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The new properties of plasmas with ion-acoustic turbulence (IAT)
related to the turbulent heating of particles are discussed. We
expound the ideas of the coarsened theory of IAT, which allows
one to describe the strong heating of particles. The description of
the competition of the electron heating and the ion heating allows
us to open the discussion about the finite existence time of IAT
and to give some estimation of such time. It is also demonstrated
that the usual model of IAT the yields time-dependent electric
conductivity in a constant-strength electric field and a nonlinear
time dispersion for the conductivity in a quasistationary field.

1. Introduction

Our paper is devoted to the theoretical discussion of
some phenomena related to the time-dependent turbu-
lent plasma heating. The state of turbulent plasma with
ion-acoustic turbulence was discovered during the 1960s
due to the pioneering researches of a group at I.V. Kur-
chatov Institute in Moscow and a group at the Kharkov
Institute of Physics and Technology. This discovery had
won the recognition in the USSR on the state’s level:
“Discovery No. 112: Phenomenon of turbulent heating
and anomalous plasma resistance. Application OT-7595
from March 30, 1970, Priority: September 9, 1965. Pub-
lished: October 23, 1972. The authors: M.V. Babykin,
E.D. Volkov, P.P. Gavrin, B.A. Demidov, E.K. Za-
voiskii, L.I. Rudakov, V.A. Skoryupin, V.A. Suprunenko,
E.A. Sukhomlin, Ya.B. Fainberg and S.D. Fanchenko”
[1]. Moreover, this discovery attracted the attention
of many experimentalists and theoreticians among the
plasma physicists all over the world. In particular, it
is possible to speak about the creation of some espe-
cial kinetic approach in the 20th century to the de-
scription of the ion-acoustic turbulence (IAT) as a new
plasma state. This description is based on the Cherenkov
interaction of ion-acoustic waves (IAW) with charged
plasma particles [2–4] (L.I. Rudakov, L.V. Korablev,
1966; L.M. Kovrizhnykh, 1966, 1967) and on the in-
duced scattering of ion-acoustic waves by plasma ions
[5, 6] (B.B. Kadomtsev, 1964, V.I. Petviashvili, 1963).
The quasilinear approximation allowed one to predict
the anisotropy of the angular distribution of the IAT

pulsation that was really observed. The analysis of the
induced scattering of IAW by ions yielded the prediction
of the wide frequency spectrum of IAT pulsations: the
so-called Kadomtsev–Petviashvili spectrum. The the-
oretically predicted quasilinear angular distribution of
IAT pulsations obtained by Rudakov and Korablev was
nonstationary. The further development of the quasista-
tionary IAT theory was influenced by the hypothesis put
forward by Sizonenko and Stepanov [7] about a regular-
ization of the Rudakov–Korablev spectrum by nonlinear
effects. Later, this hypothesis was proved as a theorem in
the theory that involved simultaneously the Cherenkov
interaction of IAW with charged particles and the in-
duced scattering of IAW by ions [8].

We note that, during a long time, the theory of IAT
was based on a model of plasmas with the same ratio of
charge to mass for all ions. The important step in the
development of the IAT theory of plasmas with unequal
ion charge (eα) to mass (mα) ratios,

eα
mα
6= eβ
mβ

, (1)

was made later [9]. The present paper is devoted to the
case of such plasmas.

The importance of the above-mentioned discovery No.
112 is connected with the heating of ions that is a very
important problem in controlled thermonuclear fusion
projects. But the theory of strong turbulent ion heating
is consistent only when the integrals of ion-ion collisions
are larger than the collision integrals of ions with the
turbulent plasma pulsations, and it is possible to speak
about the Maxwellian ion distribution. Such possibility
is absent on the way to the thermonuclear temperature.

So we draw attention to the case of negligible two-
particle ion-ion collisions. But, in this case, it is difficult
to use the available theory of IAT, because the different
versions of such theory are based on the hypothesis about
the isotropic Maxwellian ion distribution in the main
region of the velocity space.

