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An attempt has been made to study the angular characteristics
of heavy ion collision at high energy in the interactions of 28Si
nuclei using with nuclear emulsion. The KNO scaling behavior in
terms of the multiplicity distribution has been studied. A simplest
universal function has been used to represent the present experi-
mental data.

1. Introduction

The advent of heavy-ion collisions at relativistic ener-
gies has obtainable mission to explore new avenues in
the field of high-energy physics. With the availability of
heavy-ion beams at high energies, it has become possi-
ble to detect the existence of the phase transition from
hadronic matter to Quark-Gluon Plasma (QGP) in a
laboratory. It has been suggested that the strongly in-
teracting matter at a high temperature of the order of
200 MeV (∼ 1012 K) and the energy density of the order
of 3 GeV/fm3 produced in these collisions may undergo
a phase transition to QGP [1, 2]. Such a phase transition
could produce large fluctuations in the phase space apart
from other possible signatures of the QGP formation,
which includes the photon production, strangeness en-
hancement, J/ψ suppression, di-lepton production, fluc-
tuations, and correlations. At present, most of the stud-
ies carried out have focused attention primarily on the
search for a quark-gluon plasma, which might have be
formed in such collisions. However, a number of other
interesting aspects can give a vital information about
the mechanism of particle production in heavy ion col-
lisions. It is easy to visualize that the angular distribu-

tion, pseudorapidity distribution, and multiplicity dis-
tribution of hadrons produced in high-energy particle
collisions are regarded as sources of information about
the underlying production processes. Various models
have predicted the multiplicity distribution of hadrons
in hadron-hadron and hadron-nucleus collisions. The
Koba–Nielsen–Olesen scaling hypothesis [3] known as
the KNO scaling has become the dominant framework
to study experimentally [4] and theoretically [5] the be-
havior of the multiplicity distribution of relativistic sec-
ondary hadrons produced in high-energy collisions. It
will be of interest to apply the KNO scaling to nucleus-
nucleus collisions at high energies for relativistic shower
particles, slow and fast target-associated protons pro-
duced in the interactions of 28Si nuclei with a nuclear
emulsion.

In the present paper, we have reported on our experi-
mental results, which include the angular distributions,
pseudorapidity distributions of produced charged parti-
cles, rapidity gap distribution, and multiplicity distri-
butions of relativistic shower, grey, and black particles
produced in terms of the KNO scaling in the interactions
of 28Si nuclei with a nuclear emulsion at 14.6A GeV. A
simplified universal function has been used to represent
the experimental data.

2. Experimental Details

In the present study, two stacks of the FUJI -type emul-
sion, which has a printed grid on the air-surface and
was exposed horizontally to a 14.6A GeV silicon beam
at the Alternating Gradient Synchrophasotron (AGS)
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Fig. 1. (a and b) Angular distribution of charged secondaries pro-
duced in various interactions at high energies

of Brookhaven National Laboratory (BNL, New York,
USA), have been utilized for the data collection. The
dimensions of stacks used are the order of 16 × 10 ×
0.06 cm3, and the quality of a beam in terms of the in-
cident beam flux is the order of ∼ 3.0 × 103 ions/cm2.
The method of line scanning has been adopted to scan
the stacks, which was carried out carefully, by using
NIKON (LABOPHOT and Tc-BIOPHOT, Japan) high-
resolution microscopes with a 8 cm movable stage using
40X objectives and 10X eyepieces by two independent
observers, so that the bias in the detection, counting,
and measurements can be minimized. The interactions
due to beam tracks making an angle < 2◦ to the mean
direction and lying in the emulsion at depths > 35 µm
from either surface of the pellicles were included in the
final statistics. The emulsion stacks used in the present
experiment have density ρ of ∼ 3.60 g/cm3 for Fuji
ET 7B. A collection of 1205 events at the 28Si-emulsion
interaction at 14.6A GeV was picked up by following
141.59 m of the primary track length. This leads to the
mean free path λine = (11.75 ± 0.34) cm. The other
relevant details of the present experiments and the tar-
get identifications can be seen in our earlier publications
[6, 7].

3. Results and Discussions

Based on the above experimental background, we have
obtained the following results.

