves f1 and f2 = 0 are calculated with the help

of (33)

A A
ay :2R6 ((50)761 = TO

3 3
Ay = (82)2 + 9 |:€10 ( — 1) + ( - 1) 5h:| + €10€h,
2p P

(32)

2

3

Here, Ay is obtained from (26) by the substitution £; —
£10-

This cubic equation has real coefficients and may have
one real positive root or three real positive roots depend-
ing on its parameters (Appendices A and B). Therefore,
in some domain of frequencies and amplitudes of the
incident electromagnetic wave, IOB may occur. The do-
main of instability can be specified in the same manner,
as it was done in the previous section.

Here, we briefly discuss the final results. The IOB in
a coated spherical particle emerges under the following
conditions (in notations of (32)):

a1 < —4/3b1, a1 <0,

2 a1b1 2 albl
—— | D1 X —_— Y<——|D1X — .
9 { 1X2 + 2 ] <Y < 9 [ 1481 + 5 } (33)
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The boundaries of the IOB domain are specified by the
curves

2 a1b1 .
X)=——|D1X; + —|, =1,2,
f) 91 { Ty ] '
X 2 are the extremum points of
fX)=X*+a1 X2+ b, X,

Dl = a% - 3b1

Since €19 > 0 and ¢, > 0 in our case, there is no IOB
in the frequency region where Rees(w) > 0. The second
inequality of (33) determines the range of the applied
field where IOB appears.

Now we again return to a simplified version of the
theory, when the imaginary parts of £; and €5 can be
neglected. In this situation, the first condition for the
IOB emergence reduces to

Ao < 0. (35)
This inequality can be presented in the form
(w— wgol)(w - w(SOJ)r)(w —wg1) <0, (36)

(0)
s

where the frequencies wg’ are given by (29) with 1 sub-

stituted by €19,

_ Wp _ 2
ws1 = )
€0 —E&0

(37)
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Fig. 7. IOB in a spherical particle with a silver cover: 19 = 6.00, ecc = 4.5, €, = 2.25, p = 0.7, v = 0.0115.
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(0)

It is clear that wg ©) ©

7 <wg, <wg;. In addition, in this

case,
Ap 3Aq
T=— Ty = ——,
4 (Ao)® (38)
fa) =5 (3) s =0

Summing up these results, we can state that I0B
emerges in a two-layer spherical particle with the Kerr-
type nonlinear dielectric core (DF (24)) covered with
a metal shell with no decay (the Drude-type dielectric
function (25) with zero imaginary part) in the following
two frequency bands:

(0)

0<w<wd @ o)

and wg, <w < wgy. (39)
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IOB does not exist if the external field exceeds the crit-
ical value

_ dpen [1A°
T 27 |es| | 3x6°

(40)

Below, we illustrate typical dependences of the lo-
cal field on the applied field (Fig. 7,a and Fig. 8,a)
that are obtained from the solution of the cubic equa-
tion (32) and IOB domains (Fig. 7,b and Fig. 8,b)
from the bistability conditions (relation (33)). We
have calculated the IOB domains for different p in
the range 1-0.25 at 0.0115. The results show
that the IOB domain decreases with the metallic frac-
tion. In particular, if = increases three times, the
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IOB completely disappears in the elliptic metal parti-
cles.

5. Conclusion

We now recount the main theoretical conclusions that
follow from this study. In Section 2, we considered the
enhancement of the local field in a small ellipsoidal metal
particle in the linear approximation. The enhancement
factor is largest if the frequency of the incident light co-
incides with the surface plasmon frequency of a particle
ws. This value depends, in turn, on the depolarization
factor L and can have a maximum at definite L (Fig. 1).
In Section 3, we studied the induced optical bistability
domain (IOB) for ellipsoidal metal particles with regard
for the nonlinear part of its dielectric function. In the
intensity-frequency plane of the incident electromagnetic
wave, this domain is the area restricted by a hysteresis-
like curve. The upper part of the domain area becomes
narrower with increase in the amplitude of the electro-
magnetic wave. IOB takes place in a range of frequencies
near the surface plasmons of the inclusion. The critical
fields of beginning and disappearance of I0OB are de-
termined. We note that the entire domain of IOB had
not been studied in the literature prior to this study.
Section 4 was devoted to a study of the electrodynamic
properties of small spherical particles with a nonlinear
dielectric and covered by the metal shell. We have found
that IOB in inclusions of this type can emerge in two-
frequency bands (the range of a surface plasmon of the
particle). The metal covering of the nonlinear dielec-
tric makes the enhancement of a local field easier to the
required level for the IOB emergence than without the
metal covering. The dependences of the local field on
the applied electric field have been calculated for par-
ticular systems by solving a cubic equation of the type
(8). We may state that increasing the electron damping
in the systems under study suppresses IOB according to
relation (18).

Finally, one more interesting fact should be noted. We
determined the local field by solving the corresponding
cubic equation for other systems than those considered
in this paper. In particular, a two-layer plane structure
of a metal and a nonlinear dielectric, a sphere with a
nonlinear dielectric in a metal host matrix, and a two-
layer ellipsoid with a nonlinear dielectric and a metal
covering in the case where the external electric field is
parallel to one of its axes. At the same time, in the case
of a two-layer ellipsoid at an arbitrary orientation of the
external electric field, the order of this equation becomes
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higher. Changes in the order of equations may produce
more complex pictures of IOB in these systems.