On the other hand, in the case of plasma with a
heavy-ion admixture, the paper [9] demonstrated the
anisotropic bi-Maxwellian velocity distribution for this
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admixture. Moreover, the longitudinal temperature for
the velocity component antiparallel to the constant-
strength electric field E, which heats plasma and realizes
IAT, is sufficiently less than the transverse temperature
for two other velocity components.

2. Ideas of the Coarsened IAT Theory

Further, we use, as our supposition [10], for the case of
two-ion-component plasmas when the masses and densi-
ties of both species are comparable that the main body
of the ion velocity distribution is bi-Maxwellian:

fα (Vx, Vy, Vz, t) =

=
Nαm

3/2
α

(2π)3/2 κBT⊥α (t)
(
κBT‖α (t)

)1/2×

exp

(
−
mα

(
V 2
x + V 2

y

)
2κBT⊥α (t)

− mαV
2
z

2κBT‖α (t)

)
. (2)

Here, κB is the Boltzmann constant, mα, Nα, T⊥α (t) ,
and T‖α (t) are the mass, number density, transversal
and longitudinal temperatures of ions of the α species
(α = 1, 2) , respectively. Our supposition about the bi-
Maxwellian ion distribution is corroborated in our the-
ory. Let us underline that the change of T⊥α (t) and
T‖α (t) in time gives the change of the main body of the
ion velocity distribution.

In the limits of such supposition, the used later coars-
ened description of the strong ion heating right up to
conditions, when the ion-ion collisions are negligible, be-
comes consistent.

This allows us to examine the question about the com-
petition of the processes of heating of electrons and ions.
This new question in the theory of IAT leads to another
question about the time of the existence of IAT as a
phenomenon in the nonisothermal plasma.

It is important to mention that, in our approach to
IAT, we use the so-called Coulomb model which takes
only the Coulomb interaction of charged particles of a
plasma into account. In accordance with this model, we
can use the following usual expression for the plasma
permittivity:

ε (ω,k) = 1 +
∑
s

4πe2s
msk2

∫
1

ω − kV
k
∂fs
∂V

dV ≡

≡ 1 + δεe (ω,k) +
∑
α=1,2

δεα (ω,k). (3)

In the first term, the summation is taken over each kind
of charged plasma particles.

The variant expounded here of the IAT theory uses a
number of results of the previous papers which retain,
nevertheless, their importance.

Similar to our papers [9, 11], in which plasmas with
two ion species were analyzed, we consider ion-acoustic
waves with the spectrum

ω = ω (k) = VSk
(
1 + k2r2De

)−1/2
. (4)

Here, rDe =
(
κBTe/4πe2Ne

)1/2is is the electron Debye
screening radius; e is the electron charge; Ne is the elec-
tron number density; Te is the electron temperature;
ωL =

(
ω2

L1 + ω2
L2

)1/2 with ωLα =
(
4πe2αNα/mα

)1/2 and
eα are the Langmuir frequency and charge of the α-ion
species; ω and k are the frequency and the absolute value
of the wave vector of ion-acoustic waves, respectively;
and VS = ωLrDe is the velocity of an ion acoustic wave
with long wavelength.

Now let us determine our quasistationary approach to
the IAT theory. The basic equation of this approach is

γ (k) ≡ γe (k) +
∑
α=1,2

γα (k) + γNL (k) = 0. (5)

Here, γ (k) is the increment of ion-acoustic waves, which
is a sum of the electronic γe and ionic γα contributions
caused by the Cherenkov interaction of IAW according to
electrons and ions, and the nonlinear ionic contribution
γNL is connected with the induced scattering of IAW
by ions. We must change the description of the last
one in comparison with the previous one. In accordance
to formula (13) from [9] for the nonlinear contribution
γNL to the damping rate of ion-acoustic waves caused by
their induced scattering by ions having unequal charge-
to-mass ratios, we have