3.1. Angular distribution of slow and
relativistic particles

3.1.1 Angular distribution of slow particles

The angular distribution of target fragments, i.e. grey
and black particles produced in the 28Si-Em interactions
at 14.6A GeV, 28Si-Em and 12C-Em at 4.5A GeV, re-
spectively, are shown in Fig. 1 (a and b). In order
to compare these distributions, the results due to α-
Em collisions at 4.5A GeV [8] and the P-Em interac-
tions at 3.0 GeV [9] are also given in the same figure.
From these figures, one may notice that both these dis-
tributions are independent of the mass of beam nuclei.
Moreover we note that no peculiarity or bump struc-
ture is observed, which may indicate the occurrence of
nuclear shock wave phenomenon and/or any abnormal
phenomenon. The forward and backward hemispheres
are defined as the regions, where the emission angles are
less than 90◦(θ < 90◦) and greater than 90◦(θ > 90◦), re-
spectively. The forward (θ < 90◦) to backward (θ > 90◦)
ratio for these distributions are calculated and presented
in Table 1. A weak dependence of the forward/backward
(F/B) ratio on the mass of the projectile is observed in
the distributions of target fragments, which show an in-
crease in the collisions impact with the mass of projec-
tiles. It may be further concluded that black tracks are
emitted nearly isotropically in the laboratory system.
A slight increase in the forward direction is observed,
whereas grey tracks are emitted largely in the forward
direction.

3.1.2 Angular distribution of relativistic charged particles

The angular distributions of shower particles produced
during the 28Si-Em collisions at 14.6A GeV along with

T a b l e 1. Values of the forward/backward ratio of
angular distributions of the produced particles in nuclear
collisions

Projectile Energy Shower Grey Black
(A GeV)

28Si Present 14.6 18.06 ± 0.57 4.78 ± 0.21 1.37 ± 0.09
28Si Ref. [10] 4.5 39.08 ± 2.39 5.29 ± 0.24 1.84 ± 0.06
12C Ref. [10] 4.5 38.93 ± 3.21 4.69 ± 0.18 1.49 ± 0.04
4He Ref. [11] 4.5 11.50 ± 0.66 3.00 ± 0.10 1.42 ± 0.04
P Ref. [11] 3.0 10.51 ± 1.40 3.36 ± 0.20 1.30 ± 0.05
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Fig. 2. Angular distribution of shower particles produced in vari-
ous interactions at different energies

the data obtained by other workers [10–12] at 4.5A GeV
in the 28Si-Em, 12C-Em, α-Em, and P-Em interactions,
respectively, are shown in Fig. 2. It can be seen from
the figure that the angular distributions of relativistic
hadrons are almost similar, and the prominent peaks
are observed at smaller angles. These peaks can be at-
tributed to the surviving fragment of the projectile nu-
cleus with the fragment charge Z = 1 superimposed on
the uniform distribution.

Furthermore, we have calculated the forward/back-
ward ratio for the relativistic shower charged particles,
which is given in Table 1. A strong dependence of F/B in
case of relativistic charged secondaries shows that these
are closely associated with projectile nucleons.

3.2. Pseudorapidity distribution

The single-particle pseudorapidity distribution is one
of the basic tools to study the angular characteristics
of heavy ion collisions at high energies. It can pro-
vide us with the substantial information about the ge-
ometry and the dynamics of collisions. The pseudo-
rapidity, η, of a particle is calculated by the relation
η = − ln tan(θS/2), where θS is the space angle of pro-
duced particles with respect to the mean direction of a
beam.

Figure 3 shows the normalized pseudorapidity distri-
butions (i.e. the particle number densities in the rapidity
space) of the secondary charged shower particles emit-

Fig. 3. Pseudorapidity distribution of the shower particles pro-
duced at various energies and a red one for the present data

ted in the 28Si-Em interactions at 14.6A GeV. In the
same figure, the results obtained from the 28Si-Em and
12C-Em interactions at 4.5A GeV [12] along with the
result concerning the 16O-AgBr interaction at 3.7, 60,
and 200A GeV [13], respectively, have been shown for
comparison. One may notice that the η-distributions
are completely scaled in the region of smaller values of η
and also found to be independent of the mass of incident
beam particles, whereas a weak energy dependence has
been found in this region. The distribution is broader
for a higher mass and the beam energy. The height of
the centroid increases many times in the case of nucleus-
nucleus collisions with respect to the proton-nucleus col-
lisions [8].

