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A theory of electron-phonon interaction in a combined cylindri-
cal semiconductor nanotube has been developed in the framework
of the effective mass model for electrons and a dielectric contin-
uum for phonons. Analytical expressions for Hamiltonians of elec-
tron interaction with confined and interface phonons have been
derived in the secondary quantization representation for electron
and phonon variables. Dependences of the phonon energies and the
interface phonon polarization field potential on the axial quasimo-
mentum and the geometrical parameters of a combined nanotube
fabricated on the basis of GaAs and Aly 4Gag.gAs semiconductors
have been studied.

1. Introduction

Semiconductor quantum wires have been studied both
theoretically and experimentally for 20 years. The im-
provement of methods aimed at their growing—such as
molecular-beam, gas-phase, and metal-organic epitaxy—
made it possible to form not only single wires, but
also the ensembles of quantum nanowires with a ra-
dial heterostructure, which are perfectly arranged in
space [1, 2]. On the one hand, such a heterostruc-
ture, which is perpendicular to the quantum wire axis,
can localize charge carriers in the wire core by reduc-
ing the surface scattering [3]. On the other hand, it
allows the spectral parameters of major quasiparticles
in the nanosystem (electrons, excitons, phonons) to be
changed purposefully by varying the geometrical param-
eters of a heterostructure. Unique properties of quasi-
particles in such systems allow them to be used as base
elements in tunnel nano-diodes, nano-transistors with
a high mobility of electrons, high-performance light-
emitting devices, photoconverters, and nanosensors for
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the diagnostics of various biological and chemical com-
pounds [4].

Intensively studied semiconductor nanotubes belong
to quantum wires with a radial heterostructure. De-
pending on semiconductor materials that compose a
heterostructure, experimenters have already created
simple (with a single quantum well for an electron)
[5, 6] and complex (multi-well) multilayered nanotubes
[7, 8]. Simple quantum wires and nanotubes were
studied theoretically in detail in works [9-11]. The
cited authors developed a theory for the energy spec-
tra of electrons, holes, and phonons and for the in-
teraction of those quasiparticles with one another.
The theory allowed them to obtain not only qualita-
tive but also quantitative agreement with experimental
data.

Theoretical researches of combined multilayered semi-
conductor nanotubes are at their beginning. In partic-
ular, the theory of electron and exciton energy spectra
was elaborated in work [12], and their dependence on
the geometrical parameters of combined nanotubes was
analyzed. Today, as far as we know, there is no consis-
tent theory for the phonon spectrum in such systems.
As a result, the theory of the interaction between an
electron and phonons, which are considered as one of
the dissipation subsystems that should evidently affect
the radiative or absorption ability of a nanotube, is also
absent.

Therefore, this work aimed at constructing the the-
ory of phonon spectra and electron-phonon interaction in
combined cylindrical semiconductor nanotubes (Fig. 1).
As an example, we studied the features in the main
characteristics of the phonon field and their dependences
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on the geometrical parameters of nanosystems based on
GaAs and Alp 4Gag gAs semiconductors.

2. Energy Spectrum and Wave Functions of an
Electron in a Combined Cylindrical
Semiconductor Nanotube without regard for
the Interaction with Phonons

Here, we analyze a nanosystem that is a combined cylin-
drical semiconductor nanotube. It consists of a quantum
core wire (medium 0), a thin semiconductor layer (a bar-
rier, medium 1), and a nanotube (medium 2), with the
entire nanosystem being located in the external environ-
ment (medium 3), as is shown in Fig. 1.

The lattice constants (ag and a;) and the dielec-
tric permittivities of nanosystem components are sup-
posed to differ weakly from each other. In addition, the
nanosystem dimensions are supposed to satisfy the rela-
tion (po, A, h) > (ag,a1). Therefore, the effective mass
(1) approximation [13,14] and the rectangular potential
(U) model can be used to calculate the energy spectrum
of electrons. Note that the dielectric permittivities, ef-
fective masses, and potential energy of an electron are
considered to be known in every region of the combined
nanotube. In the cylindrical coordinate system with the
axis OZ directed along the nanosystem axis, those quan-
tities are defined as follows:

elp, w) = { 60?‘})7 p(p) = { Ho

M1

Oa 0§P§P07
U =
(°) { Up, po<p<p1,

The Hamiltonian of an electron without regard for its
interaction with phonons looks like