γNL (k) =
∫
dk
8π
N (k)

|k− k′|2

ω4
L

(
kk′

kk′

)2

ω (k)ω (k′)×

×∂δ (ω (k)− ω (k′))
∂ω (k)

(
e1
m1
− e2
m2

)2

×

×ω
2
L1δε

2
2 (0,k− k′) + ω2

L2δε
2
1 (0,k− k′)

[δε1 (0,k− k′) + δε2 (0,k− k′)]2
. (6)

Here, N (k) = N (k) Φ (cos θk) is the axisymmetric dis-
tribution of ion-acoustic waves over their wave vectors
k, θk is the angle between the wave vector and eE,
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N (k) is the distribution of IAT pulsations over their
wave numbers, Φ (cos θk) is their angular distribution,
and δεα

(
0,~k − k′

)
is the contribution of ions of the α

species to the static longitudinal plasma permittivity.
In accordance to the anisotropic bi-Maxwellian velocity
distribution of α-species of ions, we have

δεα (0,k− k′) =

=
(4πe2αNα/κB)[

(kx − k′x)
2
T⊥α +

(
ky − k′y

)2
T⊥α + (kz − k′z)

2
T‖α

] .
(7)

Our change of the γNL description is connected with
the approximation of the expression for δεα (0,k− k′).
Our approximation is based on the result of paper [9]
about the heating of a small-ion admixture, where it was
demonstrated that the transverse temperature of the ion
admixture increases faster than its longitudinal temper-
ature. We use this result as a base of our assumption
about the analogous result for every kind of ions. This
assumption is corroborated in our theory.

So we ignore the longitudinal temperature in compari-
son with the transversal one, by describing the influence
of the induced scattering of ion-acoustic waves by ions.
Then we use the expression

δεα (0,k− k′) =
4πe2αNα

κBT⊥α

[
(kx − k′x)

2 +
(
ky − k′y

)2] ≡
≡ 1

r2⊥α

[
(kx − k′x)

2 +
(
ky − k′y

)2] (8)

instead of the expression δεα(0,k− k′) = r−2
Dα(k− k′)−2

in the theory with Maxwellian ion distributions. Here,
rDα =

(
κBTα/4πe2αNα

)
is the Debye radius of ions with

temperature Tα. Therefore, our proposed approximate
theory of the nonlinear influence of scattering by ions
differs from the IAT theory proposed about twenty years
ago [9] in that the ion Debye radii are replaced with the
transverse ion radii

r−1
Dα =

√
4πe2αNα
κBTα

→ r−1
⊥α =

√
4πe2αNα
κBT⊥α

. (9)

Since we have so coarsened the description of the induced
scattering of IAW by ions, we can write

γNL (k) =
∫
dk
8π
N (k)

|k− k′|2

ω4
L

(
kk′

kk′

)2

×

×ω
2
L1r

4
⊥1 + ω2

L2r
4
⊥2

[r2⊥1 + r2⊥2]
2 ω (k)

∂δ (ω (k)− ω (k′))
∂ω (k)

×

×
(
e1
m1
− e2
m2

)2

ω (k′) . (10)

The simple replacement of rDα by r⊥α allows us to use
the result of the previous theory for the distribution of
ion-acoustic pulsations on the absolute values of the wave
vectors immediately:

N (k) =
√
π

2
ω6

Lr
5
De

ωLe

1
(ω2
L1r

4
⊥1 + ω2

L2r
4
⊥2)
×

×
(
r2⊥1 + r2⊥2

)
Y (krDe)

[(e1/m1)− (e2/m2)]
2 , (11)

Y (x) =
x−4

(1 + x2)

[
ln

(√
1 + x2 + 1

x

)
− 1

(1 + x2)1/2
−

− 1

3 (1 + x2)3/2

]
. (12)

Such simple replacement gives us the so-called turbulent
Knudsen number

KN2 = 6π2 |e|Neω2
Le

ω8
LrDe

(
e1
m1
− e2
m2

)2

×

×
(
ω2

L1r
4
⊥1 + ω2

L2r
4
⊥2

)
(r2⊥1 + r2⊥2)

2 E ≡ E

EN2
. (13)

By comparing it with 1, we can distinguish the limits of
the weak and strong electric fields.

