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The possibility of the abnormally strong repulsion of the qua-
sisound and quasispin branches of the wave spectrum in a cubic
ferromagnetic crystal due to the phase transition in a lattice is
predicted.

1. Introduction

The coupled magnetoelastic waves in ferromagnetic and
antiferromagnetic crystals are widely studied during a
long time (see [1–5] and references therein). The mag-
netoelastic waves in the crystals undergoing the spin-
reorientation transitions attracted a special interest be-
cause of the strong effect of magnetoelastic coupling on
the wave spectrum. The effects of magnetoelastic cou-
pling are the most pronounced in a vicinity of the phase
transition points [5, 6], because the spin-reorientation
transitions are accompanied by a decrease of the energy
gap in the spin-wave spectrum. When the energy gap be-
comes comparable in value with the value of “repulsion”
of the quasispin and quasisound branches of the spec-
trum, the magnetoelastic coupling leads to a substantial
reduction of the velocity of a quasisound magnetoelastic
wave. The theory predicts the possibility of vanishing
the sound velocity, i.e., the conversion of the linear dis-
persion law of the quasisound into the quadratic one [5,
6, 7].

Ferromagnetic shape memory alloys (FSMAs) are con-
sidered now as a new class of materials which are of
interest in both applied and academic aspects [8–10].
The specific properties of these alloys are caused by their
martensitic transformation (MT) which is accompanied
by a spontaneous deformation of the crystal lattice and
a pronounced softening of the shear modulus. In par-
ticular, the Ni–Mn–Ga alloys, which exhibit the cubic-
tetragonal MT, are intensively studied. The most in-
triguing feature of these materials is a giant (> 5%)
magnetically induced deformation, which is caused by
the transformation of the twin structure of a single crys-
talline alloy specimen under the external magnetic field.

The ordinary magnetostriction of the Ni–Mn–Ga alloys
has been studied in both experimental [11, 12] and the-
oretical ways [13]. The drastic increase of the magne-
tostriction was observed, while the temperature of a cu-
bic crystal approaches the MT temperature [10].

To the best of our knowledge, the coupled magnetoe-
lastic waves in the FSMAs were not considered jet. The
experimentally observed increase of the magnetostriction
and a softening of the shear elastic modulus suggest an
idea of the strong effect of magnetoelastic coupling on
the wave spectrum. In the present article, the theory
of magnetoelastic coupling is applied to a single crys-
tal, whose temperature approaches the cubic-tetragonal
phase transition temperature. The general theoretical
relationships are used for the quantitative description of
the spectrum of coupled magnetoelastic waves.

2. Formalism

To describe the coupled magnetoelastic waves, the free
energy of a Ni–Mn–Ga single crystal should be presented
as

F = Fm + Fe + Fme. (1)

The first term is the energy of the magnetic subsystem
of the cubic crystal
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where M and H are the magnetization and magnetic
field vectors, αikis the exchange energy constant, and K1

and K2 are the magnetocrystalline anisotropy constants,
respectively. The second term,
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is the elastic energy expressed in terms of linear com-
binations of the strain tensor components u1 = (εxx +
εyy + εzz)/3, u2 =

√
3(εxx− εyy), u3 = 2εzz − εxx− εyy,

u4 = εyz, u5 = εxz, and u6 = εxy and the elastic moduli
of a cubic crystal C11, C12, C44, and C ′ = (C11−C12)/2.
The third term,
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is an essential part of the magnetoelastic coupling en-
ergy, which causes the interaction of spin waves with the
soft phonon mode (second sound) [10]. The coordinate
frame is related to 〈100〉 crystallographic directions of
the cubic phase.