< p<
Pl_P_PZ_ (1)
P> p2

. R 92

He(p7 ' Z) = 72/1(9)@ + U(p)i
h2[a ( 0 ) o 1 32]
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The stationary Schrédinger equation

He(ﬂ, (P,Z) Q/J(Pv 9072) = E¢(P> QD,Z) (3)

can be solved exactly, so that the sought wave functions
have the form

1 L
R(p) (p) elkzezmcp’ p — O, 1,273 (4)

\I]mk(r): o L mk
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Fig. 1. Geometrical and energy diagrams of a combined cylindrical
nanotube

with the radial functions

R7.(p) =

A T (x0p) 0 <p < po,
A L (x1p) + B Koy (1p), po < p < p1,

) AR, (xop) + BN (xop) s p1 < p < pa,
B'r(r?)Km (x1p), p = pa2.

(5)

Here,

X0 = \/2m0E/R2 k2, X1 = \/2m(Us — E) /B2 + k2,

(6)

k is the axial quasimomentum; m = 0, +1,£2,... is the
magnetic quantum number; L is the size of the effective
region for the electron motion along the nanotube axis;
Jm and N, are the Bessel and Neumann, respectively,
functions of integer order; and I,,, and K,, are the mod-
ified Bessel and Macdonald, respectively, functions [15].

Conditions for the wave functions and the correspond-
ing density probability flows to be continuous across all
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the three interfaces in the nanosystem (at p = pg, p1,
and ps),

RY (py) = R% D (p,), (p=0,1,2)
LORDM)|  _ 1 ORL() ™
poo Op | Hper Op p:p’

together with the normalization condition

/ Roni(p)| pip = 1 (8)
0

allow us to determine all unknown coefficients Agﬁ) and
BY (p = 0,1,2,3) in Eq. ([5]) and, therefore, to ob-
tain the analytical expressions for the wave functions
U, mk(r) and the dispersion equation. The solutions of
the latter are enumerated by the radial quantum number
n, = 1,2,... and determine the electron energy spec-
trum Ej, (k).

3. Interaction of an Electron with Confined and
Interface Phonons in a Combined Cylindrical
Nanotube

In the dielectric continuum model, the polarization field
of a combined nanotube is described by the system of
Maxwell equations for the corresponding media,

D=¢(p,w)E=E+47P,

E=-Vo,
VD =0,

(9)

where D is the vector of electric field induction, ® the
polarization field potential, and P the polarization vec-
tor. From system (9), we obtain the equation

V (e (p,w) V@ (r)) =0, (10)

which has two probable solutions. This circumstance
is connected with the existence of phonon fields of the
following two types [16,17]:

a) the polarization field of confined phonons, which cor-
responds to the conditions

ep(p,w) =0, Adr (r)#0, p=0,1,2,3, (11)

b) and the polarization field of interface phonons, which
corresponds to the conditions

€p (p,W) 7& 07 A¢1p (I’) = 07

Below, we describe how the energy spectra for all
phonon branches and the corresponding potentials in the
nanotube can be obtained.

p=0,1,2,3. (12)

1062

3.1. Confined Phonons

The dielectric permittivity of each semiconductor layer
in the combined nanotube is assumed to be a known
function of the frequency

w? —wi
&p (W) = Epoo 5 2 p=0,1, (13)
TP

where €, is the high-frequency dielectric permittivity,
and wr,, and wr, are the frequencies of longitudinal and
transverse, respectively, phonons in the corresponding
massive crystal. From Eqgs. (11) and (13), one can see
that the spectrum of characteristic energies for confined
phonons in the cylindrical nanotube coincides with the
frequencies of longitudinal optical phonons in the corre-
sponding massive crystals that the nanotube is made up
of,
Qp, =hwr,. (14)
Afterward, we find the polarization field potential
@ (r) and the corresponding component of the displace-
ment vector uy, which are induced by confined optical
phonons. For this purpose, taking the cylindrical sym-
metry of the system into consideration, the components
of the potential @ (r) in every nanosystem region are
tried in the form of a series expansion in a complete set
of cylindrically symmetric functions

iy (1) lp<po= Z DPing (kO)BkoJm(koﬂ)eiqze”W,

mkoq

q)Lp (r) |pp_1§pépp:

::EZ@m“%)Gﬁﬂm@wﬁ+A%Nh%wnéWﬂw

mkpq

Ly (1) [p2p= D Pung (k3) Ary Nin(k3p)e' e, (15)

mkaq

Here, Jp(kpp) and N, (kyp) are the Bessel and Neu-
mann, respectively, functions of integer order, and ¢ is
the axial quasimomentum. All unknown coefficients Ay,
By,, and ®,,4(kp), as well as the quasiwave numbers
kp, are determined from the conditions for the polar-
ization potentials to be zero at the interfaces between
nanosystem media and the orthonormality condition for
the complete set of functions used at quantizing this
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phonon field. As a result, we obtain the Hamiltonian
of interaction between the electron and the polarization
field @ (r) in the secondary quantization representation
for phonon variables and the coordinate representation
for electron ones,

—edp(r) =

He—L (pa @, Z) =

— 2e*Q, (1 1)21 X
L o0 €00/ 4 poN/ k3 + ¢?
Jm(kop) iqzgime
Bungo + b | -
| Jm+1 (ko po)| (bray mo=ako)

pP<po
Z 26 QL ( 1 1)71'2 kp
Eoop Eop 2 ma /kg +q2

1 1 —-1/2
X — X
{an(kp Pp) ern(kppp—l)}

X

Jm(kp pp—l)
Nm(kp ppfl)

iqz lmtp r+
xe (bmqkp + b—m,—qk )

< ) - Nl )]

Pp—1<p<pp

GQQLI ( 1 1 ) Z 1 %
L €l €01 o P2V k3 + ¢

(k‘?,p) iqz pime (A oy

bongis + 07 ) ‘ .

[N i1 (s o) tha T 0ommaha) |5,

(16)

Here, the operators of secondary quantization /I;mqkp and

3:1 aky satisfy the bosonic commutation relation

[bmqk’p’ b:r_L’q’k;] = 677””/5’%"7; 6qq/ : (17>

3.2. Interface Phonons

The polarization field of interface phonons is described
by Egs. (12). Taking the cylindrical symmetry of a nan-
otube into account, it is expedient to seek the function
that would satisfy the Laplace equation in (12) in the
form

P ) = £ () et (p=0,1,2,3). (18)

The substitution of Eq. (18) into Eq. (12) brings about
the Bessel equation for the function fff ),

82 1(9 m2 2 (p) .
(57 + b~ (G +0) ) 0 1 =0
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(19)

Its solutions in various p-regions are the modified Bessel
functions

Aol (gp) p < po,
f(pg(P) _ ) Al (gp) + BiKp (ap),  po < p < p1,
Al (qp) + B2Kim (gp),  p1 < p < p2,
B3 K., (qp), p = pa.
(20)
In accordance with electrodynamics laws, the po-

tential of the interface phonon polarization field, ®y,
must be such that the tangential component of the field
strength and the normal component of the induction
should be continuous across each interface in the com-
bined cylindrical nanotube,

ETp (pp) an (pp)

= ETp+1 (pp) ’ = an+1 pp:

(p=0,1,2). (21)
Boundary conditions (21) lead to a system of linear ho-
mogeneous equations for the unknown coefficients A,
and B,. This system is used to derive the dispersion
equation, the solutions of which, wy,s(q), are enumer-
ated by the quantum number s and determine the energy
spectrum of interface phonons in the system,

Qms(q) = hwms(q)

as well as the coefficients A, and B,. The dispersion
equation and the expressions for A, and B, are very
cumbersome so that their explicit forms are not pre-
sented here.