The formula for the electronic increment of IAW in
the basic equation is the usual one (see, e.g., [2, 3]). As
an illustration, we give such formula for the case of the
Maxwellian electron distribution [9]:

γ (k, θk) = γS (k)
( ω

kV

)3
(
−
(

ω

kVS

)
+

+
2
π

cos θk

sin θk∫
0

dξ(
sin2 θk − ξ2

)1/2×
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×

 νE

ν2

(√
1− ξ2

) +
ν1

(√
1− ξ2

)
√

1− ξ2ν2
(√

1− ξ2
)
 ), (14)

where

νn (y) =

∞∫
0

k3dk

4π2

(
ω

kVS

)4−n

×

×
+1∫
−1

dx

(y2 − x2)1/2

(
x

y

)n
ωN (k, x)

Ne
√
meκBTe

,

νE = (9π/8)1/2 |e|E/meVS ,

γS (k) = (π/8)1/2 kVS (ωL/ωLe) .

The last term in the basic equation γ (k) = 0 is the ion
decrement of IAW related to the Cherenkov interaction
of waves with ions. The ion Cherenkov interaction takes
only the Landau damping of IAW into account. Hence,
for the ratio between the ion and electron damping rates
of IAW, we can use the relation

δ
(
cos2 θk

)
=
∑
α=1,2

δα
(
cos2 θk

)
=

=
∑
α=1,2

ωLe

ωLα

(
r2De

r⊥α sin2 θk + r‖α cos2 θk

)1/2

×

× exp

(
− ω2

Lr
2
De

2ω2
Lα

(
r⊥α sin2 θk + r‖α cos2 θk

)) . (15)

Here, ωLe is the electron Langmuir frequency.
Now we can say that the basic equation allows us to

obtain not only N (k) , but also the following nonlinear
Abel-type integral equation for the angular distribution
of IAT pulsations Φ (cos θk) (compare [9]):

x∫
0

dt

[
t

x2

(
1 + ϕ

(
x2
)

+ Δ
(
x2
))
− 1
]

tΦ (t)

(x2 − t2)1/2
=

=
KN2

λ
x2, 0 ≤ x ≤ 1, (16)

where

ϕ
(
x2
)

=
1
2

(
M0 −M2 + (6M1 − 10M3)x4+

+ (6M1 − 10M3)x4 − (Mo + 6M1 − 3M2 − 8M3)x2+

+ (M0 − 3M2)x2
(
1− x2

)1/2
ln

(
1 +
√

1 + x2

x

))
(17)

is the function describing the nonlinear influence of tur-
bulence on its angular distribution because of Mn =∫ 1

0
xnΦ (x) dx and λ ' 0.5. The new angular depen-

dence is connected with the function

Δ
(
cos2 θk

)
=
∑
α

Δα

(
cos2 θk

)
=

=
∑
α

cos θk
d

dθk

θk∫
0

sin θδα
(
cos2 θ

)
dθ

(cos2 θ − cos2 θk)
(18)

resulting from the anisotropy of the ion velocity distri-
bution.

In the limit KN2/λ� 1, the solution of the nonlinear
Abel-type integral equation was obtained previously [9]
as

Φ (x) =
2KN2

πλx2

d

dx

x∫
0

ς5dς√
x2 − ς2ϕ (ς2)

. (19)

This is a case of the strong electric field, where the func-
tion ϕ

(
ς2
)

contains

Mn =
√

2KN2/πλbn, where b0 = 2.47;

b1 = 1.84; b2 = 1.44; b3 = 1.17. (20)

Further in the discussion of the results connected with
the turbulent plasma heating, we limit ourselves to the
discussed case of the strong electric field.

