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The tensor of an effective three-photon vertex has been calculated
in the one-loop approximation for a medium with non-zero chemi-
cal potential. The tensor properties at various photon wavelengths
and frequencies have been analyzed. The case of photon scattering
by a magnetic field has been studied in detail. Possible applica-
tions of the results obtained have been discussed.

1. Introduction

Physical vacuum is an object of quantum-mechanical ori-
gin. A lot of effects resulting from just this origin have
been theoretically calculated and experimentally mea-
sured more than fifty years ago. First of all, it is the
Casimir effect [1], which, being a macroscopic manifes-
tation of quantum-mechanical processes in vacuum, is
not only an important correction to the theories of Uni-
verse’s and elementary particle structures, but also has
practical applications. Quantum-mechanical effects in
vacuum are responsible for processes that violate the su-
perposition principle; in particular, these are light-by-
light scattering, Delbriick scattering, and others [2, 3].
Interaction of an electromagnetic field through vac-
uum is described by means of Feynman diagrams with
an even number of photon lines, the so-called two-photon
vertices. The existence of unpaired vertices in vacuum
is forbidden by the Furry theorem [4]. An introduction
of even small number of particles into vacuum makes
only quantitative, but not qualitative corrections to the
process of photon—photon interaction. Such a situation
takes place, as far as the chemical potential in the sys-
tem is less than the particle rest energy, i.e. the medium
formed by the particles can be considered rarefied.
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However, the description of the behavior of pho-
tons and an electromagnetic field in a dense fermionic
medium requires that Feynman diagrams with an odd
number of external photon lines should be included as
well. It is so, because, provided that the medium is
dense, the C-parity becomes broken: and, in this connec-
tion, the conditions for the Furry theorem are not satis-
fied. As a result, unpaired photon vertices may exist. In
the absence of dense medium, the vacuum polarization
phenomenon enables the existence of only paired photon
vertices. Therefore, the physical phenomena, which the
vertices of indicated type are responsible for, have been
studied much more thoroughly than those that arise in
dense media. However, for the description of fields in a
dense medium to be correct, the application of, e.g., the
tensor of a three-photon vertex is necessary in principle,
because it dominates as u — oo and allows new, quite
specific physical processes to run. In particular, these
are the decay of static fields into free photons, sponta-
neous generation of a magnetic field from an electric one,
and direct interaction between free photons and electric

and magnetic fields.
In works [5-7], the tensor of a three-photon vertex

function was studied in the static-field approximation.
The main results of those researches consist, first of all,
in the substantiation of the essential non-conservation
of vertex transversality, provided that the Feynman
parametrization is used. The obtained characteristic fea-
tures in the behavior of electromagnetic fields in the pres-
ence of a dense medium are also of importance. However,
in this approximation, all effects stemming from the ex-
istence of a nonzero three-photon vertex can be observed
only immediately from inside the medium itself. Similar
processes play an appreciable role as a factor of evolution
of large formations originating from dense fermionic me-
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dia (white dwarfs and, especially, neutron stars). How-
ever, it is a very difficult task to observe the manifes-
tations of the nonlinear behavior of an electromagnetic
field as a result of quantum-mechanical effects in the
medium in the static case in accessible experiments, be-
cause those manifestations are weak and indirect.

In this work, the three-photon vertex in a dense
medium is studied. As a dense medium, a set of fermions
is meant, for which the chemical potential p is higher
than the rest energy m. In particular, they may be elec-
trons at moderate densities, baryons, and even quarks
in the deconfinement phase. Not only static fields are
studied, but also slowly changing ones, for which the in-
equality % < 1, where k4 is the photon frequency,

is considered to be satisfied. This approximation is suffi-
cient for many applications, because the high-frequency
fields do not “feel” the medium, and the corresponding
vertices are suppressed in the case of large k4’s. The
attractiveness of this approximation as a research tool
consists in that it describes the processes forbidden in
the absence of a medium. The results of this work can
be applied in the NICA and FAIR projects (where colli-
sions between heavy nuclei are studied) to reliably and
directly detect the very fact of the formation of a dense
fermionic matter and to study the matter properties.