Thus, the Hamiltonian of interaction between an elec-
tron and the polarization field ®;(r) expressed in the
secondary quantization representation for phonon vari-
ables and the coordinate representation for electron ones
looks like

(22)

He—] (p,(p,Z) = —€ (i)l(r) =

= - Z(I)mqs

mqs

Xz

maqs

x[Ag I, (qp)\pgpo + B3 K, ((IP)|p2 ot

£las mw(b mas + b,m 7q8) =

he?

eiqzeimg/) %
Lyqswms (Q)

por<p<pp) X

2
—|—Z A Im qp +B Km (qp)H
p=1

1063



O.M. MAKHANETS, N.R. TSIUPAK, V.I. GUTSUL

X (bings + % g )]s (23)
where
1 o0) W2 7(7?)
Yos = 5 ((5%? (q)g OiT()T)O 0f0 (pg) 2 (P) ap(p ) i +
(€01 — €c01) le (3) 5’fr(r§) (p)
(@ala) — w2 ) g
+ 22: €0p ~ Coop)Ty (p) ( O (p) v 94
2 2.0 @ 2,2 p) o pp_1> - (24)
The transition in Hamiltonians (16) and (23) to the

occupation number representation for electron variables
is carried out, following the general theory, by using the
quantized wave functions

\i/npmk(r): Z \i/npmk(r)dnpmka

n,mk

ot (r) =

nemk

Z \I’:,p m k(r)dr—tﬁ m k>

n,mk

(25)

where @ An,mk and @ a mi are the Fermi operators of an-
nlhllatlon and creatlon respectively, of electron states
described by the wave functions W,, ;1 (r) (Eq. (4)). As
a result, the Hamiltonian of electrons and the electron—
phonon interaction in the secondary quantization repre-
sentation for all variables looks like

H / npmk

He(r) + He—p(r)+

+H,_(r ))szn,m L(r)dr =

=H,+H.;+H. | . (26)
Here,

ﬁe = Z Enpm (k) d:pmk &vzpmk (27)

np,mk

is the Hamiltonian of electrons in the representation of
their occupation numbers,

Y YY Y ok

p=0 kqk, mmi npinps

np2m1+m
MNp1 M1 k

ma q, kp) X

_ N P4 ;
Xanpl mi k+q anp2 mi+mk (anqkz7 + bfqukp) (28>
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is the Hamiltonian of interaction between the electron
and confined L-phonons, which contains the coupling
functions

Np2 M1+m
np1myk

(ma q, ]f()) =

B 2e2QLO< 1 1) 1 1
L €x0 €00/ po /K2 + % |Imt1(kopo)l

></ R:Lm my k+q (p) Rnpz mi +mk(p) Jm(k‘op) pdp, (29)
0

Np2 M1+m
Np1 M1 k

(ma q, k3) =

2 ¢2 QLl 1) 1 1
Eoo1 01/ pa/kZ + @ [Nmia(kspo)|

oo

/ ka0 R o (9) Nlksp) pdp,  (30)

Np2 M1+m
np1myk

(maqvkpzl,Q) =

\/262QL,,< 11 >7r ko
VL \ewer €00/ 2 [l2. 2
P 0p k%+q2

x[ ! ! r”x
Nz (kppp) N (kppp—1)
Pp
X ;Lkpl mq k+q(p) Rnp2 m1+mk(p)><
Pp—1
I (kppp—
o) = 20 ) (31)
m\"pFp—
and
Her=323%0 30 Fuinli"(mia.s)x
kgs mmi npinp2
dnpl my k+q &npz mi+mk (i):rnqs + E—m—qs) (32)

is the Hamiltonian of interaction between the electron
and interface I-phonons, which contains the coupling
functions

+
im k(Mg s) =
e2 Q)
= LmS / Mp1 My k+q Rnpz m1+Mk(p)pde
Yq s
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Fig. 2. Dependences of the energy of confined and interface phonons on the axial quasimomentum ¢ at the fixed thicknesses of the
nanotube, h = 7a, and the layer-barrier, A = 4a, and for various radii of the core wire, pg

X [Im(qp)pg PO + BS Km(qp)|p2 P2 +

+ [Apln(ap) + BpEm(ap)ll,, < < pJ :

p=1

(33)

The obtained Hamiltonian (26) is basic, while ana-
lyzing the renormalization of the energy spectrum of
electrons by their interaction with confined and inter-
face phonons. Its advantage consists in that the form
obtained is suitable for the application of methods of
quantum field theory, in particular, the Green’s function
method and the Feynman’s diagram technique. This
circumstance allows us to study various versions with
all possible coupling forces between quasiparticles and
phonons in a combined cylindrical nanotube.

