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DESCRIPTION OF THE STATIONARY
STRUCTURAL STATES OF A BOUNDARY
LUBRICANT MAKING USE OF THE RELATION
BETWEEN THE DENSITY-MODULATION

AND EXCESS-VOLUME ORDER PARAMETERS

A second-order phase transition between the structural states of a boundary lubricant sand-
wiched between atomically smooth solid surfaces has been described in the framework of the
Landau theory of phase transitions, by using the density modulation and the excess volume
as the order parameters. A relation between those order parameters is found. The stationary
states of a lubricant and their dependences on such control parameters as the lubricant tem-
perature, the elastic strain in the lubricant layer, and the external load on the friction surfaces
are studied. The melting kinetics was simulated in the framework of a mechanical analog of

the tribological system with elasticity.
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1. Introduction

In recent years, a variety of micromechanical sys-
tems have been widely used in various domains of
science and technology. Those devices are applied in
biomedicine, while developing new energy sources,
in positioning systems in micro- and nanoelectron-
ics, and so forth. During the operation of such sys-
tems, there arises a friction force between the con-
tacting parts. This force must be strictly controlled,
because if its allowable values are exceeded, the mech-
anisms may fail prematurely. To reduce friction, lu-
bricants are used in the surface contact area [1-
3]. In micromechanical systems, the thickness of a
lubricant layer, as a rule, does not exceed several
atomic diameters, and the friction surfaces are atom-
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ically smooth [4,5]. Many experiments evidence that
the properties of lubricants in this boundary friction
mode differ substantially from those of bulk lubri-
cants. The boundary friction mode is characterized
by such phenomena as the shear melting; stick-slip
motions of various types; an anomalous increase in
the viscosity of the lubricant layer, when its thick-
ness decreases; the deviation of the melting and so-
lidification temperatures from their counterparts for
the same bulk substances; memory effects; compli-
cated dependences of the viscosity on the temper-
ature, layer thickness, pressure, and velocity gra-
dient; a huge increase (sometimes up to 10 orders
of magnitude) in the relaxation times in thin lay-
ers [4, 5], and so on. Despite a large number of ex-
perimental [3, 4, 6] and theoretical [7-10] works, as
well as the results of computer simulation [5, 11—
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16], there is yet no single approach that can describe
all the mentioned features. Therefore, the study of
the boundary friction processes is of increased rele-
vance, in particular, in the framework of the thermo-
dynamic representation of the problem considered in
this paper [17].

In the earlier works on this topic [10,18-20], a phe-
nomenological theory of the boundary friction based
on the Landau theory of phase transitions of the sec-
ond order was proposed. To describe the states of a
lubricant, an order parameter ¢ was introduced. It
is associated with the periodic component (a den-
sity modulation) of the microscopic density of the
medium. In the liquid-like state of a lubricant, the
density modulation disappears, and the introduced
order parameter vanishes, ¢ = 0. But if the lubricant
is in the solid state, the order parameter ¢ > 0. It
should be noted that, as was shown by L.D. Landau
[21], the melting in bulk materials can take place ex-
clusively in accordance with the mechanism of phase
transitions of the first order. However, the symmetry
of the phase state of a boundary lubricant is substan-
tially affected by the atomic relief of the friction sur-
faces, which remain solid after the melting of the lu-
bricant layer. Therefore, the phase transitions of the
second order between liquid- and solid-like states of a
lubricant in the boundary friction mode are often ob-
served. This phenomenon was discovered both exper-
imentally [4] and theoretically [10], including a com-
puter simulation [11-15].

At the same time, there are known the works,
where the possibility of a phase transition of the
first order is denied [22]. However, the type of a
phase transition depends on the shape of lubricant
molecules. For example, for polymer molecules, the
phase transition of the first order does take place, as
is evidenced by the computer simulation [5].

The specific features of phase transitions of the
first order were studied by us in works [23-25] in
the framework of the ideology proposed in works
[10, 18, 19]. In particular, we have developed an ap-
proach in which the excess volume f arising, when
the lubricant melts owing to the structure random-
ization of the solid body [26, 27|, is used as an order
parameter. The advantage of this approach consists
in that it explicitly involves the influence of an ex-
ternal load on the friction surfaces, which is intro-
duced via normal external stresses —n. As the mag-
nitude of n increases, the excess volume f decreases
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owing to the compression of the lubricant layer by
the confining walls. Two approaches were considered:
the asymmetric [27] and symmetric [26] expansions
of the thermodynamic potential. The former case de-
scribes the phase transition between two non-zero
values of the excess volume f. The latter concerns
the systems, where the ordered solid state of a lubri-
cant corresponds to the zero value of the excess vol-
ume, but f becomes different from zero at the melt-
ing, as the temperature grows. In both scenarios, the
transitions between the phase states of the lubricant
layer are described as step-like phase transitions of
the first order.

The approaches mentioned above operate with the
order parameters that have different physical mean-
ings, but they describe the same boundary friction
process. Therefore, it is useful to establish a relation
between the order parameters ¢ and f. In so doing,
one should bear in mind that such a relation may
not always be found. For example, in the case of vit-
rification transition [22], there can arise a situation
where the value of the excess volume f changes in
the course of melting, so it can play the role of order
parameter. At the same time, the approach operating
with the density modulation ¢ as the order parame-
ter cannot be applied in this case, because the density
modulation acquires zero values at the vitrification
transition in both phases (i.e., there is no long-range
order in the alternation of atoms).

A partial relation between the density-modulation,
v, and excess-volume, f, order parameters was found
in work [17]. However, the issue concerning the re-
lation between the indicated order parameters still
remains far from the complete understanding. Thus,
the aim of this work was to determine such a re-
lation in the case of the phase transition of the
second order.