Here, we calculate and analyze the properties of the
tensor corresponding to a three-photon vertex and re-
duce it to the cases of zero and low values of the photon
frequency k4. For separate static-field cases, we present
exact expressions for the corresponding nonzero tensor
components, as well as a simplified linear approximation
for the case of low k4. In addition, we analyze a special
case, namely, the interaction between a classical mag-
netic field and free photons. Hence, a basis for a wide
spectrum of possible researches has been developed.

The work consists of Introduction and four sections.
In Section 2, the explicit form of the tensor of a three-
photon vertex in a dense medium is presented for the
static-field case. In Section 3, the tensor is calculated in
the long-wave approximation. Section 4 is devoted to the
study of a special case, the interaction between photons
and a magnetic field. Section 5 contains the discussion
of the results obtained and conclusions.

2. Three-photon Vertex in the Static-field Case

In this section, we aim at calculating the nonzero com-
ponents of the three-photon vertex tensor in a medium;
they exist in the one-loop approximation for the state
of rest at zero temperature. In a (3 4+ 1)-dimensional
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space, this case was examined in more details in work
[6]. The analytical expression for a three-photon vertex
is expressed by the integral

e3

Huw(k(l)’k(z)7k(3)) = 5(kM + k@ 1+ £®) Ok
m

X

><Tr/d4p('yHG(p + kW), Gp — k%)7,G(p)+

+9.G(P) G (p + k)1, G(p — k1)), (1)

where i, v, and v are indices running from one to four;
7, are the Dirac matrices; and G(p) is the Green’s func-
tion of a fermion that forms a vertex loop (usually, it is
an electron),

—ip+m

G(p) = PR

(2)
The p-momentum components for the Green’s function
are presented in the Euclidean coordinates, so that

_ ) Ppip =123, 3
P {p0+i,u,p0. ()

The single internal parameter is p, the chemical poten-
tial of a medium; in the case of cold fermionic plasma,
it depends only on the plasma density.

If k4 = 0, by calculating integral (1), we obtain exact
expressions for static fields. In this case, the form of the
vertex function becomes considerably simpler, with only
the following tensor components remaining nonzero [6]:

i 53

3
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K@) — (ED)2 — (£B))2
X<5¢j+(’f§1)’“§3))(k : )(k(l()qu(i%)))z & )>> (5)

Here, Jy, J2, and J3 are the functions of the external
momenta k1), k) and k®), the chemical potential s,
and the mass m; they are presented in Appendix. The
analytical integration for the functions Ji, J2, and J3 to
a final result can be fulfilled only in the case where all the
momenta are collinear. Otherwise, asymptotic approx-
imations can be derived for J; and J3. The symmetric
components II;4; and Il4;; are obtained by making the
corresponding substitutions k) — k@) k3 — EG)
and k3 — k@ for the former, and kY — k),
EG) — k@ and @ — kM for the latter.

Passing in formulas (4) and (5) to small momenta
(%1) < 1 and %2) < 1), where a = /p2 —m?2, we
obtain the following asymptotic behavior for tensor com-
ponents in the symmetric case % — 1

3

€
H444 = EH(MQ — m2)\/ ,U/2 — m2(6+

+ Z Z %((2(1 + cosﬂm))%Tn"‘
n>11=1° m
L)
+(3 —n)(1 + cos B12) — cos Bin)) + O (a) , (6)

3

€
Mija = —50(u* —m®) /2 —m?(3i;+

—+ cos Q35 COS (v COS 613 — COS (14 COS (xp5—

k(1)
—cos ag; cosagz;) + O (a) ) (7)

where f3;, is an angle between the vectors k! and k",
cos ay; is the direction cosine of the vector k', g¢;, are
arbitrary integers that satisfy the equality ¢i12 + ¢13 +
q23 = 2, and O(u? — m?) is the Heaviside function.

