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The hydrodynamics of a completely ionized two-component electron-ion plasma is investigated
at the end of the component temperature and velocity relaxation. The problem of accounting for
the peculiarities of the Coulomb interaction in the plasma kinetics is discussed. The investiga-
tion is based on the Landau kinetic equation and the Chapman—Enskog method generalized on
the basis of the Bogolyubov idea of the functional hypothesis. Nonlinear hydrodynamic equa-
tions are obtained. Linearized hydrodynamic equations are built, and the hydrodynamic and
kinetic modes of the Landau kinetic equation are investigated in the hydrodynamic approxima-
tion. The effect of the relaxation processes on the evolution of the system is investigated. On
the basis of the Viasov—Landau equation, the plasma modes are investigated in the main hydro-
dynamic approzimation. Some of them describe the relaxation damping of plasma oscillations,
which is much more tmportant than the Landau damping at small wave vectors k — 0.
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1. Introduction

In his known paper [1], L.D.Landau obtained a
kinetic equation for a completely ionized two-com-
ponent electron-ion plasma. This equation is widely
used in the investigation of the plasma kinetics (see,
e.g., [2-4]). Of course, it describes the situation in
plasma approximately. The Landau equation involves
only the short-range part of the Coulomb interacti-
on, because the Coulomb potential is artificially cut in
the collision integral at the Debye radius. This can be
done exactly by the Balescu—Lenard equation. In the
Landau collision integral, the Coulomb potential is
also cut-off at small distances, where this potential is
big, and the situation needs a special attention. This
was done in the exact consideration by A.A. Rukhad-
ze and V.P. Silin. A comparison of the mentioned
theories shows that the Landau kinetic equation de-
scribes effects of the short-range part of the Coulomb
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interaction in plasma with a logarithmic accuracy (see
the discussion of the mentioned results in [2]).

The present paper is devoted to the investigation of
hydrodynamic states of a two-component completely
ionized electron-ion plasma on the basis of the Lan-
dau kinetic equation and the consistent application of
the Chapman—Enskog method [5,6]. Special attention
is paid to accounting for relaxation processes in the
system. The term ‘“relaxation process” is understood
here in a narrow sense as a process that is possible in
spatially homogeneous states. The obtained equations
are applied to the investigation of the hydrodynamic
and kinetic modes of the Landau kinetic equation in
the hydrodynamic approximation. The corresponding
results cannot be found in the literature.

In this connection, we note that, in the hydrody-
namic approximation, the complex frequencies \;(k)
of modes are calculated only for small wave vectors
E (Ai(k = 0) = 0 for hydrodynamic modes, and
Ai(k = 0) # 0 for kinetic modes). The Landau kinetic
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equation has six hydrodynamic modes and an infinite
number of kinetic ones (see, e.g., [7]). The number of
hydrodynamic modes is equal to the number of param-
eters defining the equilibrium distribution functions
(DFs) (in our case, they are: the component particle
densities n. and n;, temperature T, and velocity v,,).

However, the Landau collision integral does not
involve the long-range part of the Coulomb interac-
tion. Therefore, these effects should be described by
some corrections to the Landau kinetic equation. An
important idea in this direction is connected with the
Vlasov term, which describes the one-particle effects
of a self-consistent field. However, the investigation
of the Vlasov-Landau kinetic equation on the ba-
sis of the Chapman—Enskog method meets difficul-
ties. Probably, one could overcome these difficulties,
by considering the intrinsic degrees of freedom of the
electromagnetic field in plasma. This idea is suggested
by the results of D. Bohm and D. Pines [8], which were
developed further in our paper [9]. It is better to in-
vestigate the interacting systems (in our case: an elec-
tromagnetic field and a system of charged particles
with an effective short-range interaction) in terms of
their modes to avoid the high dimensionality prob-
lem. In such a theory, one needs the modes of the
Landau kinetic equation. Therefore, the problem con-
sidered in the present paper is an important part of
this program, which will be elaborated elsewhere.

Hydrodynamic states of plasma are investigated in
the present paper with regard for the relaxation pro-
cesses. The pioneering investigation of the relaxation
of the component temperature T,(t) (a = e,q) for a
spatially uniform quasiequilibrium plasma was con-
ducted by L.D. Landau [1] on the basis of his ki-
netic equation and gave the corresponding relaxation
time 7p. According to his assumption, the plasma
components are described in this situation by the
Maxwell DF with time-dependent component tem-
peratures wqp(T,(t))