2. Thermodynamic Model
of the Phase Transition of the Second Order

2.1. The density modulation
as the order parameter

2.1.1. Formulation of the model

In works [10, 18, 19], the amplitude ¢ of the peri-
odic component of the microscopic medium-density
function was chosen as the order parameter. In the
liquid state, the microscopic density function is ho-
mogeneous, so ¢ = 0. In the solid state, the lubri-
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cant layer has a crystalline structure, and ¢ # 0. At
temperatures close to the phase transition, the series
expansion of the free energy in the order parameter
¢ takes the form [21]

b
(Ptherm = a1<)02 + Z§047 (1)

where the quantities a; and b depend on the temper-
ature and pressure. If the lubricant temperature 7 is
close to the phase transition temperature T,, then we
may write [21]

ay = o(T —Tp). (2)

Energy (1) corresponds to the undeformed state of
a lubricant. If the lubricant layer undergoes elastic
strains e, the deformation energy ue? /2, where the
shear modulus 1 = ay?, must be added to the free
energy (1). As a result, the power series expansion of
the free energy density ®, in the density-modulation
order parameter ¢ looks like [10]

a b g
(DLP = a(T — TC)QO2 + 5@2531 + 14,04 + 5 (V@)27 (3)

where the last summand describes a spatially inhomo-
geneous distribution of the order parameter. In work
[25], the melting of a lubricant was simulated taking
the spatially inhomogeneous distribution of the order
parameter into consideration in the framework of the
method of dimensionality reduction (MDR) [28], and
it was shown that the gradient term insignificantly
affects the system behavior. Therefore, for simplicity,
we consider a homogeneous system, which is equiva-
lent to the condition g =0 J/m.

Elastic stresses arising in the lubricant layer are
determined as oe1 = 0P, /0eer [10], so

Ool = AP°Eel = [IsEel, (4)

where the shear modulus ps of the lubricant equals
zero in the liquid-like state of the lubricant and ac-
quires non-zero values in the solid-like state. The sta-
tionary values of the order parameter, ¢y, and the
shear modulus, fis,0, are determined from the condi-
tion 0®,,/0¢ = 0 [10]. As a result, we obtain

2(T.—-T) a
gy 22 TmT) ey )
a2a(T. = T) — as?
Hso = aw% = [ b J : (6)
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Expressions (5) and (6) make it possible to find the
critical values for the elastic strain and the tem-
perature,

2(T, — T
Eel,c0 = ¥7 (7)
a
2
ae
T =T, — =2
0 20 ) (8)

i.e., if they are exceeded, the lubricant melts.

Although the microscopic density of a substance
can be measured in a computer experiment [11—
15, 17], and the values of the order parameter ¢
can be found experimentally, it is much more con-
venient — for the sake of universality — to present
¢ in a normalized dimensionless form. We assume
the order parameter ¢ is normalized to its maximum
value. As a result, the normalized ¢ acquires the val-
ues within an interval from 0 to 1. The value p =1
corresponds to the most ordered lubricant, which is
realized, according to Eq. (5), at the zero absolute
temperature, 7' = 0 K, and in the absence of elastic
strains, € = 0. Equation (5) together with the con-
dition ¢max = 1 at T' = 0 K and ¢, = 0 leads to
the following relation between the expansion param-
eters [17]:

b—2aT. =0, 9)

i.e., they are additionally restricted.

Note that, provided we know precisely measured
critical values (7) and (8), all expansion parameters
of @, (¢) in formula (3) can also be determined ex-
actly. However, such a procedure demands a specific
set of experimental data for a specific system, which is
absent in the literature. Furthermore, our task is to
give a qualitative description. Therefore, we do not
confine ourselves to the description of a specific sys-
tem, but choose the parameters in such a way that the
values of critical temperatures and strains are in the
experimentally observed intervals [4]. However, in so
doing, we select the expansion parameters to satisfy
relation (9).

Figure 1 demonstrates the dependences of the sta-
tionary values of the order parameter, ¢, and the
shear modulus, (0, on the elastic strains ¢ for
various lubricant temperatures T, provided that the
model parameters are fixed. The parameter values
were chosen to ensure an approximate correspondence
of the melting temperature, the critical strain, and
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Fig. 1. Dependence (5) of the order-parameter stationary
value oo on the elastic strains €. (a) and dependence (6) of
the shear-modulus stationary value po,s on the elastic strains
€l at the fixed temperatures 713 = 0, 190, and 270 K for the
expansion parameter values T. = 290 K, o = 0.8 JxK~1/m?3,
a = 2 x 1010 Pa, and b = 464 J/m3 (b). The symbols in
panel (b) demonstrate computer simulation results presented
in work [16]

0.8-10"

the critical shear modulus to the intervals of exper-
imentally observed values. From Fig. 1, it is easy to
see that if the temperature equals zero, T3 = 0 K,
and if the strain is absent, ¢, = 0, then the maxi-
mum values of the order parameter ¢y and the shear
modulus p,0 are realized. In this case, the latter is
numerically identical to the value of the constant a in
the @, (¢) expansion (3). So, the expansion parame-
ter a gives the maximum value of the shear modulus
s in the absence of thermal fluctuations (T' = 0 K)
and external perturbations (e, = 0). The figure also
demonstrates that the order parameter and the shear
modulus values decrease with the growth of a strain
€e1 and the lubricant temperature T' because expan-
sion (3) takes the thermodynamic and shear meltings
[10] into account. We note that the order parameter
vanishes continuously with the growth of indicated
quantities. Therefore, according to the ideology of the
Landau phase transition theory, a phase transition of
the second order takes place [21,29].
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2.1.2. Comparison with simulation
and experimental results

The model described above is based on the free energy
expansion (3). A proper choice of the expansion en-
sures the adequacy of the developed model. Above,
we briefly described the considerations resulting in
the choice of free energy in form (3). A more detailed
description of potential (3) and an analysis of the
physical nature of the shear melting can be found
in works [10, 20]. However, the shear melting model,
which is described in this work, is phenomenologi-
cal, i.e., it is based on experimental results. There-
fore, in order to additionally confirm the adequacy of
the proposed approach, we compare the model with
both the real experiment and the simulation results
obtained by other authors. In particular, the symbols
in Fig. 1, b correspond to the dependence of the shear
modulus on the strain obtained in work [16], where
the behavior of atomically thin layers sandwiched be-
tween solid surfaces, when the latter undergo a shift-
ing, was studied with the help of molecular statis-
tics methods. In work [16], all dependences include
dimensionless quantities. Therefore, in order to com-
pare our approach with the result of a simulation per-
formed in work [16], the dependence u(e) from work
[16] was so scaled along both axes that the simula-
tion results could be satisfactorily superimposed on
the theoretically calculated curve. However, the se-
lected scales are not arbitrary. For example, the scale
along the gq-axis is dictated by an €¢-value at which
the shear modulus vanishes.