The variation of the probability distributions of rel-
ativistic charged shower particles produced per unit ra-
pidity, P (NS, η) = (1/NS) (dn/dη), with pseudorapidity,
η, have been shown in Fig. 4 for the 28Si-Em collisions at
14.6A GeV along with the 28Si-Em, 12C-Em, and P-Em
collisions at 4.5A GeV, respectively. The distributions
are normalized to the total number of hadrons produced
in each sample. From this figure, one may notice that
the distributions are almost completely scaled for the
entire region of η except for large η-values, where a mild
projectile dependence is seen. It may further be marked
that the position and the height of the centroid remains
the same in all cases. Thus, one may conclude that the
multiparticle production at all angles in the laboratory
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Fig. 4. Variation of the probability distribution of hadrons pro-
duced in various interactions at high energies

frame is the same in nucleus-nucleus and hadron-nucleus
collisions at different projectile energies.

3.2.1 Rapidity gap distribution

The study of the correlation behavior amongst the rel-
ativistic particles helps one to investigate the mecha-
nism of multiparticle production in high-energy heavy
ion collisions. This is achieved by examining the cor-
relations for various rapidity intervals. The occurrence
of clustering amongst charged secondary particles would
convincingly reveal that the secondary particles emit-
ted in the hadronic interaction at high energies arise
through the decay of clusters. The rapidity gap is de-
fined as the difference in the rapidities between neigh-
bouring final-state particles, when the pseudorapidities,
η, (= − ln tan(θS/2)), where θS is the space angle of
shower particles with respect to projectile) of all the
charged particles in each interaction are arranged in the
increasing order (η1 < η2 < η3 < . . .. . .ηn). The dif-
ference ηi+1 − ηi is known as a two-particle rapidity
gap, where i can have values 1, 2, 3, . . . , n− 1. Similarly,
ηi+2 − ηi gives the three-particle rapidity gap, where
i = 1, 2, 3, . . . , n − 2, and so on. In order to eliminate
the contribution due to the diffraction dissociation, the
secondary particles on each end of the rapidity space
have been excluded from the analysis, because they are
leading and target particles.

Figure 5 depicts the two-particle rapidity gap distri-
butions of relativistic shower particles produced in 28Si-

Fig. 5. Two-particle rapidity gap distribution in the 28Si-Em in-
teraction at 14.6A GeV

emulsion collisions at 14.6A GeV. The presence of sharp
peaks at relatively smaller values of rapidity gaps (r) in
the above distributions provides the convincing evidence
in support of the existence of short-range correlations,
which reveals, in turn, that the relativistic particles are
produced through the formation and the decay of clus-
ters [14]. Similar results have been reported in hadron-
hadron, hadron-nucleus, and nucleus-nucleus at different
energies [14, 15]. The rapidity gap distribution at high
energies can be well represented by a two-channel gen-
eralization of the Chew–Pignotti model [16] of the form

dn/dr = A exp(−Br) + C exp(−Dr). (1)

Here, dn/dr is the cluster density, and B denotes the
correlation strength. The values of A,B,C, and D ap-
pearing in Eq. (1) are determined with the help of the
CERN standard programme MINUIT, and the best fit
equation for the 28Si-Em data with χ2/DF as 0.43 and
1.37 is given by

dn/dr = (4.39± 0.07) exp(−11.65r ± 0.37)+

+(0.68± 0.06) exp(−2.53r ± 0.058). (2)

The first term in Eq. (2) represents the short-range cor-
relation and contributes significantly. The second term
represents the long-range correlation and does not play
any important role in the particle production. The con-
tinuous curves in the Fig. 5 represent Eq. (2), and the
dashed lines give the individual contributions of the two
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terms appearing in (2). It is evident from the figures that
the maximum contribution to the correlation comes from
the first term indicating a strong short-range correlation,
while the contribution of the second term is quite small,
giving the poor indication for the long-range correlation.

