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MODEL OF ANGULAR MOMENTUM

TRANSPORT AT THE PROTOPLANETARY DISK
EVOLUTION AND DISK SURFACE DENSITY

We consider how the tidal effect of a protoplanetary disk interaction can be incorporated into
calculations of its viscous evolution. The evolution of the disk occurs under the action of both
internal viscous torques and external torques resulting from the presence of one or more em-
bedded planets. The planets migrate under the effect of their tidal interaction with the disk (in
the type-II migration regime). Torques on a planet are caused by its gravitational interaction
with the density waves which occupy the Lindblad resonances in the disk. Our model simpli-
fies the functional form of the rate of injection of the angular momentum A(r) to construct
and solve the evolution equation for a disk and an embedded protoplanet. The functional A(r)
depends on the tidal dissipation distribution in the disk which is concentrated in a vicinity of
the protoplanet’s orbit. We have found an analytic solution for the disk surface density.
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surface density.

1. Introduction

We present the evolution of a protoplanetary disk un-
der the action of both internal viscous torques and
external torques from embedded planets [1, 2]. The
orbital evolution of planets, due to their interaction
with the ambient disk, has been covered in a few
recent reviews [3-5]. It turns out that a change in
the orbital elements of the protoplanet can be pre-
dicted as a consequence of the interaction with the
disk [6]. The migration of the planet is the most im-
portant consequence observed in the overall evolution
of the major semiaxis of the planet. Three regimes of
migration, functions of the mass of planets, can be
distinguished, with two limiting regimes of migration
as the most important. For a mass less than about 50
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Earth’s masses, the planet cannot open a gap in the
disk [3,4], so the evolution can be treated in the linear
regime. This type of evolution is type I. The analytic
formulation of the migration of this type has been
presented in [7, 8]. For massive planets, the angular
momentum deposition in the disk causes an annular
gap in the disk at the orbit of the planet. The reduced
mass available near the planet causes a slow-down of
the migration speed from the linear rate. This is the
type Il migration. At equilibrium, the planet is locked
in the middle of the gap to maintain the torque equi-
librium [1, 9, 10]. Several numerical calculations fpr
migrating massive planets were done in [11, 12]. In
these works, a constant kinematic viscosity is consid-
ered. The more recent work [13] analyzed the influ-
ence of a planetary motion on the type I migration
regime. The migration of massive planets in an am-
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biant disk has been studied in [14]. In this last model,
the planets were locked in a disk with an initial Gaus-
sian profile and a constant kinematic viscosity. The
problem of type II migration is still relevant.

In this paper, we give the analytic solution of this
problem and study the migration of planets in slim
disks with an approximation of the external torque
due to the planet. On the first step in the next section,
we define the torque and, in Section 3, present our
analytic solution.

We do not pretend to solve the problem without the
resorting to a numerical method, but we will obtain
an analytic solution for a simplified model which may
be used to build migration models.

2. The Rate of Specific
Angular Momentum Transfer

In the type I migration model, the planets are not
massive enough to perturb the disk. We assume that
the total torque is the sum of the contributions from
the three different resonances: The first is the par-
tial torque from the inner Lindblad resonances which
drive the outward migration. The second is outer
Lindblad resonances which drive the inward migra-
tion, and the third contribution is due to the co-
rotation resonance. However, the partial torques from
the inner and outer Lindblad resonances are of op-
posing signs, but of almost the same magnitude. To
predict the direction of the migration in an analytic
calculation is somewhat difficult, because a precise
calculation of the torque is needed. Moreover, real
disks can be turbulent with a domination of fluc-
tuating torques that result from turbulent density
fluctuations.