LIS 1 > 1, and in the sym-

“a ’a
metric limit, formulas (4) and (5) give the following re-
sult for tensor components:

-0 (1), ©

For large momenta, (

a
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a

My = O (‘f“) | 9)

It testifies that, in the high-momentum and, accord-
ingly, short-distance approximation, the medium be-
comes asymptotically transparent, and its influence on
the field properties is insignificant. This takes place, be-
cause the vertex function is proportional to the chem-
ical potential, the latter being a small parameter in
the case of high momenta. However, for linear scales
r>(p?— mQ)_%7 the substitution of II,,,, by its asymp-
totic value does not violate the adequacy of description
for the properties of an electromagnetic field with an ar-
bitrary strength distribution. Under such conditions, the

quantity y/p? — m?2/k is a large parameter, and there is
no necessity to use the “adiabatic expansion”.

3. Three-photon Vertex in the Case of
Low-frequency Photons

The expressions obtained for the components of the
three-photon vertex tensor in the static case allow the ef-
fect of a medium on the electromagnetic field to be con-
sidered qualitatively and a few asymptotic approxima-
tions to be derived. In particular, the latter include the
phenomenon of asymptotic transparency of the medium
for short-wave photons and the inverse, “smearing” influ-
ence of large gradients at the description of the medium
action on the static field. However, for the description of
the medium effect on the interaction of free photons to
be more detailed, the dynamic components of the tensor
must be taken into consideration as well.

After calculating the trace, the vertex function looks
like

II —ies/cﬁ dpax
pry — (277)3ﬂ papy

f/tl/'y
" <[<p+ KOV + m?][(p— k) + m2]lp? + m?]

Juws
[(p = kD)2 +m2][(p + k)2 + m2|[p? + m?] ) (10)

_|_

where the function f,,, depends on the variables kD),
k@ p, and m. Let us write it down in the following
form:

fuu'y(k(l)a k(2) , Dy m) =
= {Ipv + KNy — KP)p = (0 = K] +
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+py + KO0 — K$)py — (0 — K )]+
Hpu + kD] (y — By — (v — K§P)ps )+
+(p+k"M)(p — k?) +m?x

X [Py 0w — Pubury + Duluy]—

—[(p+ kM)p + m?][(py — k26, —

~(pp = K00y + (0 = k)6 ) =

~[p(p = k®) + m?][(py — k)6 —

— (P = K)o+ (o0 — K3} (1)
where pk(™ is the scalar product of only spatial parts
of these vectors. Another function, f,,, is the complex
conjugate of f,,,. For the first and second terms, the
poles differ in only the sign of the chemical potential y;
i.e. the poles are 2 = iy — iy, 25 = +iey —ip— kfll),
and 25 = :I:isg—iu+kfl2) for the former and 25 = +igo+
ip, 2E = Fiey 4+ ip— 1@(11)7 and 25§ = tieg +ip+ kf) for
the latter. The quantities ¢; are the fermion energy with
respect to each vertex photon, namely, eg = (p*>+m?)'/2,
g1 = ((p+kM)24+m2)V/2 and g5 = ((p— k)2 +m?)V/2.

Applying the residue method for the integration over
dp4 in formula (10), we obtain an expression consisting
of three terms. Each term corresponds to a specific pole
of the integrand in expression (10); it is composed of a
scalar coefficient H,,, where n is the pole number, and
a certain vector structure. In the case of low-frequency
photons and, hence, low k4-values, the determination of
multipliers H,, demands that the linear approximation
be used and the obtained expressions be expanded into
power series of k4. After carrying out the correspond-
ing calculations, those multipliers can be expressed as
follows:

~ ne(€0) — np(eo) ,
2igo[2pk ") + (kM)2)[—2pk®) + (k®)2]’

Hy = (ne(e1) — ny(e1))(2ieq [2pkY) — (kKM)?]x
x[—2p(k® + kW) + (k)% — kM)~
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Hs ~ (ne(e2) — ny(e2))(2ie2[2pk® — (k?)?]x

% (=2p(k® 4 kD) (V)2 - ()27 (1)
where n.(e,) and n,(e,) are the electron and positron,
respectively, density functions, which look like n.(e,) =
[1+exp(B(en — )]~ npen) = [1+ exp(B(en + p)] "