The authors of work [16] presented the dependences
of the elastic stresses o on the strain e., which are
given by Egs. (4) and (6) in our model. Combining
those equations, we obtain

a20(T. — T) — ac?] e
X
b
x H (1 - €e1/6e1,c0)7

where H(x) is the Heaviside function, and the value
of €e1 ¢0 s determined again by expression (7). In or-
der to include as many dependences as possible into
comparison, it is convenient to present Eq. (10) in
the dimensionless form. As the strains e, increase,
Eq. (10) describes the growth of stresses o from zero
to the maximum value

3/2
ohax — M (20[(TC — T)) ,

Oel =

(10)
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which is attained at the strain

20(T, = T)  €ele0

3a V3
Let us introduce the dimensionless stresses 6. =
= 0c1/0™ and strains £q = €c1/€el,c0- Then Eq. (10)

looks like

Oel = T (1 — 531) Eel X H(]. — Eel).

max)

Eel (03 (12)

(13)

In Fig. 2, the solid curve illustrates the dimen-
sionless dependence (13). The symbols in the fig-
ure correspond to the data obtained in work [16]
for mono-, di- and triatomic lubricant layers sand-
wiched between solid surfaces, as well as to the results
of real experiments described in work [30]. Experi-
mentally measured were the stresses between atom-
ically smooth mica surfaces, which were separated
by a lubricant layer 0.74+0.2 nm in thickness and
which performed periodic motions with a frequency
of 250 Hz. The squares (OJ) demonstrate the results
of an experiment in which 3-methyl-undecane (CHs—
C11) was used as a lubricant, and the surface load
was 2 mN. The stars (x) illustrate an experiment in
which the surfaces were separated by a perfluorohep-
taglyme layer with the zero external load. Figure 2
demonstrates a rather good agreement of theoreti-
cal results with the experimental results and the re-
sults of a computer simulation. All of this confirms
the adequacy of the proposed theory, which is based
on potential (3).

It should be noted that the dependence oe(ee)
can be experimentally measured only up to the maxi-
mum of elastic stresses, because the decreasing part of
the dependence corresponds to unstable states. That
is why all experimental results shown in Fig. 2
are within the interval 0 < oq < o5®*. However,
the simulation results are shown in a wider inter-
val, which confirms the decrease of the dependence
oel(€e1), when the elastic strains exceed the critical
value (12).

2.2. The excess volume
as the order parameter

In Section 2.1, a model was formulated in which
the density modulation ¢ is used as the order pa-
rameter. Its value decreases, as the lubricant melts,

ISSN 2071-0194. Ukr. J. Phys. 2021. Vol. 66, No. 11

Ir +
0.8 -
. g &
Fos x
© 04
02
0 F I | 1 | I | 1 | I
0 0.2 0.4 0.6 0.8 1
861/881‘60

Fig. 2. The solid curve is the dimensionless dependence of
the elastic stresses on the strains [formula (13)]. The stresses
are measured in the o}®* -units (11), and the strains in the
€el,co-units (7). The symbols correspond to the results of a
simulation in work ([16]) for monoatomic (o), diatomic (A),
and triatomic (+) lubricant layers sandwiched between shifted
surfaces. The results of real experiments taken from work [30]
are shown by the symbols O and *

which occurs as either the temperature 7" or the shear
strains ¢ increase. According to the phenomenolog-
ical Landau theory of phase transitions, any physical
quantity that distinguishes the phase states of the
substance and can be used to expand the free en-
ergy in a series can serve as the order parameter. In
other words, the order parameter must be a continu-
ous function within some interval.

A good candidate for the role of an order parameter
is the excess volume f, which appears in a lubricant
owing to its expansion at the melting. In accordance
with the paradigm of works [31, 32|, let us define the
excess volume as

f= M7 (14)
P

where p is the lubricant density, and pr., is the
maximum possible value of p. Expression (14) fol-
lows from the definition of the relative excess volume,
f =0Q/Q, where §Q is an extra volume that appears,
when the lubricant is heated or melts, and @ is the
minimum lubricant volume. The physical meaning of
the parameter f is described in more details in Sec-
tion 5 of work [17].

While describing the phase transition of the second
order, the expansion of the free energy in a power
series in the excess volume order parameter f is based
on an ideology proposed in works [26,27] and has the
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form! [17,33]
1 1-
B = A (D) + e+ [0 - A7

_/ eln2 1
— i (€5) O‘IT} f2+1¢1f47 (15)
with the positive expansion constants A, p, ¢g, A,
i, o, and ¢1. The first and second invariants of the
strain tensor in expression (15) are given by the for-
mulas [17,27, 34] (see Appendix A)
n

Aet + Heff ’

=5 |() + e

respectively, in which the external normal stresses n
determine the load at the friction surface, 7 is the
shear stresses, and peg and Aeg are elastic param-
eters. Note that the coefficient in front of f2? in ex-
pression (15) changes its sign to the negative one as
the temperature T or the elastic strains g increase,
which leads to the melting because the stationary
value fy of the order parameter, becomes non-zero
at that.

According to Eq. (15), the elastic stresses ofj aris-
ing in the lubricant layer are determined by the for-
mula [17, 26, 27]

el
T

(16)

(17)

05 = 2pter€S; + Aert€5i0i (18)
where the effective elastic parameters

/}Jeffzﬂ_ﬂfzv (19)
Aeft = A — Af2, (20)

are introduced. They decrease at the melting, when
the excess volume f increases. From expression (18),
we get the following relation for determining the shear
component of elastic stresses [33, 34]:

T = Heff€el, (21)

where €. is the elastic component of the shear strain.

1 Note that the free energy expansion in the standard form,
which is used to present the general expression for the free
energy of a deformed isotropic body [33], contains terms with
the coefficients u, i, A, and X. The expansion of the free
energy in a power series in the order parameter f is based
on the same consideration as was used when deriving ex-
pression (3).
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The model, where the density modulation ¢ is the
order parameter, does not contain the external load
explicitly. Therefore, in order to determine a rela-
tion between the density-modulation, ¢, and excess-
volume, f, order parameters, let us firstly consider a
simplified case with no external load, n = 0. Then,

€

the first invariant (16) equals zero, €5 = 0, and the
second one (17) is reduced to the square of the shear

. el 2 S 2 .
strain, (sij) = 591/2, with an accuracy to a constant.