Ng _

Wep(T) = We €ap/T (1)
(€ap = p?/2m, is the energy of a particle, n, is the
component particle density). In this approach, the
component velocity v,(t) relaxation can be investi-
gated too, and the corresponding relaxation time 7,
can also be obtained [10], by using wg p—m, v, ) (T)
as the nonequilibrium DF.
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A hydrodynamic theory for a completely ionized
plasma on the basis of the Landau kinetic equation
was built by S.I. Braginsky [11, 12]. In his theory,
the plasma is completely described by the compo-
nent variables ng(x,t), Ty (z,t), Van(x,t). In [11, 12],
as usually in hydrodynamics, the gradients of these
reduced description parameters (RDPs) are assumed
to be small (let g be the corresponding small pa-
rameter). The difference of the component veloci-
ties Ven(,t) — vin(x,t) was considered as a small
quantity of the same order g¢. From the begin-
ning, the Landau kinetic equation was simplified by
S.I. Braginsky, by using the smallness of the electron-
to-ion mass ratio m./m; = 02 with some discussion
of the significance of contributions to the nonequi-
librium DFs. However, this was done without a sys-
tematic perturbation theory in the small parame-
ter o and corresponding estimates of the calculation

accuracy.
Braginsky’s investigation of the plasma hydrody-

namics is based on a modification of the Chapman—
Enskog method. He assumed that the main contri-
butions to the nonequilibrium DFs of the plasma
components fég)(x,t) are given by the Maxwell dis-
tributions wl,(2,t) = Wa p—myv, (@) (Talz,t)) (this
statement can be called the Landau assumption or
the local equilibrium assumption). However, these
DFs are not an exact solution of the kinetic equa-
tion in the zero-order approrimation in gradients
(even for a small difference vep(z,t) — vin(x,t)). So,
this is a deviation from the standard formulation
of the Chapman—Enskog method (see, e.g., [5, 6]),
and the DF wf, (z,t) cannot describe the sys-
tem adequately. The Braginsky modification of the
Chapman-Enskog method can be formulated as fol-
lows: to find a solution of the Landau kinetic equa-
tion near the states described by the DF wk (x,t). It
is also necessary to note that his investigation of the
transport phenomena omits a discussion of the diffu-
sion processes.

In the present paper, plasma hydrodynamics is in-
vestigated near the end of the component tempera-
ture and velocity relaxation processes. In this situa-
tion, the DFs of the plasma components fég)(m, t) can
be calculated in an additional perturbation theory in
small differences of the component temperatures and
velocities Ve (x,t) — v (2, t), Te(z,t) — Ti(z,t) (the
exact definition of the corresponding small parameter
 is given below).
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The theory proposed in the present paper is a ge-
neralization of the Chapman—Enskog method based
on the Bogolyubov idea of the functional hypothesis
(see about this hypothesis in [6]). This idea is a basis
of the Bogolyubov formulation of the standard Chap-
man-Enskog method [5, 6]. However, it allows us to
use a new RDP in the theory and new small param-
eters for the construction of a perturbation theory.

The generalization is made to account for the tem-
perature and velocity relaxation processes in plasma
hydrodynamics consistently and to understand them
in terms of the kinetic modes of the system.In
the solution of the obtained general integral equa-
tions, we restrict ourselves to the study of relax-
ation processes in the one-polynomial approxima-
tion, which is equivalent to the linear formulation
of the Landau assumption. The two-polynomial ap-
proximation will be discussed in a subsequent pa-
per. Note that a general nonlinear theory which
describes relaxation processes in a vicinity of the
standard hydrodynamic states was discussed in our
paper [13].

Our previous results devoted to accounting for re-
laxation phenomena in plasma hydrodynamics were
published in [14-17|. The present paper gives a cor-
rected formulation of these results and proposes the
investigation of plasma modes in the hydrodynamic
approximation with regard for relaxation phenomena.
The method, by which modes are obtained in the hy-
drodynamic approximation, is rather known [7, 18],
but the investigation of plasma modes on the basis of
the Landau equation taking the relaxation phenom-
ena into account cannot be found in the literature. In
this paper, not only the eigenvalues \;(k) of the gen-
eralized hydrodynamic matrix (the complex frequen-
cies of the system) are investigated, but also the cor-
responding eigenfunctions are calculated in order to
show the coherent movement of the system related to
each mode.

As noted above, the investigation of the Vlasov—
Landau kinetic equation on the basis of the Chap-
man—Enskog method meets difficulties. However, in
the last section of this paper, it will be shown that
the Vlasov—Landau kinetic equation can be applied
to the analysis of plasma modes taking the DF of the
system in the approximation of zero order in gradients
(i.e., neglecting the hydrodynamic dissipative proces-
ses: heat conductivity, viscosity, and diffusion). The
necessary DF can be found from the Landau equa-
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tion, because a self-consistent field in uniform states
is absent.

The plan of this paper is as follows: in Section 2,
the basic equations and definitions of the theory are
given; in Section 3, the hydrodynamic equations for
the parameters that describe the system are obtained;
in Section 4, the plasma component DFs are derived;
in Section 5, a linearized theory is built, and the dis-
persion laws for the modes of the Landau equation
and the corresponding coherent movements are inves-
tigated; and, in Section 6, the modes of the Vlasov—
Landau kinetic equation are discussed, by neglecting
the hydrodynamic dissipative processes.