The H,-multipliers generate three groups of terms for
each vertex function component, each of the latter in-
cluding k4 raised to a certain power ranging from 0 to
4. We adopt that the “temporal” momentum component
is a small parameter; therefore, terms with k4 raised to
a power larger than two can be neglected. At the same
time, the terms without k4 comprise a static part of the
components, which was calculated in work [6]. Hence,
we can take into account the contribution made by the
expression for static fields. Then, all we need is to cal-
culate those terms, which depend linearly on ky:

Fuas ~ F55 + Re{H [pk@ k() + (pk™ — e2)k ]+
+Hy[(2 + pk™ + e2)k{P +

+(2e2 4+ pk® — kWK 4 26%)]64(11)]—

—Hs[(2 — pk® + 2)k{V +

+(2¢2 — pk™ — kWKk® 4 2:2)5]y. (13)

The function F' is coupled with I by the relation
ie3 3
o = (e | 40P
While calculating Fjj4, we should take into consider-

ation that ¢ # 4 and j # 4, so that d;4 = 0;4 = 0. More-

over, we use the approximation, for which kia)kib) = 0.

Therefore, we find

. rstat . (1) (2)
F”4 ~ Fij4 + Re{eoélj (H2€1k4 + H362k4 )+
+H1[(pk(2)§ij + 2pipj — p¢k§2) - pjk§2))kfxl)+
+(pkM oy + 2pip; — pik§1) - pjk‘z(l))kf)]‘*‘

+Ho[((p(2k™ + k@) + (£W))25,,+
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2pip; + ik + ok — (b KD+
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2 2)\,.(1

+(k®)283; + 2pip; — pik” — kKD (14)
In a similar way, we make transformations for other

tensor elements. Taking into account that FS3t =

F3 =0 in the static case, we obtain

Fijl ~

(k{2855 +K (1)
{ k<2)5]l 2177 11)} +}

(1) (1)
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4
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4
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(k82 85—k 615 — kS 600+ (kD +2pi) x }
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+H251{

+k£1)5jl+2pi5jl)

{(k;1)6il—kl(l)&ij—k§1)6]l+(k§.1)—2pj)x
X 81+ (k) 2pz)6u—(k‘” 2pi)851) }

)
2) 67]+k Si1—7.(1)
k( +

{k(2>5z —2p;8;) 4
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Fiyy =~

~ Tm[Hoer [(K© + 2p;) — k2D +

+(EY 4 2p) KD+
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The expressions derived for all tensor elements in the
long-wave approximation compose a system that de-
scribes such photon—photon processes as the photon de-
cay into two photons, the decay of an electric field into
free photons, the generation of a magnetic field in the
presence of the electric one, and the interaction between
a free photon and a magnetic field. The expressions
found for the tensor components testify that the pro-
cesses of creation of real photons take place only in al-
ternating fields, because the corresponding tensor com-
ponents include only dynamic parts. Unlike the static
case, dynamic processes can be observed “from outside”
the medium. Therefore, they are suitable for studying
the microscopic volumes in a dense medium.

4. Interaction Between Photons and a Magnetic
Field in a Medium

On the basis of the results obtained, let us consider a
case of the interaction between photons and a classical
magnetic field in the presence of fermionic plasma. In
this case, we have a state of the external field without
energy transfer and with a definite fixed spatial momen-
tum, which can be designated as (k:l(l) + kl(z)), where
l € 1,3. Then, the element of the scattering cross-section
looks like

S = Fyk kP (kY + k) + Faak$V kP (k)Y + k) +

+Fuk kS (kY + kD) Fyuk VS (6 + kD). (17)

According to the assumption that k4 is small, the
term F44lk£1)k£2)(kl(1) + kl(2)) approximately equals
zero, whereas the components with k4 in the terms
FiukMED (k) + ) and Fyk kP (6 +£2)) - al
of them are dynamic contributions — are also reduced.
Moreover, the field photons have no energy component.
However, since they are written down as (kl(l) +kl(2)), the
equality kfll) = fkf) must be satisfied. In other words,
it is a process of free photon scattering by a magnetic
field. Then, the nonzero tensor elements look like