3. Heating of Turbulent Plasma Particles

The results of the theory of IAT angular distribution al-
lows us to look at the kinetic equations, which describe
the distribution of the main group of ions in the ion ve-
locity space. These equations were derived in [9, 12].
But since these kinetic equations describe the evolution
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to the bi-Maxwellian distribution, we propose the re-
placement rDα → r⊥α. In the (KN2/λ) � 1 limit in
accordance with [12], we have

∂fα
∂t

= dα

[
A⊥

(
∂2fα
∂V 2

x

+
∂2fα
∂V 2

y

)
+A‖

∂2fα
∂V 2

z

]
, (21)

where

dα =
|e|ENeωLrDeω

2
Lαr

4
⊥α

mαNα (ω2
L1r

4
⊥1 + ω2

L2r
4
⊥2)

(22)

and A⊥ ∼= 0.6, A‖ ∼= 0.15. The solution of these ion ki-
netic equations gives us the anisotropic bi-Maxwellian
velocity distributions of both ion components. The
transversal and longitudinal temperatures evolve accord-
ing to the equations (α = 1, 2)

d(κBT⊥(‖)α)
dt

= 2mαdαA⊥(‖). (23)

Therefore, our disregard of r‖α in comparison with r⊥α
in the case of strong electric fields gives us the accuracy
of 25% for the description of the induced IAW scattering
by ions. Such accuracy is better in the case of weak
electric fields [10]. In view of Eqs. (23), we can write
the following equation for the transversal temperatures:

dT⊥1

dT⊥2
=
m1d1

m2d2
. (24)

This equation in the limit of the strong electric field looks
simply as

dT⊥1

dT⊥2
=
m2e

2
2N

2
2

m2e22N
2
2

T 2
⊥1

T 2
⊥2

. (25)

Then we have the simple solution

T−1
⊥1 (t)−T−1

⊥1 (t0)=
m2e

2
2N

2
2

m1e21N
2
1

(
1

T⊥2(t)
− 1
T⊥2(t0)

)
. (26)

If

T⊥2 (t0)
T⊥1 (t0)

=
m2e

2
2N

2
2

m1e21N
2
1

(27)

at the initial time moment, then this ratio remains valid
later at t ≥ t0.

Further we should like to discuss, as an illustration,
the simple example of the equal temperatures of heated
ions, when T⊥1 (t0) = T⊥2 (t0) = T⊥ (t0) and m1e

2
1N

2
1 =

m2e
2
2N

2
2 . In the opposite case m1e

2
1N

2
1 6= m2e

2
2N

2
2 if we

assume the monotonic growth of T⊥1 (t) . Then we have
T⊥1 (t→∞)→∞ and

T⊥ (t0)
T⊥2 (t→∞)

=
m2e

2
2N

2
2

m2e22N
2
2 −m1e21N

2
1

. (28)

So if m2e
2
2N

2
2 > m1e

2
1N

2
1 , then T⊥2 (t) strives to its lim-

iting saturation value.
To discuss the heating of two ion components with the

equal temperatures in the regime without the saturation,
we use the kinetic equations

∂fα
∂t

= d̄α

[
A⊥

(
∂2fα
∂V 2

x

+
∂2fα
∂V 2

x

)
+A‖

∂2fα
∂V 2

z

]
, (29)

where

d̄α =
|e|ENeωLe

2
αN

2
α∑

β=1,2

mβe2βN
3
β

rDe (t) . (30)

The solutions of these equations for the spatially uni-
form plasmas are the bi-Maxwellian distributions with
the transversal and longitudinal temperatures which sat-
isfy the equations

d
(
κBT⊥(‖)α

)
dt

= 2mαA⊥(‖)d̄α (t) . (31)