4. Analysis and Discussion of Results

In work [12], we studied the dependences of the elec-
tron and exciton spectra on the geometrical parameters
of a combined cylindrical semiconductor nanotube in de-
tail. Therefore, now let us analyze the phonon spectra
and the polarization field potentials in a cylindrical nan-
otube made up of GaAs (medium 0) and Al 4GaggAs
(medium 1) semiconductors. Their material parameters
are as follows: the energy of longitudinal and trans-
verse optical phonons in the corresponding media are
Qro = 35meV, Qp¢g = 322 meV, Qp1 = 39.4 meV,
and Qp; = 35.9? meV; the lattice constants are a =
ap =~ a; = 5.65 A; and the dielectric permittivities are
€000 = 10.85 and e,,1 = 9.8.

The results of calculations of the phonon spectrum for
the examined nanosystem at fixed thicknesses (typical of
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Fig. 3. Dependences of the interface phonon energy Q,,s on m at
po =5a, A =4a, h="Ta and ¢ =0 (a) or 0.27/a (b)

experimentally created nanosystems [8]) of a nanotube,
h = 7a, and a layer-barrier, A = 4a, and various radii of
a core wire, pg, are depicted in Fig. 2, which illustrates
the properties of this spectrum and its evolution with
the variation of nanosystem geometrical parameters.

From Fig. 2,a, one can see that, if the internal medium
is absent, i.e. pg = 0, the phonon spectrum includes
the dispersion-free energies of confined phonons, Qpg
and 71, and four groups with the infinite number of
branches (m = 0,1,...) with a weak ¢-dispersion for the
energies of interface phonons, Q,,5(¢q). In Fig. 2, only the
branch ©,,—0,1s(¢) is shown. The €, s-values calculated
for other m and py = 5a are exhibited in Fig. 3,a (for
¢ =0) and Fig. 3,b (for ¢ = 0.27/a).

From Fig. 2,a, it is also evident that, at m = 0 and
1, two branches of I-phonons have a positive dispersion,
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Fig. 4. Dependences of the potential ®,,¢s on p at ¢ = 0.27/a, po = 5a, h = Ta, and A = 4a

and two others have a negative one. The energy of every
upper I-phonon group lies within the interval between
Q1 and Qp1, and that of every lower I-phonon group
lies between Q79 and Q7g.

However, if the cylindrical nanotube has the inter-
nal radius pp # 0 (Figs. 2,b to d), two more groups of
branches appear in the spectrum of interface phonons:
a group with a positive dispersion in the low-energy
range, Qma(g), and a group with a negative disper-
sion in the high-energy one, €,,5(¢). The physical rea-
son for the presence of four (at po 0) or six (at
po # 0) groups of branches for interface phonons con-
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sists in the existence of two or three, respectively, inter-
faces GaAs/Aly 4Gag ¢As between semiconductor media
(Fig. 1).

From Figs. 2,b to d, one can see that, if the tube
width is fixed, the dispersion of interface phonons is sen-
sitive to the pp-value only at small ¢’s. In the range
q > 0.17/a, the energy of interface phonons practically
does not change irrespective of the pg-value.

From Fig. 3, it is evident than the m-dispersion of
interface phonons in all groups is also insignificant and is
similar to the g-dispersion. This fact is absolutely clear,
because it is just the quantum number m that transforms
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into the quasimomentum directed perpendicularly to the
direction of ¢ in the limit py — oo. It is so, because,
in this case, a cylindrical nanotube transforms into a
combined plane nano-heterosystem with the geometrical
parameters A and h.

In Fig. 4, the potential dependences ®,,45(p) calcu-
lated at ¢ = 0.27/a, po = ba, h = Ta, A = 4a, and
various magnetic quantum numbers m = 0, 1, 2 and reck-
oned in units of Q7 are depicted for six branches of in-
terface vibrations shown in Fig. 2,c and enumerated by
the index s. The panels demonstrate that, irrespective
of the branch number s, the potential energy of inter-
face phonons nonmonotonously depends on p, reaching
its extreme values at the interface between semiconduc-
tor media that compose the combined nanotube.