We adopt the cylindrical polar coordinates (r, @, z).
The studied accretion disk rotates and has the axial
symmetry around a star of mass M,. The disk lies in
the z = 0 plane, r is the radial coordinate. The razor
thin disk approximation implies that the disk scale
height H = C /<), where Cj is the sound speed, and 2
is the angular velocity of rotation of the disk, is much
smaller than the distance from the star H/r < 1. The
disk is assumed to be axisymmetric, so that all vari-
ables are functions of only the radius r and time ¢. We
consider a geometrically thin stationary, rotating and
axisymmetric accretion disk around a star of mass
M,, with a viscosity v which can be written as a
power-law in the radius [15]. The kinematic viscosity
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v governs the transport of the angular momentum
in the disk. We consider a more general case where
v=sr", n <2 and s is a constant [16]. The rate of
specific angular momentum transfer from the planet
with mass M, = ¢M, at the radius (major semiaxis)
rp to the disk is given by A(r) [17,18]:

@2GM, [ r\' -
- -— |, T T
2r Ay)’ b

¢*G M, Tp 4.

2r (Az) 7
where A, = max(H, |r —rp|), and H is the disk scale-
height.

Protoplanetary disks evolve to cviscous transport
of the angular momentum and the photo evaporation
by the central star. Planets migrate due to the tidal
interaction with the disk, and the disk is also subject
to tidal torques from planets.

Treating the evolution equation with A(r) given by
(1) is analytically very complicated. To avoid these
difficulties, we will modify the rate of specific angular
momentum transfer A(r) so that the resulting dif-
ferential equation of the model can have an analytic
solution which approximates the real evolution.

This modification allows us to solve only two equa-
tions and gives an acceptable result at a vicinity of
the planet. In our model, the rate of specific angular
momentum transfer is described by two equations,
where 1 <n<2and 0 <n' <1:

A(r) = (1)

> Ty,

[T
Vo= T (2)
R

n’+
r 2
— — 5 rT> Ty,
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This choice of a model is based on two main facts:

The first is that the rate of specific angular momen-
tum transfer A(r) depends on the tidal dissipation,
which is concentrated, in turn, when the viscosity
v is very large, at r = r, near the protoplanet or-
bit [19]. The viscosity expression proposed in [15,20]
leads us to choose this rate, as indicated by the for-
mulas (2).

Another feature to note is that this model in a
vicinity of the orbit admits an exact analytic treat-
ment. In view of the importance of the viscosity near
the planet orbit [19], we focus on the study near
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rp. We have mentioned this remark, when we com-
pared the formulas (2) and (1), at  ~ r,,. Indeed, for
all values of n and n’. Near the planet orbit (r ~ r,),
we have A'(r) = A(r).

Our model preserves the physical properties of the
rate of specific angular momentum transfer. It is the
fact that the moment is maximum close to the planet
and decreases progressively, when the distance to the
planet increases. The torque exerted on a planet can
be obtained in the impulse approximation [19]. A loss
of the angular momentum from the planet is due
to the interaction between the external gas and the
planet which is overtaken by the planet, while a net
gain in the angular momentum is due to the gas in the
interior part which is overtaken by the planet. The
total torque will be the sum of all the torques and
depends on the structure of the disk. We took val-
ues for n and n’ in such way that the new function
approximates the real function as much as possible.

The purpose of the present paper is to obtain an
approximate solution of the evolution equation given

by [1]
ox(r,t) 12
ot ror

A(r)rs
G M.,

3\/F%(y2\/77) ) s @)

Here, ¥ = X(r,t) is the disk surface density in the
cylindrical coordinate system, ¢ is the time, v = sr™,
n < 2, is the friction coefficient per unit density or
kinematic viscosity. The torque A(r) is given by (1).

To deal with the torque term A(r), we shall use
a polynomial-type approximation in order to obtain
an approximate analytic solution of the evolution
equation. Therefore, we use an approximation for the
torque term by taking (2).

Such an approximation is good in the neighborhood
of the planet orbit 7,, or for a thin disk H < r,
if 1l <n < 2andn < 1. We do not claim that our
approximate analytic solution is accurate everywhere,
but this approximation turns to become a good tool
for studying the evolution of a planet orbit.