2. Basic Equations of the Theory
The Landau kinetic equation can be written in the

standard form
Pan Ofap (T,1)

0 ap ’
Oer (0.0) _ _penWn0) 1101y, (2

where fu,(2,1) is the component DF (a,b, ¢, ... = e, 1).
The Landau collision integral I,, is given by the for-

mulas [1]
Z% €ate)’ Ldac(p),
Of e Ofa
Jac = _7/d3 /{fap 8 f) fcp 6]);0}
p
Dy (— ——| 3
uf2 ) o
Here, e, is the component charge (e, = —e, e; = ze;

e is the elementary electric charge, z is the ion charge
number), L is the Coulomb logarithm, and

Doi(q) = (¢%601 — qn@r) /4. (4)

The component temperature T,, velocity vg,,, and
particle density n, are introduced by the standard
definition [3, 6] in terms of the DF

/d pfap7 Tan = MaNaqVan = /dgpfappru

2
MMV,
% — /dgpfapeap,

where 7., and €, are the component momentum and
energy densities. The total particle and mass densi-
ties of the system are given by the formulas

nzz:na, p:Zmana. (6)
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From (2) and (5), the following equations can be
obtained:

ong _L OTan OTan _8tanl LR

ot Mg 0Ty’ ot ox; an (7)
660/ _ aqan

ot Oz, +Qa,

which express the conservation laws. Here,

p p
Gan = /dgp 5apm77;fap7 tain E/dgp plmiy;fap (8)

are the energy and momentum component fluxes, and

Qo = /ddp €apIap (f)v Ron = /dsp pnIap (f) (9)

are the energy and momentum component sources.
The total fluxes are given by the relations

tn = Ztanlv qn = Z Gan-
a a

It can be shown from the expression for the Landau
collision integral that the total sources are equal to
Z€ro:

Q=D Qu=0, R,=) Ru=0.

(10)

(11)

The system is considered here at the end of the tem-
perature and velocity relazation. It is evident that, af-
ter the end of those processes, the temperature 1" and
the velocity v, of the system are given by the rela-
tions

3 1
n = an = ns = a=zT a 27 12
vis ;w PUn, € ;s 3 n+2pv (12)

where 7, and € are the total momentum and energy
densities of the system. Therefore, in what follows,
we use the deviations of the electron temperature and
velocity from their standard hydrodynamic values,

T= Te - T, Un = Ven — U?na (13)
which are estimated by the expressions
Up ~ N/ T/me, T~ pT; p< 1. (14)

In the standard hydrodynamics of two-component
fluids [6], the component particle densities n,, tem-
perature T, and velocity v, are used as the RDPs,
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and it is assumed that the relaxation is finished. Note
that v" is expressed in terms of the diffusive flux,
which, in turn, is expressed in terms of n,, T, v, . For
the hydrodynamic processes in the presence of relax-
ation, the component particle densities n,, tempera-
tures Ty, and velocities v, play the role of the RDPs
[11, 12]. Relations (5), (12), and (13) show that the
deviations of the ion temperature T; and the velocity
Vin from their standard hydrodynamic values are ex-
pressed in terms of the variables 7 and u,,. Thus, the
RDPs of the theory with account for the relaxation
&a(z,t) can be chosen as

ne(x,t) = &1 (x,t), ni(x,t) = &(x,t),

Un(x,t) = Eoun(x,t), T(x,t) =E&s(x,t),
Un (2,t) = Eoin(z,t), T(x,t) = &10(2) ).
The construction of a reduced description of the

plasma by the parameters (15) is based here on a
functional hypothesis [6] of the form

fap (I,t) _>.fap ($7£(t)) )

t>70

(15)

(16)

where f,,(z,§) is a functional of the variables £, (z’)
as functions of z’, and 7y is a time which is much
shorter than the subsystem velocity and temperature
relaxation times 7,, 7. The dependence of the RDP
on the coordinates is supposed to be weak. Thus, be-
sides the small parameter of our theory pu, the gradi-
ents of the RDPs are small as well:
S
_ P ~g° a=1,..,6,
(17)

m ~pg®, a=17,..,10, g 1.
The parameter ¢ is estimated as the ratio of the
mean free path to the characteristic length of inho-
mogeneities in the system.

All the results of the theory are calculated finally
in an additional perturbation theory in the small
electron-to-ion mass ratio

o = (me/m;)/2 (18)

3. Hydrodynamic Equations

According to the functional hypothesis (16), the hy-
drodynamic equations have the structure

06q(z,1)

T = La(a J(6(1).

(19)
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Here, the functionals L, (z, f) can be calculated from
(5)—(11) and (15), which gives the relations

ong _ 1 OTan ovy, _ 1 @ Ot
ot myg Oz ot  p| 0w o
oT T 1 Oman 1 gaﬂn
FRE D Dy o ri e
+ 3 Ot _ 1%

3n " dx;  3ndz,’
ouy, 1 OTel 1
A, — en Ren - 20
ot menev ox; + MeNe (20)
_ 1 8tenl _ (%?n

MeNe O] ot "’
or T OTen 1 Oten o 2 atenl

— = — v —
ot neme 0x, 3n. Ox, ¢ 3ne O Oxy

2 8Qen 2 oT
(Qe - UenRen) - E

B 3ne 0,  3ne

To obtain the hydrodynamic equations with regard
for relaxation processes, one has to calculate fluxes
(8) and sources (9) appearing in (20). These hydro-
dynamic equations are general and are nonlinear.