As a result, potential (15) acquires a simpler form,
. N 1
Oy =Ledi+ (05— Lel = a'T) £+ oSt
2 2 4
The condition 0®;/Jf = 0 brings about the follow-

ing stationary values for the order parameter and the
shear modulus, respectively:

(22)

2 + 2/ T — 245
fO = \/’u el (ZSI ¢0, (23)
Heff,0 = b — ﬁ (ﬁeil +2d/T — 2¢3) X
x H (fie2, + 2a/'T — 2¢5). (24)

Dependences (23) and (24) are illustrated in Fig. 3
for fixed model parameters. It follows from the figure
that the growth of the elastic strains €, and the tem-
perature 7" makes the excess volume fy larger, which
diminishes, in turn, the shear modulus pics o-

Consider the curve corresponding to the temper-
ature 77 in more details. Its behavior has an essen-
tial difference from that demonstrated in Fig. 1. In
Fig. 1, b, the shear modulus decreases monotonically
with the strain (or temperature) growth, and the
point of a phase transition of the second order is at
the value pso = 0 in the p,o-dependences. At the
same time, in Fig. 3, b, along the dependence cor-
responding to the temperature 77, the shear mod-
ulus firstly remains constant (it has a maximum at
fo = 0). Then, above the phase transition point, it
begins to decrease. Such a difference between the two
approaches takes place only at low temperatures. In
the relevant temperature interval of the correspond-
ing experiments [4], the both approaches describe the
same behavior (see the Th- and T5-curves in Fig. 1, b
and Fig. 3, b).

2.3. Relation between the density-modulation
and excess-volume order parameters

A relation between the above-mentioned models of
the boundary friction cannot always be established.
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In particular, in the case of vitrification transition,
the density modulation ¢ vanishes in both phases, so
it cannot be used as the order parameter. But then it
is possible to apply the model with the excess volume
f as the order parameter.

A generalized situation can be considered, in which
the order parameter must possess two components
(a function of the density modulation and the ex-
cess volume). In this case, the thermodynamic po-
tential @ (p, f) becomes a 3D-dependent quantity in
the order-parameter space. This approach will make
it possible to describe a broader class of systems,
because the latter will include the models discussed
above, if one component of the order parameter
changes insignificantly (for instance, it can be the zero
value of the density modulation ¢ at the vitrification
transition).

Furthermore, from this three-dimensional represen-
tation of the free energy, we can pass to the situ-
ations considered in this paper, if we know a rela-
tion between the order parameters ¢ and f, which
can be found experimentally in every case. Let us es-
tablish such a relation by assuming that the shear
moduli ps and peg in both models describe the same
quantity. This is an approximation, because, as was
shown above, the models can demonstrate a physi-
cally different behavior at low temperatures. Howe-
ver, the application of such an approximation makes
it possible to change from a description of the bound-
ary friction process via the density modulation to an
equivalent description via the excess volume, and vice
versa. The problem of developing a unified approach
in which the free energy is a function of the two-
component order parameter remains open at that.

2.3.1. Change from the excess-volume
order parameter to the density-modulation one

The equivalence condition for the shear moduli, ps =
= Lo [see expressions (4) and (19)] brings us to the
relation
p=t-2 (25)
T

Substituting it into expression (22) for the free energy
®¢(f), we obtain an equivalent potential in the form

p1?
4712

o, — |%n _oTp
S
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ay  o'Ta @ia  ¢rap\ , Pra®\ 4
I L . (26
+(2561 + Z i 2722 e+ 172 . (26)

By comparing this expressions and expression (3) for
(), we can find the following relations for the ex-
pansion parameters:
b1a? d'a

a2 C T

T — o0, Pk

b= .
o 2d'p

(27)

Then the normalization condition (9) for the order
parameter ¢ takes the form

$1 (@ — p)
205

From whence, an important property follows. We
note that, according to Eqgs. (4) and (19), the pa-
rameters a and p determine the maximum values of
the shear modulus. Therefore, in order to describe
the same system in the framework of two models,
the indicated parameters must acquire identical val-
ues, which, taking expression (28) into account, gives
it = 0. This value has no physical sense, because, in
such a case according to expression (19), the effective
shear modulus peg does not change with the growth
of the excess volume f. This fact leads to the conclu-
sion that two concerned models of boundary friction
cannot match each other absolutely exactly in the
whole range of control parameters, and the condition
i > 0 dictates that the inequality a > p must be sat-
isfied. Bearing all that in mind, the parameters were
given the numerical values indicated in the captions
to Figs. 1 and 3.

To go further, it is pertinent to choose the param-
eters of the potential ®;_,, () [Eq. (26)] that they
should correspond as much as possible to the expan-
sion parameters of @, (¢) [Eq. (3)], since the aim
of this work is to establish a relation between two
approaches to the description of the boundary fric-
tion mode. In the system of equations (27), the val-
ues of the parameters a, b, a, and T, are already
known (see the caption to Fig. 1). We know that
i < a. Therefore, let us put u = 1.9 x 10'° Pa. Now,
system (27) contains three equations with four un-
knowns, i.e., it is insufficient. This occurs, because
the potential ®, [Eq. (3)] in the homogeneous case
is determined by four constants: «, T, a, and b. The
potential ®(f) [Eq. (22)] is determined by five con-
stants: p, @, ¢, ', and ¢;. Therefore, if there is a
correspondence between the potentials described by
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Fig. 3. Dependence (23) of the order-parameter stationary
value fo on the elastic strains e¢) (a) and dependence (19) of the
effective-shear-modulus stationary value peg o on the elastic
strains g, at the fixed temperatures 77_3 = 0, 190, and 270 K
for the expansion parameter values ¢§ = 1450 J/m3, ¢1 =
=7.25x10% J/m3 o =100 J-K~1/m3, 4 = 1.9 x 1010 Pa,
and i = 2.5 x 1012 Pa (b)

0.8-10"