3.2.2 Cluster size

In order to find the cluster size in the pseudorapidity
space, Adamovich et al. [17] have suggested the relations

dn/dr = exp(−ρ mr) (for small r), (3)

dn/dr = exp(−ρ r) (for large r), (4)

where ρ and m are, respectively, the cluster density and
the cluster multiplicity defined as the number of charged
shower particles in a cluster. The ratio B/D gives the
value of m, which is found to be 4.61 and 5.10, respec-
tively, for the 28Si-Em data using Eq. (2). From the
survey of the literature, it is noted that the values of
m lie between 3 and 4 at different energies in hadron-
hadron and hadron-nucleus collisions [17]. This shows
that the cluster size is independent of the projectile en-
ergy and the type of interactions. The value of m in AA
collisions is found to be more than that in hadron-hadron
and hadron-nucleus collisions.

3.3. KNO Scaling in terms of multiplicity
distributions

The study of multiplicity distributions of hadrons
produced in high-energy particle collisions has been
made extensively for hadron-hadron, hadron-nucleus
and nucleus-nucleus interactions in the past, since such
studies are useful in understanding the production pro-
cesses involved. Koba, Nielsen, and Olesen [3] predicted
that the multiplicity distributions of produced particles
in a certain high-energy collision should exhibit a simple
scaling law known as the KNO scaling, when expressed
in terms of the scaling variable Z(= Ni/〈Ni〉), where Ni

correspond to produced particles NS, Ng, and Nb. If
Pn(s) represents the probability for the production of n
charged particles in an inelastic hadron-hadron collision,
the multiplicity distribution in high-energy collisions at
the center-of-mass energy

√
s then exhibits a scaling law

of the form

Pn(s) =
σn(s)
σinel

=
1
〈N〉

Ψ
(
N

〈N〉

)
= 1/〈N〉Ψ(z),

and∑
Pn(s) = 1. (5)

Fig. 6. Shower particle multiplicity distribution in terms of the
KNO scaling for various interactions at different energies

Here, σn(s) is the partial cross-section for the produc-
tion of n charged particles, σinel is the total inelastic
cross-section, and 〈N〉 is the average number of charged
particles produced. The KNO scaling thus implies that
the multiplicity distribution is universal, and Ψ(Z) is
an energy-independent function at sufficiently high en-
ergies, when expressed in terms of the scaling variable Z.

The other consequences of the KNO scaling are
given as

(i) The normalized moments Ck = 〈Nk〉/〈N〉k of
the multiplicity distributions become independent of the
projectile energy.

(ii) It leads to the relation D/〈NS〉 = constant; pro-
vided Ψ(Z)is not the delta function.

(iii) Central moments, k
√
µk = k

√
(N − 〈N〉)k, of the

distribution should have a linear relation with the aver-
age multiplicity, 〈n〉, of the reaction.

It has been found by various researchers that the
empirical expression for Ψ(Z) in hadron-hadron and
hadron-nucleus interactions obeys the semiinclusive
KNO scaling, starting from few GeV. It is desirable to
make similar studies of nucleus-nucleus collisions, as it is
expected that nucleus-nucleus interactions at these en-
ergies can be visualized as a superposition of nucleon-
nucleon collisions. In several works [18–20], it was re-
ported that the validity of the KNO scaling holds for the
projectile helium particle and target black fragments in
heavy-ion interactions at the Dubna, Bevatron, CERN
and AGS energies. It has been shown [20, 21] that the
multiplicity distributions of secondary particles due to
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Fig. 7. Variation of the dispersion D(NS) as a function of 〈NS〉 at
various energies. Some experimental data are taken from [4, 8, 25,
26]

different projectiles in a wide range of energies in AA
collisions can be represented by a universal function of
the form

Ψ(z) = Az exp(−Bz), (6)

where A and B are constants.
In order to study the scaling behavior of shower parti-