The necessary DFs f,p(x,§) can be found from the
kinetic equation (2), which can be rewritten in view
of the functional hypothesis (16) and formulas (19) in
the form

P Oy (x,f) .
mg Oz,

Lap(f(2,€)). (21)

This equation is solved in a double perturbation the-
ory in the above-introduced small parameters p and g

fap= Z Zfa”m +0 (1°9°, 1°g", 129%, 6°)

m=0n=0

(22)

The contributions fqp (0.m) (m=

=0, 1) are necessary to obtain fluxes (20), and f(1 ™)
(m = 0, 1) are necessary to obtain both the fluxes and

0), and fa]l)’Q)

where f( ™ urgm.

the sources in (2
only the sources.

is necessary to obtain

4. Component
Distribution Functions and Fluxes

The generalization of the Chapman—Enskog method
presented here is based on the functional hypothesis

236

(16), the corresponding definition of the RDP, and a
special perturbation theory. In this section, the solu-
tion of the kinetic equation (21) with additional con-
ditions following from the definition of RDP is dis-
cussed.

In the leading approrimation, the nonequilibrium
DFs are obviously the Maxwellian ones (1)

F7 = Wap—mov,  Wap = Wap(T). (23)

The DFs 52'” describe the dissipative terms of
standard hydrodynamics and are found in the form

on or
FOD = w, { L AN (p) + AT, () +

+5- gn ’ 24
A 21

which leads, according to Eq.(21) to the following
integral equations for the functions ANt (p), AL (p),
and Aanl( )

. 1 1
KAzjzvvl; (p) = Dn |: - 5ab:|a

0 MaMg
AT () = ot B e ,Beap], (25)
KA (p) = =2 )

(B=T7", hui(p) = pnpi—0np®/3). Here, the integral

operator K is defined for an arbitrary function h,(p)
by the relations

:Z/dgp/Kab(pup/)hb(p/)7
b
wapKab(pap/) =

A 6]ap(f)
7p)_ 6fbp’

—Whp! ab(pvp/)a

Mab (p

p—pt+mu, p’ —p'+mv, fe—w,

(26)

Equations (25) show that the functions AZ (p),

ANv(p), and AV, ,(p) have the structure

Agn(p) =p AT (Beap);

AL (p) = Pa AL (Beap), (27)
Agni(p) = b (p) o (Beap).
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The definitions of v, and T' (12) in terms of the DFs
(0 D give the following additional conditions for the

solutlons of the integral equations (25):

Z( QAT(BEap =0, Z 2ANb (Beap))a =

a

0. (28)

Here, for an arbitrary function h(p),

(h(p))a = / @ puwaph(p).

The functions AT, ANMe and AV are sought in the

a
form of Sonine polynomlal series

AL (Beap) = ZngS?’/Z ap):
ﬂéfap Zgansi 2 55 ) (29)
Bgap Z Qans}rl/ ﬂga )

The Sonine polynomials are defined by the formula

1, . dn
St
n! dx™

HOE (cmamt), (30)

and they are orthogonal

F'n+a+1)

] (31)

5nn’ .

0/ e~72°82 (x) 52 () do =

With the help of (31), the additional conditions
(28) can be rewritten in terms of the coefficients g2,
and g) as

T N
E MaNaGyo = 0, g MeNaPyo = 0.
a a

The integral equations (25) can be reduced to a lin—
ear set of equations for the coefficients gl , gNv,
and g2,,. It contains the infinite number of equations,
and the number of polynomials in the expansions
(29) should be artificially truncated in order to solve

(32)

them. The DFs fa) O are necessary for obtaining the
fluxes of the order (u%g!) in (20). According to (24)
and (31), the expressions for fluxes (8) in the accom-
panying reference frame in terms of the coefficients
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gL, gNv and g?, are given by the formulas

mont) = ngm T ?givob + ST Jao |
Y Z azb +

" (33)
+ gnaT2[ga0 - 95ﬂ%a
t((lonll) =nagaomaT” [ZZL +g%*§g;:7: nl:|~

As is seen, the fluxes are expressed in terms of only
two coefficients from AL and AN and only one coeffi-
cient from AY. That is why these functions are sought
in the two- and one-polynomial approximations, re-
spectively.