_ stat stat
Fu = Fig™,  Fau = Fi",

(18)
Fijl ~ Imkil) X

(6 — k)05 + (B + k)6 —
X{H1€O{ 2) (1) }+
(k;™ +k; )5 — 2pidji — 2p;oy
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+H251[k1(2)5j - kl(2)5ij — k§2)5u + pidij — pjdal+

Mo — k(Mo —

+H352[k]- kfl)% — pidij +pi5jl]}- (19)
One can see that all dynamics of the process is contained
in the element Fj;;, whereas the other nonzero tensor
components describe only the statics. In addition, since
we consider the process of free photon scattering by a
magnetic field, the dispersion relations must be satisfied.
Therefore, k(") = k(2 = k, because |k£1)| = |kf)|.

We can take advantage of this property by multiply-
ing the tensor by the corresponding vectors k. Then,
we immediately obtain an expression for the scattering
cross-section; it contains only scalar products (k(1), k()
that can be equalized to each other. The final expression
for the effective scattering cross-section has the form

VRS Figo(k) + k) ~ —Tmkf? (1)
X {2(1 + cos y)(cos a + cos B) x

" ne(€0) = np(€0)
2i[2p cos a + k][—2p cos 5 + K|

P+

+(k(1 + cosy) + p(cos a + cos 3) x

ne(e1) = np(er)
% (22‘[2p cos a — k][—2p(cos 8 + cos a)] +

n6(52) - np(52)

+ 2i[2p cos B — k][—2p(cos B + cos «)] ) }7 (20)

where v is the angle between the vectors k(1) and k),
and a and ( are the angles between the vector p and
the corresponding k. As follows from the general form of
expression (20), the cross-section of photon scattering by
a magnetic field is proportional to the squared absolute
value of the photon wave vector. The behavior of this
dependence can be used, while studying this scattering
process experimentally. Notice that, for instance, in the
case of an external magnetic field without a medium, the
scattering cross-section is proportional to k* [9,10].
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5. Discussion of Results

Thus, we have obtained the explicit expressions for the
components of the three-photon vertex tensor in two
approximations, the static-field and low-frequency ones,
and a special case of the interaction between free pho-
tons and a magnetic field is analyzed. The static-case
approximation demonstrates the essence of why the non-
linear behavior of fields emerges in a dense medium. At
the same time, it forms a necessary basis for the de-
scription of various processes considered above. The
low-frequency approximation describes a large number
of nonlinear photon—photon interactions and allows dy-
namic processes to be studied. We consider the photon
scattering by a magnetic field as the most interesting
case. Therefore, it was examined in more details. As a
result, we derived an exact expression for the scattering
cross-section. The obtained dependence for the cross-
section is a quadratic function of the absolute value of
photon momentum. It can be used to experimentally
check the presence (formation) of a dense medium.

The phenomena arising in media with broken C-parity
are of great interest, first of all, because they are an ex-
perimental confirmation of theoretical principles used in
quantum electrodynamics. However, physical phenom-
ena of such an origin can also find practical applications
even today, mainly, as a detector of the presence of dense
fermionic substances and a tool of their research. Using
the asymptotic relations that describe processes in the
medium, the internal characteristics of such media—first
of all, the chemical potential—can be measured.

The processes in static fields, which were described in
works [5, 6], can be a powerful factor in the evolution
of formations consisting of superdense matter, such as
white dwarfs and neutron stars. The static case is, first
of all, a phenomenon of the decay of an electrostatic field
into two quasistatic photons of a magnetic field. As a
consequence, it gives rise to a spontaneous generation
of magnetic fields in a fermionic plasma embedded into
an electric field, as well as to the inverse phenomenon,
namely, the generation of a solenoidal electric field from
a magnetic one. Such an event is rather probable for
pulsars with their superstrong magnetic field. However,
the cited works did not aim at describing the processes
that allow one to study the properties of fermionic media
from outside.