cles produced in the 28Si-Em collisions at 14.6A GeV,
we have displayed the graph Ψ(ZS) as a function of
ZS in Fig. 6. The data points for the interaction
of 28Si and 12C at 4.5A GeV, 16O at 3.7A GeV and
60A GeV [18, 22], and 32S at 200A GeV [23], respec-
tively, with emulsion nuclei are also shown in the same
figure. It is worth to note that relation (6) repro-
duces the shower particle multiplicity distribution well
at different energies. One can see that the scaling
in the form of relation (6) seems to qualitatively de-
scribe the trend of the multiplicity distribution of sec-
ondary particles produced in nucleus-nucleus collisions
similar to that found in hadron-hadron and hadron-
nucleus collisions. The values of constants A and B
are determined with the help of the CERN standard
programme MINUIT, and the best fit values of the pa-
rameters for the data used are A = 11.004 ± 0.038 and
B = 2.23 ± 0.076, respectively, with χ2/DF= 0.131,
where DF means the degree of freedom. If the ex-
perimental points from the tail of the curve are not
considered due to a low significance of experimental
data, then χ2/DF reduces to 0.081, which represents,

of course, a better fit and seems to confirm the va-
lidity of the universal scaling function. Further, it is
investigated that the scaling violations are small, and
the data exhibit KNO scaling within experimental er-
rors.

The KNO scaling indicates that 〈NS〉 should vary lin-
early with lnS, which is also a consequence of the Feyn-
man scaling [24]. To test the validity of the KNO scaling,
the normalized moments, Ck, of multiplicity distribu-
tions are defined as

Ck = 〈Nk〉/〈N〉k for k = 2, 3, 4, (7)

where 〈Nk〉 =
∑
Nkσn/σinel, which should become in-

dependent of the projectile energy, if the multiplicity
scaling is valid. The values of Ck-moments for k = 2
and 3 of shower particles produced in the interactions
of 28Si, 24Mg, 14N, and 12C ions in the emulsion at
various energies are presented in Table 2. It is clear
that the values of C2 and C3 moments are found to be
independent of the masses and the energy of the pro-
jectiles within the experimental errors. On the other
hand, the higher moments corresponding to k = 4, 5
show an increasing trend in their values (not shown in
Table 2), as the mass number of the projectile increases.
The other consequence of the KNO scaling predicts that
the central moments, k

√
µk = k

√
〈(N − 〈N〉)k〉, of the

distribution should have a linear relation with the av-
erage multiplicity 〈N〉 of the reaction, which leads to
a generalization of the linear relation between the dis-
persion D(NS) and the average values of 〈NS〉. The
linear variation of D(NS) (D = [〈N2

S〉 − 〈NS〉2]1/2) of
shower particles as a function of 〈NS〉 is illustrated
in Fig. 7 for our data along with the other results
[4, 8, 25, 26]. The best linear fit is represented
by

D = α+ β〈NS〉 (8)

with a slope of (0.546 ± 0.004). The best straight line
satisfies the data with reasonable confidence level and
passes through the origin. The value of the slope in
a similar case of proton-nucleus interactions reported
by Gurtu et al. [29] is (0.64 ± 0.02). It may be ob-
served that the increase of the dispersion with 〈NS〉 in
the case of pp interactions [8] is slower than those for
proton-nucleus and nucleus-nucleus collisions. This be-
havior indicates that some cascading within a nucleus
takes place, which is not observed in pp interactions.
The values of 〈NS〉/D for our data along with other
results are also given in Table 2. An interesting ob-
servation can be seen from Table 2 that the values of
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a b
Fig. 8. a – Multiplicity distribution of slow target-associated protons in terms of the KNO scaling in the 28Si-Em, 12C-Em, and 16O-Em
interactions at 4.5, 3.7, and 60A GeV (the present work) at 14.6A GeV. b – Multiplicity distribution of fast target-associated protons in
terms of the KNO scaling in the 28Si-Em, 12C-Em, and 16O-Em interactions at 4.5, 3.7 and 60A GeV (the present work) at 14.6A GeV

T a b l e 2. Values of 〈NS〉, D(NS), 〈NS〉/D and the normalized moments for shower particles produced in various
collisions

Collisions (A GeV) 〈NS〉 D(NS) 〈NS〉/D(NS) C2 C3 References
P-Em 4.5 1.63± 0.02 1.08± 0.02 1.51± 0.03 1.44± 0.02 2.55± 0.09 [27]
α-Em 2–10 3.06± 0.28 2.49± 0.04 1.23± 0.11 1.44± 0.04 2.55± 0.09 [8]
12C-Em 4.5 7.24± 0.89 4.88± 0.38 1.48± 0.12 1.46± 0.01 2.66± 0.03 [12]
14N-Em 2.1 8.85± 0.28 5.59± 0.17 1.58± 0.07 1.40± 0.05 2.58± 0.11 [25]
24Mg-Em 4.5 12.37± 0.22 7.02± 0.02 1.76± 0.03 1.32± 0.08 2.11± 0.28 [19]
28Si-Em 4.5 15.64± 1.23 11.91± 0.63 1.31± 0.07 1.57± 0.02 3.18± 0.13 [12]
28Si-Em 4.5 15.32± 0.22 10.08± 0.22 1.52± 0.00 1.46± 0.11 2.81± 0.20 [28]