By multiplying two first equations in (25) by
wapanZ/Q (k = 0,1), summing over the subscript
n, and integrating over d®p, we obtain the following
linear set of equations for the coefficients gi\,? and g7, :

Z Zglz;lGak,bn = _Yaka

n=0,1 b
?mﬂnZ
>N 9o Geron = ————0%0,
n=0,1 b
3nﬂnZ
Z Zg,m ikon = ———0k0, (34)
n=0,1 b
, 3n meT
Z Zgé\fZGek,bn = b0,
n=0,1 b
) 3nemeT
DN g Gikin = ———"60.
n=0,1 b P
Here,
P — 15
YaO - 3raneniu7 Yal - ?na (35)

(re =1,7; = —1), and G pn are the integral brackets

Gak,bn = {plS]?;/z (65(11)) aple{/Q (/Babp)}abv (36)

where
{g,h}ar = / d*pdp'g (p) WapKap (p,p') b (P').  (37)

The coefficients gﬁf and g1, are calculated from (32)

and (34) in a o perturbation theory.
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By multiplying the third equation in (25) by
Wap hni(p), summing over the subscripts n,!, and in-
tegrating over d3p, we obtain the following linear set
of equations for the coefficients g:

ZggoHaO,bO = —10n,m,T, (38)
b

where

Hak,bn =

= {Bim (9) S22 (Beap)s him (9) Sy (Bevp) Yab- (39)

The coefficients g7, are calculated from this set of
equations in a ¢ perturbation theory Wlth account for
(32). The expressions for g%, g1;., and g b (k=0,1)
are rather lengthy. That is why they are not given
here and can be found in [16,17].

The DFs fé}jo) describe relazation processes in a
spatially homogeneous system and are sought in the
form

fézlfo) = Wap {Aa (BEap) T + Ba"(p)u”}p—w—"w’ (40)

where

Ban(p) =P Ba (ﬁgap)- (41)

The integral equations for the functions A, and
By, can be obtained from Eq. (21):

KAa(ﬁﬁap) = AMA, (ﬁfap)a

’ (42)
KBan (p) — )\uBan(p)v

where )\, and Ay are the relaxation rates for the vari-
ables u,, and 7, respectively (see Egs. (61)). Equations
(42) are eigenvalue problems for the operator K of the
linearized collision integral and describe the kinetic
modes of the system. These equations follow from our
generalization of the Chapman—FEnskog method.

The definitions of u, and 7 (13) in terms of the
DFs fap (1.0) give the following additional conditions for
the solutions of the integral equations (42):

(Aa(Beap))a =0, (Aa(Beap)eap)a = o Talles
(Ba(Bap)eap)a = S5ame (43)
(s¢e = 1,8, = —0?)
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The functions A, and B, are sought in the form of
Sonine polynomial series:

o (Beap) = z:gcmS1 /2 (Bap),
o (Beap) = Zhans?’ 7 (Beap)-
n=0

By multiplying the first equation in (42) by S ,1/ % and
integrating over d®p, we obtain the following set of
equations for g, and Ar:

Z Z Gon Vak,bn = )‘Tga/c I (k+3/2), (45)
n=0 b k'\/>

where

Varon = {y/* (Beap) » S/ (Bevp) Yav- (46)
By multiplying the second equation in (42) by anS/ 2,

summing over the subscript n, and integrating over
d3p, we obtain the following set of equations for Ay
and Ay:

4Tmen
Zzhbn akbn—)\ hak: - a
|
n=0 b k! f
with the coefficients Ggg pr, defined in (36).
The additional conditions (43) lead to the following
expressions for the coefficients gq0, ga1, and hgo:

I'(k+5/2) (47)

9a0 =0, heg =0, hip= —%502,
e v (48)
Gel1 = 7B7 Gel1 = 7;5

These coefficients define the DFs f( ) in the one-
polynomial approximation, which coincide with the
DFs given by the above-mentioned Landau assump-
tion [1]. In this approximation, the relaxation rates
calculated from (45) and (47) are given by the ex-
pressions
97/2,1/2

3
95/2,:1/2
A, = 2P

3
where
22et L

(meT3)1/2 !
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(49)

A+ O (02),

A= (50)
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These results coincide with those obtained in [1,
10, 11, 19]. It can be shown that the expressions for
the Landau distribution functions and for the relax-
ation rates (49) are the principal-order solutions of
(42) in a o perturbation theory (see [15]). That is
why we restrict ourselves to the DFs f(l 0), and the
rates \r, A\, are taken in the one-polynomial approxi-
mation. The two-polynomial approximation for these
quantities will be discussed elsewhere.

The DFs fa;l,’l) describe the relazation processes in
spatially non-uniform states and are sought in the
form:

or ou
(L,1) _ T u n
9 = g A, ) 5 A ) 2+
oT oT
T
+Aan ( ) 8513 +Aanl( )UI8$n+

TU av" uv aUn
+ anl (p) Tai + amnl (p) umai +

X X
ATNb
> ot

3n

N b

+ZAZM" - } . (51)
nJp—=p—magv

The integral equations for the functions A7, AY

ATE, AR, AT, AT AUDE, and ALY, are ob-

tained from the kinetic equation (21) with regard for

the results for the DFs fop 1:0) and the relaxation rates
>\ua )‘T
The integral equations for A7, and A% , have the
form
. NS s
KA, =" p, - z nG,
am(P) = = = PrGan
nere (3w,
mana T \2 T T
+ Aam ( ) /\Tv
€ 3
KA =4 Zap 2
cml( ) nl (T 2> X (52)
2 (1 —0?) ne oTa 2NeTq
( ) | _ Ml n 2 ner L
3 (ne +ny) Ng 3 ng

NeSqg 2 Tq (3 Eap "
o, +§naT -7 e

— DnDi + Aanl ( ) )\u>

Ne
manaT
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where

G?Lm = Z {EEP’ Agnm}elﬂ
b

(53)
= Z {pn, Agm}eb'
b

Other integral equations of the order p'g' are not
given here because of their complexity. However, the
corresponding terms in the DF f,g,l,’l) do not con-
tribute to the linearized theory, which is discussed
in the next section.