3. Model for Planetary Migration

We now give our simplified model with an evolution
which is slightly different from the standard form used
in the literature by the approximate function A’(r)
obtained in the last section. In our model, the evo-
lution of the protoplanetary disk is characterized by
the viscous transport of the angular momentum. The
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planets migrate under the influence of the tidal in-
teraction with the disk which is subjected to tidal
torques from planets. We assume that the shape of
the disk has the cylindrical symmetry. So, all equa-
tions are expressed in a cylindrical coordinate sys-
tem. The evolution equation of a protoplanetary disk
and a planet is described by

oX(r,t)

10 0

Here, Y(r, t) is the disk surface density in the cylindri-
cal coordinate system, ¢ is the time, v = sr™, n < 2, is
the friction coefficient per unit density or kinematic
viscosity, and M, is the stellar mass. The ordinary
viscous evolution of the disk is described by the first
term on the right-hand side [15, 20], and the second
term describes the effect of the planetary torque. We
shall limit ourselves to the stationary regime

0%(r,t)
——= = =AX(r,t). 5

- (r.1 (5)
In this case (the stationary regime), the viscosity v is
given by a radial power law. We assume a separable
ansatz of the form

X(r, t) = exp(—)\t)qb(r)7 (6)

where A is some constant, and ¢ is an arbitrary func-
tion of r. The latter expresses the amplitude of the
matter density at any value of r at a fixed time ¢ dur-
ing the propagation of the matter. Substituting A’(r)
in (4) by its expression and setting o = % (%’)4,
N:l—%>0andN’:1—%>O,wegetahomo—
geneous second-order differential equation, for r < r,
and for r > r,, respectively,

¢ (r) + [271 + g — arN} r¢' (r) +

+ [n (n—&-;) —a(l—&-g) TN+3:\ST2N}¢(7“) =0, (7)
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However, this last equation cannot be immediately
resolved. Thus, in the domain r < r,, we define the
new variable Nz = ar®. After some algebra, we have

(2-n)z¢"(z) +[3(n+1) = (2—n)z]¢(x) +

A n(2n+1)
+ [30425 2-n)z

(2—n)x+2 —(2+n)}¢(m):0.
(9)

Substitute the function ¢ (x) by a new function u (x)
as follows

x

o) = 2 exp (=) u(@), (10)
with

3 3 3
b_2<1—2_n><—4. (11)
Inserting into (9), we get the equation

v 0

o)+ [0+ Lt 5] ui) = (12)
where

3 A
b= i 3a2s (13)

1n—-1
77220 (14)
5= n=Dn=-3) (15)

4(n—2)

Introducing the new variable 2 = 2x+/3, we obtain
the Whittaker equation [21]

, 1 =k i—,uQ
u(z) + [4+Z+ = u(z) =0, (16)
where

0 n—1\1 AN\ 2

= —_—— p— 1
"T 9B (2—n) 2 (3+ 3025 (17
and

1

The formal solution of this differential equation is of
the form:

u(@) = C1 My, 22/ B) + CoWie u(22/B),
924

(19)

where M, ,,(2), Wi ,(z) are the Whittaker functions,
C1 and Cy are two constants depending on bound-
ary conditions at » = 0 and r = co. In the original
function ¢(r) for r < r, and for r > r,, we get

st - (2 Y et e (22

<[t (2 VE) + e (22 20

b
ar™’ ar™’
X(r,t) = (— N ) exp(—At) exp <2N’> X
2 / 2 ,
X v {C{M,W <—;j\/BrN) + CW, (—]\;f\/BrN )]

(21)

where C] and C/ are two constants depending on the
boundary conditions at » = 0 and r = co.