0 0.4-10 1.2:10* &

Fig. 4. Dependences of the shear-modulus stationary value po
on the elastic strains £,1. The solid curves are the dependences
shown in Fig. 3, b; the symbols correspond to the dependences
shown in Fig. 1, b

formula (26), the equivalent constants (27) should be
so chosen that one of the parameters has to be se-
lected arbitrarily. Let ¢f = 1450 J/m?3, which allows
finding all parameters in expansion (26) when solving
system (27) (the determined values are quoted in the
caption to Fig. 3).
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Since potential (26) corresponds to expression (22),
the stationary values of the shear modulus peg,o co-
incide with the dependences shown in Fig. 3. The
solid curves in Fig. 4 demonstrate dependences cor-
responding to the potential ®(f) [Eq. (22)], which
are also depicted in Fig. 3, b. Symbols in Fig. 4 il-
lustrate dependences corresponding to the potential
@, (¢) |[Eg. (3)], which are shown in Fig. 1, b. As one
can see, the curves perfectly coincide at the temper-
atures T, and T3, which testifies to the possibility of
a numerically exact equivalent description of the sta-
tionary states of the boundary lubricant in the frame-
work of both models.

However, the behavior described by the Ti-curve
differs substantially, because the potential ®¢(f)
[Eq. (22)] describes the phase transition of the sec-
ond order between the zero and non-zero values of
the excess volume f. When the temperature 7" or the
strains . increase from zero to the phase transition
point, then, according to expression (19), the value
of the shear modulus remains unchanged, peg = u,
because the zero stationary value, fy = 0, is realized
(see the Ty-curve in Fig. 3). After the temperature or
the strain exceeds its critical value, the excess vol-
ume becomes different from zero, and the shear mod-
ulus peg decreases as the control parameters grow fur-
ther. However, the T5- and T3-curves in Fig. 4 demon-
strate a decrease of the shear modulus in the whole
interval of control parameters. This happens, because
the excess volume fy # 0 at zero strains e. (see
Fig. 3, a). Hence, at a temperature, where the excess
volume has a value different from zero in the absence
of strains, the both models describe the stationary
states of a lubricant identically, so that an exact cor-
respondence between them can be established.

Let us consider once more the dependences corre-
sponding to the temperature 77 in Fig. 4. For them,
the parameters = 1.9 x 10'° Pa and a = 2 x 10'° Pa
provide the maximum values of the shear modu-
lus. As follows from the figure, the closer are the u-
and a-values, the wider are the intervals of control
parameters, where the exact correspondence between
the models exists. As was shown above, the inequal-
ity a > p is always satisfied. Therefore, for the models
to match, it is necessary to choose pu — a, with the
obligatory condition a > p (it is necessary for expres-
sion (28) to be positive). Then, as one can see from
Fig. 4, the difference between the models takes place
only at temperatures close to zero, which are of no
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practical importance. Moreover, the free energy ex-
pansion is written for temperatures near the phase
transition point, and the error of such a description
increases substantially, when moving away from the
critical temperature T.

Note that always a > p. Then, if the potential
D¢ ,,(p) [Eq. (26)] gives the stationary values of
the order parameter ¢ close to 1 (at low tempera-
tures T'), expression (25) leads to values f2 < 1, which
corresponds to a negative number under the root in
Eq. (23). However, besides the stationary value (23),
there always exists the stationary value fy = 0, which
is just realized in this case and which corresponds to
a constant value of the shear modulus, peg = p [see
Eq. (19)]. The stationary value g of the shear modu-
lus is determined directly from expression (26), and it
decreases with the growth of control parameters, as is
shown in Fig. 1. Therefore, potentials (26) and (22)
behave differently at low temperatures. However, if
potential (26) is used, relation (25) is always checked,
and fo = 0 (accordingly, @9 = +/u/a) is put, if
f? < 1, then the application of Eqgs. (26) and (22)
brings about the same behavior in both cases. The
described contradiction is caused by the fact that,
when expression (25) is substituted into the free en-
ergy (22), the potential component determined by the
last term at f* is always positive, irrespective of the
f?-value in expression (25). Furthermore, potential
(22) provides a permanent increase of the excess vol-
ume with the growth of control parameters. At the
same time, if the critical values of control param-
eters, above which the stationary value @9 = 0 is
realized, are exceeded, potential (26), according to
Eq. (25), gives a constant value of the excess volume,

fo=u/p-

2.8.2. Change from the density-modulation
order parameter to the excess-volume one

Hence, using relation (25) between the order param-
eters f and ¢, we found expression (26) for the free
energy ®s_,, (¢), which corresponds to the poten-
tial @ (f) [Eq. (22)]. Although the thus determined
potential is reduced to the form ®,(¢) [Eq. (3)], nev-
ertheless, it describes principally different properties
of a lubricant in a certain interval of parameters (at
low temperatures T'). So, it is also of interest to find
the potential as a function of the excess volume f,
proceeding from the initial expansion of @, (¢) [for-
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mula (3)]. For this purpose, relation (25) written in
the form

2 _ M

i
p?P==—=f

a a

(29)

will be used. When substituting Eq. (29) into Eq. (3),
we obtain the potential

ap(T—Te) bu*|  p
Bt = { a 12| T ot
o (T, =T) f o  bup\ .o  bE* 4
*(a_fel‘zaz Pagal G0

It is equivalent to expression (3) for @, (¢). To within
a constant, the free energy (30) is reduced to expres-
sion (22) for the potential @ (f), provided the change
of variables

M b b e
¢r“@nﬁ,m—i,w—“.
a a a

Then the solution of the system of equations (31) is
already given in terms of the parameters indicated
in the captions to Figs. 1 and 3, because they com-
prise a solution of the completely equivalent system
of equations (27).

Potential (30) brings about the following expression
for the stationary value of the order parameter:

F \/a%gl +2aa (T —T.) + bu
0= — )

(31)

o (32)

which, if relation (27) or (31) is taken into ac-
count, coincides with expression (23). Furthermore,
using relation (25) between the order parameters
[or the equivalent expression (29)], we obtain for-
mula (5). Note that if the temperature T' grows in
a certain interval starting from the zero value, there
can arise a situation, where the expression under the
root in Eq. (32) is negative. Then potential (30) has
a minimum equal to zero and the stationary value
is fo = 0, which, according to Eq. (29), leads to a
constant value g of the density modulation (see the
solid Tj-curve in Fig. 4). In this case, contradictions
similar to those described above do not arise.