Equations (52) show that the functions A7, a
AY , have the structure

Az, (p) = PnAg (Beap),
Agp (P) = hui(p)Ag (Beap)

(the contraction of the second equation in (52) with
respect to the subscripts n and [ vanishes in the terms
with known functions). The functions A7 and A are
sought in the form of Sonine polynomial series

Zgan53 /2 (Beap),

Z 9 S5/? (Beap)-

n=0

(54)

ﬁgap
(55)

o (Beap) =
The additional conditions for the solutions of

Egs. (52), which follow from definition (5) of the
RDPs u,, 7, give the restriction only on A7:

<AZ (ﬁgap)5ap>a =0.

This condition in terms of the coefficients g7, takes
the form

(56)

9ao = 0. (57)
The contributions of two first terms from (51) to the
fluxes in the accompanying reference frame are given
by the formulas

7}(9{1) = namang;O@aiT»
T,
~ 5 . . 0T
it = §“aT2 [9a0 — 9an Fr (58)
1,1 uw | Oun  Oup 2 0upy,
tflnl) = manaT?g £ + oz, 5875711
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(a tilde in these expressions indicates that they give
only the parts of the fluxes that contribute to the lin-
earized hydrodynamic theory). Condition (57) shows
that one can restrict oneself to the one-polynomial
approximation in the calculation of these fluxes.

By multiplying the first equation in (52) by
wappme / 2, summing over the subscript m, and in-
tegrating over d®p, we obtain a linear set of equa-
tions for the coefficients ¢7;. By multiplying the sec-
ond equation in (52) by wqyp hyni(p), summing over the
subscripts n, [, and integrating over dp, we obtain a
linear set of equations for the coeflicients g;,. The co-
efficients from these sets of equations are calculated
in a o perturbation theory (see the results in [16]).

The DFs fé,l,’Q) describe the effect of the Burnett
terms on the relaxation processes and are necessary
only for the calculation of the sources in the hy-
drodynamic equations. The method of obtaining the
DF fé,l,’Q) is the same as for obtaining the DFs fég’l)
and f,g,l,’l), but the corresponding equations are very
lengthy, and that is why their derivation is omitted
here. We restrict ourselves in the calculations of the
DF féjlgz) to the one-polynomial approximation.

5. Linearized Hydrodynamic
Equations and Modes of the System

The component DF and the fluxes are calculated
above in the general nonlinear case. In this section,
the linearized hydrodynamic equations are investi-
gated in order to obtain the dispersion laws for the
plasma modes (see an example of such investigation
in [7]).

In the linearized theory, the RDPs &, (z,t) are
taken in a vicinity of their equilibrium values

g =t + ong (z,t),
T=T+0T (z,1),
T =061 (2,1),

Up = Uy, (2, 1),

Up = Uy, (X, 1), (59)

and the deviations 0&,(x,t) from their equilibrium
values £29 are small (in the reference frame under con-
sideration, v$? = 0). The equilibrium values of the
RDPs &84 are constants, and the condition of elec-
troneutrality

ned = znj? (60)

is satisfied.
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The linearized hydrodynamic equations must be ro-
tationally invariant and, therefore, have the structure

0t0Ne = Yee A0Ne + Vei AIN; + Voo divOv + Yo7 AT +
+ Veudivou + Yer AST,

010n; = ;e Adne + v Adn; + Yipdivov + v AST +
+ viuwdivou + v, AdT,

Oydvy = Begrad,one + Bigrad;on; + 1, Adv; +

+ fygrad,divév + Brgrad; 6T +

+ Ny Aduy + My grad;divou + Srgrad; o7, (61)
00T = e Adne + a; Adn; + a,divév + ar AT +

+ a,divéu + a,AdT,

Orduy = — A 0uy + xuAdu; + Xygrad;diviu +

+ xrgrad;oT,

00T = —Ap0T + Oy diviu + 0. AdT.