The right-hand sides of these two equations are time-
dependent because of the time dependence of the elec-
tron temperature Te (t). In the case of the strong electric
field, the growth of Te (t) is practically connected only
with the turbulent Joule heating:

3
2
Ne

d (κBTe)
dt

∼= σE2. (32)

According to work [11] in the limit of the strong electric
field, the turbulent electric conductivity can be written
as

σ ∼= 1.2
|e|NeVS

E

√
KN2/λ. (33)

Then we have

d (κBTe)
3/4

dt
= 0.6

|e|EωL

√
R

(4πe2Ne)
1/4

. (34)

For the heating of ions with equal temperatures and
without saturation, we have

R =
KN2

λ
rDe → R̃ =

12π2 |e|NeEω2
Leω̄

2

ω8
L

(
e1
m1
− e2
m2

)2

,

(35)

where

ω̄2 = 4π
∑
β=1,2

mβe
2
βN

3
β

( ∑
α=1,2

mαNα

)−2

. (36)
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Therefore, we can write the following time dependence
of the electron temperature:

κBTe (t) = ([κBTe (t0)]
3/4+

(
E2

4π

)3/4

g3/4
e [ωL (t− t0)])4/3.

(37)

Here,

ge =

[
3.4

ω2
Leω̄

2ω4
H

ω8
L

(
Z1

A1
− Z2

A2

)2
]2/3

, (38)

and Zα = eα/ |e|, Aα = mα/mH, mH is the hydrogen
atom mass ω2

H = 4πe2Ne/mH.
The regime of the strong electron heating Te (t) �

Te (t0) is described by the formula

NeκBTe (t) =
E2

4π
ge [ωL (t− t0)]4/3 . (39)

Now we can obtain the explicit time dependence of the
ion temperatures

NακBT⊥(‖)α (t) = NακBT⊥(‖)α (t0) +

+
1.2A⊥(‖)mαe

2
αN

3
α∑

β=1,2

mβe2βN
3
β

√
ge
E2

4π
[ωL (t− t0)]5/3 . (40)

On the other hand, the electron temperature grows as
[ω (t− t0)]4/3. We see that the rate of growing of the
temperature of ions can exceed that of the electron tem-
perature growing up for an enough time. Moreover, this
tendency allows one to see the possibility to violate the
condition of the ion temperature smallness in compar-
ison with the electron temperature. The last violation
is the violation of the condition for the existence of ion
acoustic waves and, therefore, the existence of the ion
acoustic turbulence.

4. Estimation of the IAT Existence Time

Let us write the ratio

Te (t)
T⊥α (t)

=

=
([κBTe (t0)]

3/4 +
(
E2

4π

)3/4

g
3/4
e [ωL (t− t0)])4/3

(κBT⊥α (t0)+E2

4π

√
ge1.2A⊥

mαe2αN
2
αNe∑

β=1,2
mβe2βN

3
β

[ωL (t−t0)]5/3)
.

(41)

This ratio of temperatures of electrons and ions allows us
to obtain a numerical estimation of the existence time of
the strong-field regime of the turbulent plasma heating.
More transparent is the formula in the case of the strong
electron and ion heating (Te (t) � Te (t0), T⊥α (t) �
T⊥α (t0))):

Te (t)
T⊥α (t)

=
√
ge
∑
βmβe

2N3
β

1.2A⊥Nemβe2αN
2
α [ωL (t− t0)]1/3

. (42)

We can try to obtain the necessary estimation after we
set this ratio to five. Then we have

[ωL (tf − t0)] = g3/2
e


∑

β=1,2

mβe
2
βN

3
β

6A⊥mαe2αN
2
αNe


3

. (43)

Let us look at a deuterium-tritium plasma as an example
in the case of the strong electric field and in the regime
of the two component heating without saturation. We
will obtain the estimation of the existence time of the
discussed strong field regime of the turbulent deuterium-
tritium plasma heating in the case of plasma with the
equal temperatures of ions and with (Nd/Nt) =

√
3/2.