4. Boundary Conditions

The dynamics of the accretion disk described by the
differential equation (4) is an initial-value problem.
Generally, the boundary condition has an influence
on the global solution. So, the boundary conditions
imposed on the accretion disk are of importance. The
outer boundary r — oo is a freely expanding surface.
We consider different boundary conditions: the
zero stress or no accretion at the inner boundary
r =0 (r = 0 is an inner edge of the disk), and the
zero mass inflow at the outer boundary r — co.
First of all, we have the limiting cases as z — 0 [21]

o (2) ~ 22T, (22)
I'(2 I'(-2
Wn,u(z) -~ . ( M) Z%_“—l— 1( /’6) 1p
NGRS LG—n—n
(23)
As z — 00, we have
I'(1+2
My (2) e T2 oo, 1)
Wi u(2) ~ e 272", (25)
We note that
3 1
2z 1 26
1< tr<l, (26)
1 1
0< = — —. 27
< -H< (27)
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Because the Whittaker function Wy, ,(z) has an ex-
ponential damping in the domain r > r,, we put

_3n'41

X(r,t) =C' (*%) =i exp (—At) x

ar’ 2 ’
X exp (2]\7’) W,{)# (—]W\/BTN> (28)
for r < r,. When r — 0, we get

a\?b N
S(r,t) =~ (N) exp (— ) exp <2N> [Chug + Caus,
(29)
where
+u
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As the term rV+2H1) tends to infinity at r = 0, we
put Cy = 0. Therefore, we have:

3 n+1

X(r,t) :C(Oé) P 0 exp(—At) x

N
N
ar 2c0
X exp( > N> ( f Br >
Finally, we obtain an approximate solution 3(r,t) of

the evolution equation for r < r, and r > r,, respec-
tively, as

(32)

_3
Z(T, f) = C(a) e 'r_%(n-‘rl) exp(—)\t) X

arN 20
X exXp <_2]V> Mn,p, <N ﬁTN> (33)
and
NSt
X(r,t) = C’/(fﬁ) a0 D exp(—At)
N’ 20 ’
X exp <2N’> Ky <_ N/ \/BTN> (34)
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5. Results and Discussion

To present the behavior of the surface density near
the planet, we take the approximation made in [16],
where t, = %Ttn is the local time scale at r in
the case of nonzero viscosity. For computational con-

venience, we introduce a set of dimensionless vari-

ables such that: @ = ar), p = =, 7 = & and
p

K = 30?23’ K is constant We have g = i—l—K

K:(2n> <3+K) M:%7N:1_§7

N’:lf%/,1<n<2and0<n’<1and
b = ( ——) We can then have the solution of

the evolutlon equation as follows: for p < 1, (r <rp)

S(p,7) = C (Xn)" exp (2K (Xn)2N?7) x
X exp M, ,(2Xn+/B) (35)
and, for p > 1, (7> rp)
Y(p,7) = C'(—Xn+)Pexp (—2K (X n/)2N"7) x
XN/
x exp (= ) Wi (=2Xn\/B), (36)
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Fig. 1. The behavior of the surface density as a function of
the scaled time variable 7 = 0.064; 0.256, for different values
of n
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Fig. 2. The behavior of the surface density as a function of
the scaled time variable 7 = 0.064; 0.256, for different values
of n’

where Xy = a@p"/N and Xy = ap™ /N’. The
resulting solutions suffice to illustrate the essential
behavior implied by the evolution equation for the
disk. With v = constant, the solution to the evolu-
tion equation is possible [22].

In the Fig. 1, the curves show the behavior of the
surface density as a function of p for two scaled time
values 7 = 0.064 and 7 = 0.256 and for two values of
n = 3/2 and n = 7/4. Figure 2 shows the behavior of
the surface density as a function of p for two scaled
time values 7 = 0.064 and 7 = 0.256 and for two
values of n’ =1/10 and n’ = 1/2.