Since the potential ®,_,¢(f) [Eq. (30)] is equiv-
alent to expression (22) for ®¢(f) to within a con-
stant, it governs the behavior that is similar to that
exhibited in Fig. 3. On the other hand, this potential
corresponds to expression (3) for ®,(y), so it also
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leads to the results shown in Fig. 1. Hence, expres-
sions (3) for the free energy @, (¢), (22) for @5 (f),
(26) for ®¢_,, (¢), and (30) for @, ¢ (f) describe
the same stationary states of lubricant. The behav-
ior distinctions observed in Fig. 4 take place only at
low temperatures and are induced by different val-
ues of the expansion parameters a and pu, because
always a > p [see formula (28) and the relevant
explanation].

Furthermore, it is easy to determine the lubri-
cant temperature T above which the both models
are equivalent. For this equivalence to take place,
it is necessary that the expressions under the roots
in Egs. (23) and (32) be positive in the absence of
strains, g, = 0. Those expressions are positive, if the
lubricant temperature T' is higher than the critical
value,

*
T>T* = %. (33)
If this inequality is satisfied, the both models con-
sidered in this paper demonstrate identical results in
the whole interval of control parameters. This state-
ment, according to the last expression in Egs. (27)
(at a fixed value of T.), agrees with the fact that, in
order to broaden the width of the interval, where the
models give the same result, it is necessary that the
value of the parameter p be as close as possible to the
value of a. For the expansion parameter values used
in this work, we obtain the value T* = 14.5 K.

2.4. Influence of the external load

The research performed above confirms that the pro-
cess of boundary friction can be described identically
using the density modulation ¢ or the excess vol-
ume f as the order parameter. The former model is
more universal [expression (3) for ®,(¢)], because it
is valid in the whole interval of control parameters, so
it does not need additional conditions. However, an
essential shortcoming of this model is the fact that
it does not consider the influence of external loads,
which is very important in this problem, because ex-
ternal loads can change the behavior of tribological
systems in a critical manner [4]. The fact that the
process of boundary friction in the absence of exter-
nal loads (n = 0 Pa) can be identically described
using the both models leads to an idea of that there
is a correspondence between the approaches, which
allows the model based on the potential ®, (¢) to be
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so modified that it would involve the influence of ex-
ternal loads on the friction surface. Let us find such
a correspondence.

First, let us write the potential ®¢(f) [Eq. (15)]
with n # 0 in a simpler form. According to expres-
sions (17) and (21), the second invariant of the strain
tensor can be expressed via the first invariant as fol-
lows:

()’ =

where g is the elastic strain component, which is
the control model parameter. After the substitution
of expression (34) into the free energy (15), we obtain

e+ ()’

e (34)

p At a2 .
‘bf:§5§1+T(5m!) +{ 0~ 5l

5 (35)

AR ey o/T] A+ idnf“.
Taking potential (35) as an example, let us consider
the change from the order parameter f to the order
parameter ¢ in the general case, i.e., when the exter-
nal normal stresses n differ from zero.

The substitution of relations (25), (16), (19),
and (20) into potential (35) gives the expression

n n?ji/2
BN = A+ ap? (A + 1)

P on =P (‘P) , (36)

where ®¢_,, () is defined by formula (26). In the ab-
sence of external load (n = 0 Pa), the application of
relations (27) makes it possible to reduce potential
(36) to @, (¢) [Eq. (3)] with an accuracy to a con-
stant. Hence, expression (36) generalizes the model
proposed in works [10, 18, 19] because it addition-
ally takes the external load applied to the surfaces
into account. When finding the stationary values for
the order parameter and the shear modulus directly
from expression (36), the curves shown by symbols in
Fig. 4 are obtained in the whole interval of control pa-
rameters, without a necessity to introduce additional
conditions and restrictions.

Figure 5, a illustrates the dependences of the po-
tential ®¢_,, », [Eq. (36)] on the order parameter ¢
for various values of the external load growing from
n1 to ns. In particular, if the load n; = 0 Pa, then po-
tential (36) is reduced to ®¢_,, (¢) [Eq. (26)]. From
the figure, it follows that the growth of the exter-
nal load increases the stationary value of the order
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parameter ¢ corresponding to the minimum of the
potential ®;_,, , [Eq. (36)] (see also Fig. 5, b). Accor-
ding to expression (6), this leads to the growth of the
shear modulus pso of a lubricant, i.e., the lubricant
becomes more solid-like. Physically, this occurs due
to the fact that the growth of the external load leads
to a forced ordering of the molecules in the lubricant
layer [4].

It is worth noting that if the parameters have the
values that were used to plot the curves corresponding
to the temperatures Ty and T3 in Fig. 5, b, then the
increase of the magnitude of external normal stresses
n gives rise to a phase transition of the second order
between the zero (in the liquid-like structure) and
non-zero (in the solid-like structure) stationary val-
ues of the order parameter ¢y. At the temperatures
Ty, Ty, and T3, the lubricant is in the solid-like state
even under the zero load, n = 0 Pa, because ¢y # 0
at n = 0 Pa. Hence, model (36) makes allowance for
the influence of the temperature T, the elastic strains
€el, and the external load n, whose set of values de-
termines the phase state of the lubricant. In works
[23, 24, 26, 27|, a relation between the elastic strain
in the lubricant layer and the relative velocity of the
friction surfaces was obtained. Thus, the main control
parameters governing the friction modes were taken
into consideration.