We have ge ∼= 66 and ωL (tf − t0) ∼= 11.5. During this
time, the temperatures of electrons and ions increase in
equal times

Te (tf )
Te (t0)

=
T⊥α (tf )
T⊥α (t0)

= 136
E2

NeκBTe (t0)
. (44)

As for such deuterium-tritium plasma, we have

KN2 (t0) ∼= 210
E√

NeκBT (t0)
. (45)

We can rewrite the previous relation as

Te (tf )
Te (t0)

=
T⊥α (tf )
T⊥α (t0)

=
(
KN2 (t0)

18

)2

. (46)

In particular, this relation allows one to see that, during
the time of the turbulent heating, the temperatures of
electrons and ions can grow by about a hundred times,
when KN2 ≈ 180.

The phenomenon presented here of the finite time ex-
istence of IAT is important for the understanding of IAT.
It is necessary to underline that this phenomenon is dis-
cussed in the frame of the model of IAT that is related to
plasmas with different ions with unequal charge-to-mass
ratio. Therefore, there is a problem to understand the
possibility of the analogous phenomenon in the frame
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of a simpler model of plasmas with one kind of ions.
Moreover, this phenomenon is related to the theory de-
veloped in [9] and [10] only in the case of the neglect of
the Cherenkov interaction of ions with turbulent pulsa-
tions. In addition, the numerical estimation of the ex-
istence time of IAT can be changed owing to the use of
a more precise angular distribution in comparison with
the asymptotic approximation of the strong field used
in our discussion. So the aim of my discussion of the
problem of the turbulent plasma heating is to attract a
more attention to the question of the time duration of
the IAT existence. At last, it is necessary to note that
our estimation is near the lower bound of the IAT exis-
tence time, because we have neglected the long enough
time of the slow heating of particles at the initial interval
of the turbulence creation.

5. Time Dispersion of the Turbulent
Conductivity

The other result of the plasma heating manifests itself
in properties of the turbulent conductivity σ, which is
usually presented in the theory of IAT as a nonlinear
function of the electric field strength. Let us describe
here the appropriate result for the case of the strong
field when, according to (44) and (12), there is the ex-
plicit dependence σ ≈ E−1/2, which is usually discussed
in the theory of IAT. However, besides this explicit de-
pendence, the turbulent conductivity depends on the
electron temperature, which is determined, due to the
plasma heating, by the electric field. The obvious sim-
ple example is the plasma heating in the strong field,
when ions are heated in the regime without saturation.
The additional simplification arises under conditions of
the strong plasma particle heating Te (t) � Te (t0),
T⊥α (t)� T⊥α (t0). Then we can write down

σ = 0.30g3/4
e (NeκBTe (t) /E2)1/4ωL. (47)

Using the previously discussed electron temperature
time dependence, we have

σ = 0.16ge [ωL (t− t0)]1/3 ωL. (48)

In the particular case of the deuterium-
tritium plasma discussed previously, we have
σ ∼= 11 [ωL (t− t0)]1/3 ωL < 24ωL. Let us under-
line that, in accordance with this discussion, the
turbulent conductivity is independent of the electric
field strength. In this connection, we can speak about
the reduction of the nonlinear dependence of the turbu-
lent conductivity to the field-independent expression of

the linear theory of electricity. But this linear theory
describes the time-dependent electric field because of
the time dependence of the turbulent conductivity.

Our model uses the time-independent electric field
strength. In the case of the quasistationary electric field,
we can see that the nonlinear turbulent conductivity can
be described by the formula

σ (t) = 0.16ωLge

ωL

t∫
t0

dt′
E3/2 (t′)
E3/2 (t)

1/3

, (49)

which corresponds to the nonlinear time dispersion of
the electric conductivity. The last nonlinear field depen-
dence is, in general, weaker than σ ≈ E−1/2 that we
have without the influence of the plasma heating. In the
case of E = const, we have (48). This discussed effect
is analogous to that discussed previously [13] in con-
nection with the possible meaning of Demidov–Elagin–
Fanchenko effect [14].