Now, the magnetization M is presented as the sum of
its equilibrium part M0 and the small additive m that
satisfies the equation

ṁ = −γM0 ×Heff , (5)

where γ is the gyromagnetic ratio, and Heff = −δF/δm
is an effective magnetic field, which acts on the mag-
netization vector in the nonequilibrium magnetic state.
To complete the system of equations for magnetoe-
lastic waves, the equation for displacements of atoms,
U = U0 exp {i(kr− ωt)} , in the crystal should be used.
(Here, the symbols k and ω are the wave vector and
the angular frequency, respectively). The energies given
by Eqs. (3) and (4) can be expressed through the dis-
placements using the commonly known relation 2εlm =
(∂Ul/∂xm)+(∂Um/∂xl). The dynamic equation for dis-
placements is

ρÜ = − δF
δU

. (6)

The pure second sound has the frequency ωph =
(C ′/ρ)1/2k and the wave vector k|| 〈110〉. For the sake
of definiteness, let the wave vector be parallel to [110],
and let the vector M0 be oriented in the XOZ plane. In
this case, we have M0x

M0y

M0z

 =

 M0 sin θ
0

M0 cos θ

 , (7)

where θ is the angle between the vector M0 and the
z-axis. By presenting the energy (Eq. (1)) as a se-
ries in the components of the vectors U and m =
m0 exp {i(kr− ωt)}, one can obtain the equation that

describes the spatial dispersion of the coupled magne-
toelastic waves. This equation has a form
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where

s2l1 = C11/ρ, s
2
l2 = (C11 + C12 + 2C44)/2ρ, s2t1 = C44/ρ,

s2t2 = (C11 − C12)/2ρ = C ′/ρ,
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When the magnetoelastic parameter δ2 is equal to zero,
Eq. (8) has the solutions ω

(1)
l = sl1k, ω

(2)
l = sl2k,

ω
(1)
t = st1k, ω

(2)
t = st2k ≡ ωph and ωsw = γ(M2

0zω1ω2 +
M2

0xω3ω4)1/2, which correspond to the uncoupled elastic
and spin waves, respectively. The solutions describing
the coupled magnetoelastic waves are studied below.

3. Results

The magnetoelastic term in Eq. (8) includes the fac-
tor δ22M2

0xM
2
0z ∝ sin2 θ cos2 θ, and therefore, the interac-

tion between the spin waves and the soft elastic mode
vanishes when θ = 0, π/2 and reaches the maximal
value when θ = π/4, i.e., when the magnetization vector
is aligned with [101] crystallographic direction. Under
the usual experimental conditions, an external magnetic
field is strong enough to align the magnetization vector
along the field direction. As so, the case where the mag-
netic field is parallel to [101] crystallographic direction is
especially interesting. In this case, Eq. (8) is simplified
to the form

(ω2 − s2t1k2)
{
(ω2 − s2t2k2)×
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Dispersion of coupled magnetoelastic waves: the dispersion curves presented in (a), (b), (c) were computed for various values of the
shear elastic modulus and the external magnetic field (H || [101]); the initial fragments of the dispersion curves presented in (d) were
computed in the cases where H || [100] (thin lines) and H || [101] (bold lines). A slope of the thin solid line corresponds to the sound
velocity reduced by the magnetoelastic interaction

×(ω2 − s2l2k2)(ω2 − γ2M2
0ωm1ωm2)−

−18δ22γ
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2/2]ωm1/ρ} = 0, (9)

where

ωm1 = αk2 +H/M0 +K1/M
2
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ωm2 = αk2 +H/M0 − 2K1/M
2
0 .

According to the available experimental data, the equi-
librium direction of the magnetization vector of a Ni–
Mn–Ga single crystal is parallel to 〈100〉 , and the values
of magnetic anisotropy constants measured at T = 295
K are K1 = 2.7×104 erg/cm3, K2 = −6.1×104 erg/cm3;
the reported value of saturation magnetization is close
to 600 G [14].