Note that potential (36) can be transformed into a
polynomial form, if we carry out a series expansion of
the term describing the external load,

n /1/2
BN — A+ ap? (A + i)
. (37)
#A )\M m=0 [ ]

However, in so doing, we should account for that se-
ries (37) converges only provided the condition

fiX — A
a (5\ + ,E)
is obeyed, where the selected values of the model pa-
rameters bring about the critical value of the order
parameter . = v/30030/260 ~ 0.667. Note that, ac-
cording to inequality (38), it is possible to choose such

values of model parameters — e.g., by enlarging the
value of the parameter A — that substantially broaden

Y <@c= (38)
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Fig. 5. Dependence (36) of the free energy ®;_,,, ,, on the or-
der parameter ¢ for the parameters A = 10'? Pa, X = 10!! Pa,
the elastic strains g, = 0, and the lubricant temperature
T = 300 K (a). The other parameters are the same as in
Figs. 1 and 3. The curves nj to ns correspond to the values
of normal stresses n = 0, —1.2, —1.7, —2.1, and —2.4 MPa,
respectively. Dependences of the order-parameter stationary
value ¢ on the external normal stresses —n, corresponding to

potential (36) for the same parameters as in panel a (b). The

curves T7 to Ts correspond to the temperatures 7' = 100, 200,
250, 300, and 400 K, respectively
X V
M
F
< n KV,

vy
Fig. 6. Mechanical analog of the tribological system

the convergence interval. However, since we have the
exact expression (36) for the potential @, (),
the application of formula (37) is optional.

3. Kinetics of the Tribological System

Consider a mechanical analog of tribological system,
which is shown in Fig. 6. A spring with the stiff-
ness K is connected to a block with the mass M. The
block is located on a smooth surface, being separated
from it by a lubricant layer with the thickness h. The
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free end of the spring is driven at the fixed veloc-
ity V5. When the block moves, there arises a friction
force F', which resists the motion. Let us denote the
current coordinate of the block as X. Then the cor-
responding equation of motion looks like [10, 35]

MX =K (Vot — X) — F. (39)

This equation includes the friction force F', which can
be found using the models described above. For this
purpose, we have to know the relation between the
shift velocity V' and the elastic strains arising in the
lubricant layer. Let us use the Debye approximation,
which relates the elastic, ., and plastic, €p1, strain
components via the formula [10]
Eel

Ep = 2
p ,7_6’

(40)

where the relaxation time parameter 7. is introduced.
The total strain in the lubricant layer consists of
the elastic and plastic components,

€ = €el T €ply (41)

and determines the velocity V of the block according
to the law [36]

V =he = h(éd + {-fp1). (42)

The last three equations bring about the following
expression for the elastic component of shear strain:

Ve
h

As arule, the relaxation time 7, is very short, which
allows the stationary value of elastic strain

Ve
)

to be used with a sufficient accuracy within the ap-
proximation 7.é, = 0. Expression (44) means that
the elastic strain &) in the lubricant layer with a con-
stant thickness h is determined by the block veloc-
ity V. The elastic strains equal zero at rest (V =
=0 m/s) because the external perturbation of the
system is absent. The friction force that acts in the
system and is shown in Fig. 6 is determined as the
product of total stresses and the contact area A of
the friction surfaces,

Tsécl = —€e t . (43)

€el (44)

F = (0a +0,)A4,
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(45)

where the viscous stresses o, are calculated according
to the formula [36]

p— neﬁv
v h

(46)

and the effective viscosity of lubricant, neg, is deter-
mined by the following dependence, which was ob-
tained experimentally [36]:

Meir =k (€)7. (47)

Here, the coefficient of proportionality k& with the di-
mensionality Pa-s7*! is introduced. For pseudoplastic
fluids, v < 0; dilatant fluids are characterized by the
index v > 0. In the case of Newtonian fluids, v = 0,
because, in accordance with Eqgs. (47) and (42), the
viscosity does not depend on the velocity gradient.
Taking Eqgs. (42) and (47) into account, expression
(46) for viscous stresses can be written in the form

vy
=k(—) .
o =+(5)

Substituting this formula into Eq. (45), we obtain the
final expression for the friction force? [23],

v+1
Oel + k SgH(V) (|‘]’/’j|>

(48)

F= A, (49)

where the elastic stresses o, are determined by ex-
pression (4) or (21), depending on the applied model.

3.1. The excess volume
as the order parameter

To describe the lubricant behavior, let us write the ki-
netic relaxation equation of the Landau—Khalatnikov
type [37],

or_ 5% (50)
ot oz

where z is an order parameter, and the kinetic co-
efficient § characterizes the inertial properties of the
system. Consider firstly a situation where the excess
volume f is used as the order parameter, z = f. Af-
ter substituting the free energy ®; (f) [Eq. (35)] into

2 Here, the sign function sgn(z) and the absolute value of the
shift velocity, |V|, are used, because the velocity itself, V,
can acquire negative values.
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Fig. 7. Dependences of the friction force F' [Eq. (49)], the
block shift velocity V', the block coordinate X, the spring elon-
gation AX = Vpt — X, and the elastic shear stresses o] on the
time ¢ at the parameters M = 0.4 kg, K = 1500 N/m, § =
=100Pa I xs 1, h=10""m, 7. =107 s, A =5x10"9 m?,
v =-2/3, k=5x103 Pa-s¥/3 T = 250 K, Vp = 500 nm/s,
and n = —0.3 MPa. The other parameters are the same as in
Figs. 1, 3, and 5

Eq. (50), the latter looks like

19f ATe AN )
5&——f[2¢0_ﬂ<h) —2a'T

— 1 f? -

B n2f(5\+ﬂ)
[/\Jru—f?(/_\Jrﬁ)f’

where relation (44) between the relative shift velocity
of friction surfaces, V', and the elastic strain in the lu-
bricant layer, €., is used. Equation (51) tells us that
an increase of the external load (of the magnitude of
normal stresses n) leads to a forced ordering in the

(51)
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Fig. 8. Dependences of the order parameters ¢ and f on the
time ¢ corresponding to the dependences shown in Fig. 7

lubricant because the excess volume f decreases at
that. To calculate the time evolution of the main pa-
rameters of the tribological system shown in Fig. 6,
we numerically solved the system of kinetic equations
(39) and (51). The friction force F' was determined
from Eq. (49), and the elastic stresses oq = 7T ac-
cording to expression (21)3. The relation X =V
has also to be taken into account. The indicated sys-
tem of equations was solved using the Euler and 4th-
order Runge-Kutta methods. Both of them gave rise
to identical results.

In Fig. 7, the numerically calculated time depen-
dences of the friction force F, the block velocity V,
the block coordinate X, the spring tension AX, and
the elastic stresses 7 arising in the lubricant layer
are depicted. As follows from the figure, the stick-
slip mode of boundary friction is established in the
system, when periodic phase transitions between the
solid-like and liquid-like structural states of the lubri-
cant take place. The specific features of this type of
the stick-slip motion mode, as well as its origin, were
considered in work [23] in detail in the framework of
the model for the phase transition of the first order.