Four first equations here (three scalar ones and a vec-
tor one) describe the evolution of the standard hy-
drodynamic variables, and the last two equations de-
scribe the evolution of the relaxation RDPs u,, and
7. The coefficients appearing in (61) are constants
and should be calculated. Comparing (61) with (20),
using (60), and calculating the fluxes and the sources
in the linearized theory with the help of the obtained
DFs, we get these coefficients in a ¢ perturbation
theory:

V24172
ar = 0(0),
22(1 + Z)(\/i + z)
o = V2 + 72 Z +0@).
21+ Z)(\@Jr z) i
2T
oy = ——,
’ 25
= A+ O(o),
T 0 T 2)AvR + 132) (o)

___ T 2 PN
Oy, = 301+ 2) +0(c?%), «a;=0(c");
Pi=B=8, B=- + O(c?),

iMe
1
fr=——""+0(c);
Me
Yie = 0(02)’ Yii = 0(04), Yiv = —N4,
Yiu = ni2027 ViT = 0(0-2)7 Yir = 0,
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Yei = 0(02)7 Yev = —NiZ,  Yeu = —N4iZ,
o =0, e = LA +0(0)
Yo =2 \(([17; DA+ 0 (0);
e = 0(02)7 Tu = Nu/3,
= 4\[2:4AU+O( 2 e = 100/3
T 2:(1+2) (25\@+ ER R
0, = —%ﬁ + O(c?);
A (3;5% a9t 4ZQT391(‘?)% +0(),
Xﬂm/\ 82T3(g® + (o>)A+O( o),
o AVERET) L ) (62)

4v/2 + 132 me

where the notations

+

5n;z [T(deTl +971)
9B =

4Ge1,e1 — 30N, nzm T z+1

3
+ 592\{8”1’2 - ggoT:| s

42g% n;zm2T3
2G — 1155\, n;z mST37

G = {SS Q(ﬁgep)pnpmplv
T5/2
- n;etL\/2mm,

are introduced. In (62) and in what follows, the su-
(0)

ga =

(ﬁfep )pnpmpl }667

is omitted in 79 and nq;

perscript “eq” od; and gy
and gg)) are the contributions of the order ¢° to ga
and gp. The explicit expressions for x, and X, as
functions of z are not given here, because they are
too lengthy. The second terms on the right-hand sides
of expressions (62) for them are given by the source
RG (but Q% = O(0)),

Performing the Fourier transformation in Egs. (61),

66q(k,t) = / e~ tkntnge (z,t)d>x
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(64)

and choosing the z-axis of the coordinates along the
wave vector k, we obtain the following linearized hy-
drodynamic equations:

at(sne = _k2 (’Yeedne + ’Yei(sni) + i’yevkévm -

—Yerk*0T + iveukdug — Yer k>0,

0ion; = —kz(’yiedne + vii0n;) + i kdv, —
— Urh?0T + iiukbug — Yir k6T,
0pdv, = ik(Beone + Bidn;) —

+ ikBrdT —

(nv + ﬁv)k261}w +
(N + 71 ) K26y + ikB6T,

2 (65)
k Nty -,

O0pdvy » = 7k27705vy,z —
00T = —kg(aeéne + a;dn;) + i, kv, — K ardT+
o1 = —(Ar + 0,k2)6T + ikO,u,,

+ikoduy — ka0,

Or6ty = —(My + k%X + k2 Xu)0uy + ikx .07,

Oty » = —(Ay + Xuk2)§uy’z.

Equations (65) can be written in the form
=2 Mow

that defines the generalized hydrodynamic matrix
Mo (k). In order to solve them, let us consider the
eigenvalues \;(k), left and right eigenvectors ;4 (k)
and ;4 (k) of the matrix M, (k) given by the rela-
tions

Z Moo (k

8,060 (k1) k)oEar (i, t) (66)

90104 k) = )\z(k)wla(k%

(67)
Z Via (k) Maar (k) = Xi(k)tia (k)
with the normalization condition
Z ?/ha 802 a = 0. (68)

Now, the solution of Eq. (66) is given by the formulas

ga(k7 t) = Z Ci(k’, t)goloz(k)y
i (69)
cilk,t) = ci(k,0)e )t
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Eigenvalues A;(k) are complex frequencies for modes
of the system, 66;(k,t), that are given by the expres-

sion
Zwm

The eigenvalues \;(k) of the matrix M,/ (k) should
be calculated from the equation

)04 (K, t) = 60; (K, 0)e Bt (70)

det |M(k)— M| =0 (71)
in the k-perturbation theory, because the magnitude
of the wave vector according to (17) is small (I is
the identity matrix). Then the eigenfunctions ¢;q (k)
and 1, (k) can be calculated from definitions (67)
and (68) in the same perturbation theory. Further,
the obtained results should be investigated in a o-
perturbation theory.

As a result, we obtain the eigenvalues (complex fre-
quencies)

)\172 = dikeg — Dsk’z + O(kS),

s =0 5:; (z+1) 4+ 0O(c?),
5(292 + 4/2)
252(z +V2)(2 4+ 1)

A3 = —Dsk* + O(k?),

O(o);

3 [a(z) ++v/a(z)? — b(z)]
3 = O(o);
10(z 4+ v2)(z + 1)
Ay = —Dyk* + O(k?), (72)
3 [a(z) —JaR)r = b(z)}
Dy=A + O(0);
! 10(z +v2)(z + 1) (@)
Ao = —nuk” + O(K*),
= Ap— _Ouxr | 4o 3
Ar = <Az [07+)\U_AT}1<: L0 (),
Ag = — Ay + %_Xu_f(u 1524_0(/{3)7
Ay — AT
X910 = —Au — Xuk?® + O(k*),
where the functions a (z) and b (z) are
25 125
a(2) =3 +16 ——(4V2+13z2), b(z) = @(\/i-i-z).
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The corresponding modes are given in the zero or-
der in k by the relations

301,2 ~ Be(dne + dn;) £ csdvy + PrdT,
003 4 ~ 0T + a3 406n¢ + b3 46n;,

805 ~ vy, 00 ~ dv,, 07 ~ OT,
00g ~ duy, 00y ~ duy, 0619 ~ du,

(73)

where as, a4, b3, and by are some lengthy coefficients
not given here.