Among those six panels, we can distinguish pairs, in
which the potential dependence ®@,,45(p) is qualitatively
identical within the whole interval of p variation. In par-
ticular, Fig. 4,a corresponds to an interface phonon with
the energy €2,,1 and the positive g-dispersion, whereas
Fig. 4,b to an interface phonon with the energy .4
and the negative g-dispersion. The maximum poten-
tial value for those vibrations is reached at the interface
p = po- Analogous pairs can be distinguished for poten-
tials with a maximum value at the interface p = p, and
the corresponding energies €2,,,5 (positive dispersion) and
Q5 (negative dispersion) — see Figs. 4,c and d — and
for potentials with a maximum value at the interface
p = p1 and the corresponding energies (2,3 (negative
dispersion) and €,,4 (positive dispersion) (see Figs. 4,e
and f). The absolute value of potential in every pair
at an arbitrary p is higher for the component, for which
the energy of the corresponding interface phonon §,,, is
larger.

For every s-th branch (s = 1 =+ 6), the potential of
interface phonons at m = 0 differs from zero even at
p = 0. However, for all other m, ®,,04s(p = 0) = 0.

At last, we note that the potential of interface phonon
field is maximum at heterointerfaces and quickly falls
down as the distance from the interface between semi-
conductor media increases. Therefore, the renormaliza-
tion of the electron spectrum by those phonons should
be considerable only in superthin nanotubes, in which
the maximum of the squared absolute value of electron
wave function is also localized near the interface.

5. Conclusions

A theory of the electron—phonon interaction in a com-
bined cylindrical semiconductor nanotube has been de-
veloped in the framework of the effective mass model for
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electrons and a dielectric continuum one for phonons.
Analytical expressions are derived for the Hamiltonians
of interaction between the electron and confined and
interface phonons in the secondary quantization rep-
resentation for electron and phonon variables. It is
found that, in the combined nanotube, there are two
dispersion-free branches for confined phonons and six
branches for interface ones with weak dispersions with
respect to both the magnetic quantum number m and
the axial quasimomentum ¢q. Provided that the tube
width is fixed, the dispersion of interface phonons is sen-
sitive to variations of the core wire radius py only at small
q’s. The potential of interface phonons is shown to de-
pend nonmonotonously on p, irrespective of the phonon
spectrum branch, and reach its extreme values at the
interfaces between semiconductor media that the com-
bined nanotube is composed of.

The authors are sincerely grateful to Doctor of Phys.-
Math. Sci. Prof. M.V. Tkach for the discussion of the
results obtained and for his useful advice in the course
of preparation of this paper.
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®OHOHHI CIIEKTPU TA EJEKTPOH-®OHOHHA
B3AEMO/ISA YV CKJIAJHIV LIWJITHIPUYHIN
HATIIBIIPOBIIHUKOBIN HAHOTPYBIII

O.M. Mazxaneyw, H.P. Ihonax, B.1. I'yuyya
PesomMme

Y mopneni edeKTUBHUX Mac JJisl €J€eKTPOHA Ta JieJIeKTPUYHOIO
KOHTHHYYMY J1ijisi (DOHOHIB PO3BUHYTO TEOPI0 €JIeKTPOH-(DOHOHHOT
B3aeMoJil y CKJIaJHIM UIIHAPUYHIA HAMIBIPOBIHUKOBIM HAHO-
Tpy6ui. Oxep:kaHo aHaJITHYHI BHpasu [Jjisl IaMiIbTOHIaHIB B3a-
eMo/il eJleKTpoHa 3 OOMeXeHuMH Ta iHTepdelicHnMu (hoHOHAMU Y
300parkeHHI BTOPUHHOIO KBAHTYBAHHS 3& €JIEKTPOHHUMH 1 (POHOH-
Humu 3MinanMu. JlocaimkeHo 3amexHocTi POHOHHHX eHepriit Ta
MOTEHIiaJly T0Jid ToJigpu3alil iHTepdeiiciux (OHOHIB Bij akci-
aJIbHOIO KBa3iliMIIyJIbCy Ta IeOMETPUYHHUX IIapaMeTpiB CKJIaJ HOL
HaHOTPYOKM Ha ocHOBI HamiBuposinuukis GaAs ta Alg 4Gag gAs.
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