Figure 8 additionally exhibits the time, ¢, depen-
dences of the excess-volume, f, (cut from above) and
density-modulation, ¢, order parameters, which cor-

3 Since the model does not restrict the value of the excess
volume f, then, according to Eq. (19), we must put peg = 0
if f > \/m Accordingly, the parameters A and X should
be chosen so that the condition Aeg > 0 be always obeyed
for all realized values of the order parameter f.
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respond to the dependences shown in Fig. 7. It fol-
lows from the figure that the system actually under-
goes phase transitions, with the density modulations
being smaller for larger excess volumes.

3.2. The density modulation
as the order parameter

Substituting the free energy (36) into Eq. (50),* we
obtain the explicit kinetic equation

10p V. 2 3
Sar - ¢ [QQ(T—TC)-Fa( 5 > 1 —bp” +
nQﬂaap()\—&—ﬂ)
(X — M+ ap?(A + )]

(52)

To simulate the process of lubricant melting, it is
necessary to follow a procedure similar to that de-
scribed in the previous section. The only difference
consists in that it is necessary to use Eq. (52) instead
of Eq. (51). The elastic stresses o entering expres-
sion (49) for the friction force F are determined by
expression (4). However, the application of Eq. (52)
has an important detail. In particular, if Eq. (52) is
integrated numerically, its root ¢ = 0 remains stable,
even if it corresponds to the maximum of the poten-
tial ®,(¢). In work [23], to avoid such a situation,
additive noise with low intensity was additionally in-
troduced into Eq. (52). The role of this noise consists
in that in the described situation with ¢ = 0, the sys-
tem will transit from the unstable state into the sta-
ble one corresponding to the energy minimum. Thus,
the account for fluctuations is necessary due to the
specific features of a numerical calculation. The inte-
gration of Eq. (51) does not invoke such problems.

4. Conclusions

In this work, the thermodynamic theory of the struc-
tural states at the boundary friction, which was pro-
posed by V.L. Popov, has been generalized. The gen-
eralization consists in that the load on the friction
surfaces is introduced into the model in a natural way
via the magnitude of external normal stresses. It is
shown that the increase of normal stresses leads to
an increase in the stationary values of the density-
modulation order parameter and the shear modulus

4 Expression (36) describes the free energy @, [Eq. (3)] mak-
ing allowance for the term corresponding to the external load
and proportional to n?.
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of a lubricant. The lubricant can melt, if its temper-
ature grows, the elastic strain component increases
(it appears in the lubricant layer at its shear), or
the external load decreases. The model described in
this work summarizes the results previously obtained
while studying the kinetics of boundary friction in
the absence of external loads. Since the load on the
surface often has a critical effect in boundary-friction
experiments and the proposed generalization allows
the description of the load effect, the work can serve
as a basis for further theoretical research.
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APPENDIX A
Determination of the strain tensor invariants

Hooke’s law for an isotropic body is written in the form [33]
(A1)
Let us choose the principal deformation axes as the coordi-
nate axes. Then the strain tensor €;; has only diagonal com-
ponents. Let us consider a plane-deformed state of lubricant,
for which €22 = 0. The diagonal components of the stress ten-
sor in the selected coordinate system are

oij = Aeiibij + 2pes;.

o1 = A(e11 +e33) + 2petn, (A2)
o2 = A(e11 +€33), (A3)
o3 = A(e11 + €33) + 2uess. (A4)
The tangential stresses [34]

2= 2T = p(eaa —en), (A5)

act along the lubricant boundary, and the stress normal to the
lubricant boundary equals [34]
03 +01
2
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Then, from Egs. (A5) and (A6), we obtain

R l(ng 7’2)
11 = = -
2 \ A+ p o

1 no T
R (A+u * u)'

(A7)

(A8)

Accordingly, the first two invariants of the strain tensor —
Egs. (16) and (17) — are as follows:

€ii = €11 + €22 + €33 =
2 2 2
€ij€ji = €11 T €32 T €33 = o
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3B’A30K MI?K ITAPAMETPAMMU ITOPAIKY
MOJIVJIALIL I'YCTUHU I HAJJJIMIIIKOBOT'O OB’EMY
ITPU1 OITNCI CTAIIIOHAPHUX CTPYKTYPHIUX
CTAHIB ME2KOBOI'O MACTUJIA

B pamrkax Teopii dazoBux mepexoxis Jlangay 3 BUKOpHCTaH-
HSM MOIYJSAIil I'YCTUHU 1 HAUIMIIKOBOro 06’eMy B poJii ma-

1008

paMeTpiB MOPSJKY onucaHo (as3oBUil Iepexis Jpyroro pouy
Mi>K CTPYKTYPHHUMH CTaHAMHU MEXKOBOT'O MaCTHUJIa, 3aTUCHYTO-
ro Mi’K aTOMapHO-IJIAJKUMI TBEPAMMU [TOBEPXHAMU. SHANUIEHO
3B’S130K Mi>K TAKUM YHMHOM BH3HAYEHHMU ITapaMeTPaMU IOPsI/-
Ky. [ociigkeHo crarjioHapHi CTaHH MaCTUJIBHOI'O MaTepiajy B
3aJI€?KHOCTI BiJl KEPYIOUHX IIapaMeTpiB — TeMIlepaTypu MacTHu-
J1a, Ipy»KHOT gedopMarliil B 3Mallly BAJbHOMY IIapi 1 30BHIITHBO-
ro HaBaHTAaKEHHsI Ha NOBepPxHi TepTs. [IpoBeneHo MomeoBan-
Hsl KIHETHKU IIJIAaBJIEHHSI B PaMKaX MeXaHidHOI'o aHaJjora TpH-
00JIorivTHOI cucTEMH i3 IPYKHICTIO.

Katowoesi
pUBYACTHIl pEXKUM KOB3aHHsS, ITapamMeTp IOpsiaKy, dazoBuii

CA06a: MEXOBe MaCTWIO, Cujaa TepTd, Iiepe-

repexism,.
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