The evolution of the surface density in the model of
a protoplanetary disk is plotted: (a) for n =3/2, (b)
for n = 7/4, (¢) for n’ = 1/10, (d) for n’ = 1/2. The
curves show the behavior as a function of the scaled
time variable 7 for 7 = 0.064 (black line) and 7 =
= 0.256 (red line). To highlight the difference be-
tween the different cases, we have done a zoom in
of each figure (at the left of each).
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The coupled evolution of a planet embedded
within the evolving disk can be approximately mod-
eled with straightforward generalizations of the one-
dimensional evolution equation discussed in Sec-
tion 3. As an illustration of such a calculation, Figs. 1
and 2 show the behavior of the surface density at a
given time and distance, this expected behavior fol-
lowed by the formation of a planet at (r =r,) inside
the disk. Through these curves, the density is very
low near the planet (r = r,), and it has a significant
value away from the planet.

6. Concluding Remarks

In this work, we have solved exactly the evolution
equation for a disk with embedded protoplanets. In
view of the importance of the second term on the
right-hand side of the evolution equation, which de-
scribes the effect of the planetary torque, especially
near the planet orbit, we have suggested an approxi-
mate rate A’(r) of specific angular momentum trans-
fer which have the same form as A(r) near the planet
orbit. The choice of A’(r) is based on the idea of vis-
cosity proposed earlier in [15].

We have presented the overview of a giant planet
migration in evolving protoplanetary disks. Our disks
evolve under condition of the viscous transport of an-
gular momentum, while planets undergo the type II
migration. In a one-dimensional model, we have per-
formed the calculations within the approximation of
the external torque due to the presence of a planet.

We have found analytic solutions for the surface
density within a protoplanetary disk. Our result is
similar to that in [1]. This solution is plotted in Figs. 1
and 2. Over the time, the surface density is very low
near the planet, and it has a significant value away
from the planet.

Finally, we have used the results of our exact so-
lution of the evolution equation that allowed us to
contribute to the study of the planetary migration.
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MOJEJIb TPAHCIIOPTY KYTOBOI'O
MOMEHTY ITPY EBOJIIOLIII ITPOTOILJTAHETHOI'O
JUCKA TA ITOBEPXHEBA I'VCTUHA JIMCKA

Mu posrisiiaeMo, SIKUM YMHOM MOXKe OYTH BKJIIOUYEHO IpH-
IUTUBHUI edeKT BiJf B3a€MO/il IPOTOIIAHETHOT'O JIUCKa Ta I1JIa-
HETU B PO3PaxXyHKHU HOro eBOJIIOIIl 3 ypaxXyBaHHSM B’sI3KOCTI.
Epostroniss nucka TpuBae Il Ji€0 SK MOMEHTIB BHYTPILIHIX
CHJT B’SI3KOCTI, TaK i MOMEHTIB 30BHIIIHIX CHJI, [0 BUHUKAIOTH
BHACJ/IIOK HPUCYTHOCTI OfHieT abo Kinbkox myaner. [lnanern
MIrpy[oTh MiJj BINIMBOM NPHUILUIMBHOI B3aemoail 3 auckoMm (y
pexxkumi Mmirpamil II tumy). MomeHnTn cni Ha IJIaHeTi BUKJIIHU-
noB’si3aHi 3 pesoHancamu JIiHa6aana B aucky. Hama momens
crpoinye pyHKIOHAIbHY HPOPMY MBUAKOCTI 1H2KeKIil KyTOBO-
ro MoMeHTy A(r) 3 MeTOI0 IOGYI0BH PIBHAHHS €BOJIIONI] Ta Horo
pO3B’sizaHHs 1151 qucKa i nporonnaneru. Pyukujionan A(r) 3a-
JIE?KUTH BiZl PO3IOAIIY B AUCKY IIPUIJIMBHOI JMCHUIIAILiL, IO 30-
cepeKeHa 1106in3y opbiTi npororiaHeTr. Mu 3HalnIM aHa-
JITUYHUN PO3B’A30K JJIsl IOBEPXHEBOI I'yCTUHU JIUCKA.

Katowoei cao6a: IpOTOINIAHETHUR AUCK, MOMEHT CHJI B’sI3-
KOCTi, KyTOBUI MOMEHT, IIJIaHETA, AKPELIHHUIN AUCK, IIOBEPXHE-
Ba I'yCTHHA.
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