APPENDIX A

Here, we consider the location and the motion of the roots to the
cubic equation

23 tar? +br4+c=0 (41)

in the complex plane z = x’ + iz’" depending on variations of the
parameter ¢. In Eq. (41), the parameters a, b, and c¢ are real.
In our case, b > 0, ¢ = —y(y > 0), and a may be both positive
and negative. In this paper, we are concerned with the conditions
imposed on the coefficients a, b, and y when this equation has three
(or one) real positive roots. It is known that the answer to this
question is given by the Routh—-Hurwitz theorem [10]. The location
of the roots of (41) that depend on its coefficients which follows
from the Routh-Hurwitz theorem is given in the table of Appendix
B. In particular, (41) has three real positive roots provided that

D<L0, b>0, y>0, ab+y>0, (42)
where D is a discriminant of Eq. (41)
H\? q\?2 a’ a\3 ab
D= (%2 N H=2 1p g=2(2) L _ 43
(3) +(2) g T4 <3> 3 Y (“43)

One can see that these conditions are rather complex for an anal-
ysis. Here, we use a simpler way [5]. From the graphical analysis
of Eq. (41), one may see that it has three (or one) real roots if the
extremum points (if they exist) of the function

y =2+ az® + bz (44)
are positive

z1 > 0, z2 > 0, (45)
and any positive yo lies in the interval

y(z2) <yo <y(z1), (46)

where z1 < x2. For (41), these conditions can be written in the

form

a < —v3b,

47)
2 b 2 p] ¢
-5 (a2—3b)x2+%} <yo<—§{(a2—3b)x1+% .

Therefore, the intervals where the cubic equation (41) has three
real positive roots are given by the following expressions:

2
Alz) =22 —x1 = g(a2 —3p)1/2,

4
Ay) = y(x1) —y(a2) = 27(602 —3b)%/2. (48)
‘We note that, at a? —3b= 0, g2 = 1 = x. and
y2 = Y1 = Yc. Then, at the same time,
3
a a
=3 = -5 49
Tc 3 Ye o7 ( )

The magnitudes z. and y. specify the critical values of = and y

when three real positive roots appear in Eq. (41).
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Location of roots on the com-
Range of parameters
plex plane
3+az?+bz+c=0,Q = (H/3)3+(G/2)2 < 0, H = —a?/3+b
2 Q b b

G = 2(a/3)® — ab/3 + c. In this case, all roots are real

X//
ab—c <0, X
c<0,b>0

X//
ab—c >0, X
c>0,b>0

4
ab—c <0, X ’
c>0,b>0or 4.*4._*2(
c>0,b<0
4

ab—c>0, X ,
c<0,b>0o0r 4.—.74—2(
c<0,b<0

3 +az?+br+c=0,Q = (H/3)3+(G/2)? > 0, H = —a?/3+b,
G =2(a/3)® — ab/3 + c. In this case, one root is real and two
roots are complex conjugate

4

X °
ab—c <0, _ X
c<0,b>0 -

4

ab—c >0, X
c>0,b6>0

4
ab—c <0, X' o

c¢c>0,b>0o0r
c>0,6<0 °

”
ab—c>0,

c<0,b>0o0r
c<0,b6<£0 °

APPENDIX B

Here, we give the table of an arrangement of roots of the cubic

equation depending on its parameters.
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IHAYKOBAHA OIITUYHA BICTABIJIBHICTH
Y MAJIEHBKUX METAJIEBUX I IIOKPUTUX
METAJIOM YACTUHKAX 3 HEJITHINTHOIO
AIEJJEKTPMTYHOIO ®YHKIIIEIO

O.A. Byput, JI.I. I'peuxo, B.M. Manvres, C. Illesamape
Pezmowme

Bukonano TeoperwyHe Ta 4MCeIbHE JOC/IPKEHHS PE30HAHCHOIO
30LIbIIEHHS aMILIITYAd €JIEKTPOMATrHITHOIO BHUIIPOMIHIOBAHHSI B
MaJIEHbKMX METAJIEBUX EJIICOITaJIbHUX YACTUHKAX Ta CHEPUIHUX
JieJIEKTPUYIHUX YACTUHKAX 3 METaJIIYHOI0 000JI0HKOI0. [Tpu Habim-
2KEeHHI 4acCTOTHM BUIIPOMIiHIOBaHHSI JO YAaCTOTU IIOBEPXHEBUX ILJIa-
3MOHIB MeTajly Ma€ MicClie CyTTEBe HiJBUIIECHHS JIOKAJHBHOTO eJie-
KTPHUYHOIO MOJIs B cepeauHi yacTuHKu. IIpn Besukux (J1a3epHux)
HAIIPY?KEHOCTSX OB HEOOXiJHO BpaxOByBaTH HEJIHINHY TaCTHHY
nienekTpudHOl (byHKIIT B MeTaJsi Ta JiesieKTpuky. lle npuBonuts
JI0 BUHUKHEHHsI iHAyKoBaHOI onTu4uHol Gicrabinsaocri (I0B), ko-
JIA OJTHOMY 3HAYEHHIO aMILIITyAu HaJaio|doro moJs BifoBigae Tpu
3Ha4YeHHs JOKabHOro noist. Jocmimkenns IOB Bukonano njis Bu-
majKy, KOJIU JOBXKHHA XBHJI BANPOMIHIOBaHHs HabaraTto OinbIia,
Hi?K TUIIOBI PO3Mipu YaCTUHOK. BusHaveHO iHTEepBaJIM 30BHIIITHIX
mosiB Ti mianazonm uwacror 10B. ocmimkeno 3meHineHHst obJia-
cri IOB Ta 30iybIIeHHsT KPUTUYHUX IOJIB 3 POCTOM 3aTyXaHHS
IJIA3MOBUX KOJIMBaHb. Pe3yIbTaTu 4uceIbHUX PO3PaxyHKIB IIpe-
craBiieHO rpadidHo.
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