28Si-Em 14.6 21.34± 0.15 11.56± 0.97 1.85± 0.16 1.29± 0.09 2.10± 0.02 Present work

〈NS〉/D for different projectiles and targets are approx-
imately equal to those observed in hadron-nucleus in-
teractions [29]. This feature may indicate that there
is an essential similarity for the production mechanisms
of two types of collisions. Furthermore, the agreement
between hadron-nucleus and nucleus-nucleus collisions
results suggests that A − A collisions can be explained
as a superposition of many nucleon-nucleon (N − N)
interactions, which is predicted by superposition mod-
els.

The multiplicity distributions of slow and fast target
associated particles produced in 28Si-emulsion collisions
at 14.6A GeV have been investigated in the form of the
KNO-scaling. A plot of Ψ(z) as a function of the scaling
variable Z(= N/〈N〉) for these medium-energy target-
associated protons is shown in Figs. 8 (a and b). The

experimental points for 28Si, 12C at 4.5A GeV, 16O at
3.7A GeV, and 60A GeV [22, 30], respectively, are also
shown in the same figure. The solid curve in the figure
is well represented by Eq. (6).

One can observe from the figures that the multiplicity
distributions of slow and fast target-associated protons
in nucleus-nucleus collisions at different energies are well
described by Eq. (6) for different projectiles and seem
to satisfy the scaling function. The best values of A and
B are also found to be 11.00 ± 1.04, 2.14 ± 0.09 and
9.57 ± 1.09, 2.29 ± 0.09, respectively, for slow and fast
target associated protons. The corresponding values of
χ2/DF are found to be 0.52 and 0.99, respectively, which
indicates that the fitting is good for different projectiles
at different energies in the case of slow protons, but a
small deviation from the exact scaling can be seen for fast
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target-associated protons in Fig. 8 (b). It is difficult to
give any physical explanation of the multiplicity scaling
for slow and fast protons, and, hence, it can be regarded
as an empirical observation.

4. Conclusions

The present experimental study leads us to the following
conclusions.

(i) The angular characteristics, i.e., the angular dis-
tributions of Nb, Ng, and NS, and pseudorapidity dis-
tributions for shower particles, concluded the multipar-
ticle production processes at all angles in the laboratory
frame and are the same in nucleus-nucleus and hadron-
nucleus collisions at different projectile energies.

(ii) Pseudo-rapidity distributions of relativistic shower
particles produced are completely scaled in the region
of smaller values of η, and the η distribution is found
to be independent of the mass and the incident beam,
whereas the weak energy dependence has been found in
this region.

(iii) The multiplicity distributions of relativistic
shower particles and slow and fast target-associated pro-
tons produced in the 28Si-Em collisions at 14.6A GeV
along with other experimental data at various energy
ranges exhibit the KNO scaling within experimental er-
rors, and small scaling violations are found. The values
of normalized moments, C2 and C3, are found to be inde-
pendent of the masses and the energies of the projectiles.

(vi) The observed features can be understood in terms
of the geometry of collision processes.
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ВИВЧЕННЯ КУТОВОГО РОЗПОДIЛУ I КНО СКЕЙЛIНГУ
В ЗIТКНЕННЯХ 28Si З ЯДРАМИ ЕМУЛЬСIЇ ПРИ 14,6A ГеВ

М.А. Ахмад, Ш. Ахмад

Р е з ю м е

Дослiджено кутовi характеристики для зiткнень при високих
енергiях важких iонiв 28Si з ядерною емульсiєю. Вивчено КНО
(Коба–Нiльсен–Олесен) скейлiнг в термiнах розподiлу мно-
жинностi. Для опису експериментальних даних використано
просту унiверсальну функцiю.
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