The low-frequency approximation used in this work
reveals new opportunities for taking the influence of a
medium on the interaction between fields into consider-
ation. This case can be reduced to a number of probable
processes. In our opinion, the process of free photon
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scattering by a magnetic field is the most interesting.
The scattering parameters depend only on the field char-
acteristics and the chemical potential p of a medium.
Theoretically, this process allows one to measure p by
detecting scattered photons. The phenomenon of such a
type can find application in the NICA and FAIR projects
(where collisions between heavy nuclei are studied) both
as a tool for the reliable detection of the very fact of the
generation of a dense fermionic matter and to study the
properties of this matter.

In this work, the process of photon scattering has
been considered in the case of a static external magnetic
field. However, the derived expressions can be applied
with a high accuracy to real detector systems as well.
The matter is that intense fields are generated following
the mechanisms like a magnetic explosion generator or a
high-current coil. Such devices create fields with the fre-
quencies ranging from 10 to 200 kHz. These frequencies
are negligibly low even in comparison with the frequen-
cies of infra-red photons. Therefore, the external field
can be adopted as approximately static in this case.

APPENDIX

Here, the explicit forms for the functions of external photon mo-
menta in the case of static fields [6] are given:

29002 2 e (1) 1.(2)
Jl(k(l)7 k(2)) — i 0(“ m ) / poln M(pvk ak ) _
0

k(1) k(2) M(—p, k) k(2))
2 _m2
e\
—0(vp2—m2 - = / fdep<arcsinN(p, k(l),k@))f
2sin 3 .
k(3)
2sin 3
— arcsin N(—p,k<1),k(2>)>:|, (21)
2002 2
) @)y = 0 —m?) e
J2(k: 7k“ ) k‘(l)k‘<2) \/:u m=X
(1) _ 2 _ .2
x ln‘% x
ED 42,/u2 —m?2
2 _ .2 (1)
x(‘/“ (l)m - k)l} (22)
k 4/ p2 = m?
L opr2 2 “ 1) (2
(1) 1(2)) _ T O(p m*) / 9 M(p, k\H), ) B
T KT = e | ) TP 3k k@)
0
- (3) Vi zm?
—0 (V2 -—m2 - k. / —iTp%dp (arcsinN(p,k(D,k(Q)) -
2sin 38
k(3)
2sin g
— arcsin N(—p, k(1>,k(2)))] , (23)
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The internal functions M, N, and T look like

M(p, kM k@) = (k)2 4 kW E3) cos g—

—4p? sin? B8 + 2pk@ cos B + 2pk™) + |2pcos B + kT, (24)
N(p, kM E®)) = (®)2 + kM E@ cos g—
—4p?sin® 3 + 2k cos 8 + 2pkM)) x
x((k(1) — 2p)sin By/4p? — (k@)?)~, (25)
T= P . (26)
V(D) 4 k()2 — 4p2sin? 5
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EOEKTUBHA TPU®OTOHHA BEPIHINMHA Y I'VCTOMY
OEPMIOHHOMY CEPE/IOBUIIII

€.B. Pesnixos, B.B. Ckano3yb
PeszomMme

O6unciaeHo TeH30p edeKTUBHOI TPUGPOTOHHOI BEPIIUHU JIJIsA BU-
HaJKy CEPEeJOBUINA 3 HEHYJIbOBHM XIMIUHMM IIOTEHILAJIOM [ B
OJTHOTIETJILOBOMY HabsuKeHHi. [IpoanasizoBaHO BIaCTUBOCTI TEH-
30pa 3aJIeXKHO BiJl JIOBXKUHU XBUJII TA 9aCTOTH 30BHINIHIX (DOTOHIB.
IIpoBeneHo merajbHe HOCIIIKEHHS] OKPEMOT'O BUIIAIKY PO3CisiIHHS
BiIbHUX (POTOHIB Ha MarHiTHOMY 1oJii. O6GroBOpeHO MOXKJIUBI 3a-
CTOCYBaHHS OTPUMAHUX PE3YJIbTATIB.

ISSN 2071-0194. Ukr. J. Phys. 2011. Vol. 56, No. 6