The values ρ ≈ 8 g/cm3 and δ1 ≈ 107 erg/cm3 are
inherent to the quasistoichiometric Ni–Mn–Ga alloys [8,

13, 14, 15]. The spin-exchange parameter can be roughly
estimated as α ≈ TCl

2kB(|µB|M0)−1, where TC = 360 K
is the Curie temperature, l = 0.41 × 10−8 cm is the
distance between the magnetic atoms, kB and µB are
the Boltzmann constant and the Bohr magneton, respec-
tively.

The minimum conditions for the magnetic energy, Eq.
(2), show that the magnetic field applied in the [101]
direction stabilizes the state with M||[101], when the
inequality H > H1 ≡ 2K1/M0 is fulfilled. For the above-
mentioned experimental values, the characteristic field
value H1 is of about 90 Oe.

The magnetoelastic resonance with the soft elastic
mode takes place when ρω2 ≈ C ′k2. In this case, Eq.
(9) can be approximated by the simpler one,

(ω2 − ω2
ph)(ω2 − ω2

sw)− 9δ22γ
2ρ−1ωm1k

2 = 0, (10)
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where ωsw = γM0(ωm1ωm2)1/2. The solutions of the
approximate equation,

ω2
± = [ω2

ph+ω2
sw±

√
36δ22γ2k2ρ−1ωm1 + (ω2

ph − ω2
sw)2]/2,

describe the dispersion of quasisound (ω−) and quasispin
(ω+) waves in the crystal with soft shear modulus. The
quasisound mode is gapless, while the spectrum of qua-
sispin waves has a gap ω0 = γ(H −H1)1/2(H +H2)1/2,
where H2 ≡ (K1 +K2/2)/M0 ≈ 100 Oe.

The quasisound and quasispin spectrum branches are
shown in Figure. In view of the drastic difference in the
shear moduli inherent to the different Ni–Mn–Ga alloys
(the values C ′min ∼ 1 GPa − 60 GPa were measured at
the MT temperature for quasistoichiometric alloys), Fig-
ure,a shows the spectra computed for three different val-
ues of shear elastic modulus; the field value H = 3.3 kOe
corresponds to the frequency ω0/2π = 9.1 GHz. The
magnetoelastic interaction in the crystal with the shear
modulus of 60 GPa exhibits itself in the narrow interval
of the wave vector values, which includes the resonance
value k0 ≈ 2.4 × 105 cm−1. Far from the resonance,
the magnetoelastic coupling do not change the disper-
sion curves of sound and spin waves noticeably. In the
crystal with a shear modulus of 35 GPa, the interac-
tion between the sound and spin waves results in the
strong repulsion of the quasisound and quasispin spec-
trum branches and, hence, exhibits itself in a rather wide
range of wave vector values Δk ∼ 105 cm−1. (The “re-

pulsion” is formally defined as Δω
def≡ ω+(k0) − ω−(k0),

where k0 satisfies the equation ωsw(k) = ωph(k)). In the
Δk range, a noticeable nonlinearity of the dispersion of
the quasisound branch can be observed. In the crystal
with a shear modulus of 25 GPa, the magnetoelastic in-
teraction does not change the dispersion of the elastic
and spin waves noticeably. The shear moduli of a num-
ber of Ni–Mn–Ga alloys decrease from the values of few
tens of gigapascals to the values of about one gigapascal,
while the alloy temperature approaches the MT temper-
ature. Therefore, the effect of the magnetoelastic inter-
action on the wave spectra should be most pronounced
in a certain temperature interval above the MT temper-
ature. In this interval, the value of shear elastic modulus
must be close enough to 35 GPa.
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МАГНIТОПРУЖНИЙ РЕЗОНАНС У КРИСТАЛI
ПРИ ФАЗОВОМУ ПЕРЕХОДI В ҐРАТЦI

В.Г. Бар’яхтар, А.Г. Данилевич, В.А. Львов

Р е з ю м е

Передбачено можливiсть аномально сильного вiдштовхування
гiлок спектра хвиль квазiзвука та спiнових хвиль у кубiчному
феромагнiтному кристалi завдяки фазовому переходу в ґратцi.
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