At last, we say that our inclusion of the heating of
turbulent plasma particles into our kinetic description
of plasma is the reason for the non-Markovian effect.
Equations (21)–(23) and (32) give foundation for this
general remark. Due to Eq. (22), we see that the diffu-
sion coefficients dα in the ion velocity space are functions
of the temperatures of plasma particles. These temper-
atures are determined by Eqs. (22) and (23). Therefore,
the kinetic equations (21) describe the evolution of the
ion distribution which includes the memory effects. The
result of the non-Markovian description can be seen di-
rectly in formula (49). In comparison with the statistical
theory of turbulent transport [15, 16] related to non-
Markovian effects, it is necessary to say the following.
Our paper and papers [15, 16] have one trait in com-
mon, namely the plasma turbulence. Now let us look
at the difference. The theory in [15] is devoted to the
general non-Markovian Fokker–Planck approach to de-
rive the diffusion coefficients. Work [16] considered the
non-Markovian kinetics on the base of the Klimontovich
equation which is connected with the electric field fluc-
tuations. So, works [15, 16] have a vital importance for
the way of the development of the non-Markovian kinet-
ics of the fast processes. The first steps of such kinetics
were based on the generalization of N.N. Bogolyubov’s
derivation of the Landau collision integral [17–19], The
way of works [15, 16] can be named the fluctuation ap-
proach, which stands in need to describe the distribution
of fluctuations or their correlations.

Instead of such general way, our approach is based on
our known result on the turbulent fluctuation distribu-
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tion and on the particular case of the nonlinear depen-
dence of the Fokker–Planck ion kinetic equations, whose
coefficients depend on the temperatures of plasma par-
ticles. The idea of the heating of quick particles allows
us to use the time-dependent Fokker–Planck coefficients,
which is the reason for a memory manifestation in such
transport coefficient as the electric conductivity.

6. Conclusions

1. The coarsened description of the stimulated scattering
of ion acoustic waves on ions is the base of the developed
rough version of the IAT theory. It allowed us to analyze
the heating conditions of plasma particles, when the two-
particle collisions are not important.
2. The possibility to describe the strong heating of
plasma particles allowed us to put the question about
the duration of the existence of the IAT state and to
obtain some estimation of such time interval.
3. The consideration of the turbulent plasma heating
indicates how the nonlinear electric field-dependent tur-
bulent conductivity turns into the field-independent con-
ductivity. On the other hand, the time-dependent elec-
tric conductivity obtained in our discussion allows one
to see the coarseness of the usual point of the IAT mod-
els for the case of a dense enough plasma. In this case,
the coarseness is connected with the usual assumption
of the IAT theory about the time-independent electric
field strength, which creates IAT.
4. Our non-Markovian kinetic description of IAT is con-
nected with the memory of the heating of plasma parti-
cles.
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IОН-АКУСТИЧНА ТУРБУЛЕНТНIСТЬ У ПЛАЗМАХ

В.П. Сiлiн

Р е з ю м е

Обговорено новi властивостi плазми з iонно-звуковою турбу-
лентнiстю (IЗТ), пов’язанi з турбулентним нагрiвом частин-
ки. Викладено iдеї огрубленої теорiї IЗТ, яка дозволяє описати
сильний нагрiв частинок. Опис змагання електронного i iонно-
го нагрiву дозволяє вiдкрити обговорення кiнцевого часу iсну-
вання IЗТ i дати деяку оцiнку такого часу. Також показано,
що звичайна модель IЗТ зi сталою напруженiстю електрично-
го поля приводить до електричної провiдностi, що залежить
вiд часу, а у випадку квазiстацiонарного поля ми одержуємо
нелiнiйну часову дисперсiю провiдностi.
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