Here, 664, ...,00g are the hydrodynamic modes of
the system; d6~,...,001¢ are the kinetic modes of the
system, which are related to the relaxation; d6; o are
the sound modes, 6634 are the heat and diffusion
modes; 05 are the velocity v shear modes. The
mode §67 describes the evolution of the component
temperature difference 7, and the modes §6s, ..., 661q
describe the evolution of the component velocity dif-
ference u,,.

6. Relaxation
Damping of Plasma Oscillations

In Introduction, it was noted that the problem of in-
vestigation of the modes of the Landau equation can be
considered as an important part of the investigation of
plasma modes. In the mentioned approach suggested
by D. Bohm and D. Pines in [8], the long-range part of
the Coulomb interaction is described by the degrees
of freedom of the plasma electromagnetic field and
the short-range part is accounted for by the Landau
kinetic equation.

In another approach, the effects of the long-range
part of the Coulomb interaction can be investigated
by adding the Vlasov term to the Landau kinetic
equation, which gives the Vlasov—Landau kinetic
equation [6,20]
afap Dn afap

ot " m. Oz,

O fap

=1
Opn

+ e By, (f) (74)

Here, E,(f) is the self-consistent electric field that
satisfies the Poisson equation

5‘:1:n =4r Z €qNg-

(75)

Unfortunately, the generalized Chapman-Enskog
method developed in the present paper, which is
based on the RDPs &, (z,t) (15) and a perturbation
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theory in the parameters p and g (17), cannot be
rigorously applied to Eq. (74). We note that there are
no attempts of a similar investigation in the literature
(see, e.g., [6,20]).

However, we can propose to study the problem in
an approximation based on the DF taken in the zero
order in the gradients of the RDPs £, (x). The Vla-
sov—Landau equation (74) in the spatially homoge-
neous case does not contain the self-consistent field,
and, thus, the necessary component DF is given by re-
lations (40)—(42). For simplicity, we restrict ourselves
here to the one-polynomial approximation for the so-
lution of Egs. (42). In this approximation, the DFs are
given by formulas (23) and (40), in which the func-
tions A, and B, have the form

L B AL

B.=B, B;=-fo’=* (76)
(see (44), (48)). As was noted above, such DFs f,%’o)

coincide with the DFs given by the Landau assump-
tion discussed in Introduction.

The time equations for parameters (15) with regard
for the self-consistent field are obtained from defini-
tions (5), (7), (12), and the kinetic equation (74).
They coincide with (20), except for the equations for
v, and u,, which take the form

v, om Otn

1
A, — ngy_ En alla |,
ot 14 v 3$l 812[ + ;6 "
ou 1 (3'7Tl 1
“n oyt R.,, (77
ot menev‘ S 0xy MeNe )
- L Olen  Ovn
Me " MeNe al’l ot

Substituting DFs (23) and (40) with (76) into the
fluxes and the sources in the time equations (20) and
(77) gives hydrodynamic equations in the nondissi-
pative approximation (they do not contain terms de-
scribing hydrodynamic dissipative processes: viscos-
ity, heat conductivity, and diffusion) with account for
the self-consistent field and relaxation.

Applying the method developed in Section 5 to the
obtained hydrodynamic equations and (75) gives the
modes of the Vlasov—Landau kinetic equation calcu-
lated in a k, o-perturbation theory. It is necessary to
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emphasize that this gives the complex frequencies of
modes (72) without hydrodynamic damping rates of
the form ~, = Dk?, but with some modification re-
lated to the Vlasov self-consistent field.

As a result, we obtain the sound modes

A2 = Ficsk + O(ka?, k?) (78)

with ¢, from (72); the heat mode

A3 = O(k?); (79)

the plasma (Langmuir) modes

s = =2 i w2 = 2L o002 k2, (80)
’ 2 L

the shear modes

Xs6 = O(k?); (81)

the mode related to 7

A7 = =Ar + O(K?); (82)

the transversal modes related to u,,

Xo,10 = —Au + O(K?). (83)

Formula (80) contains the electron plasma frequency
defined by w,, = (4me’nz/m.)'/2.

The estimates O(k?) are written in (79) and (81),
because, as usual, the hydrodynamic dissipation pro-
cesses give such estimates. The estimates in the ex-
pressions for the complex frequencies (78), (80), (82),
and (83) are obtained directly from Eq. (71) taken in
the approximation considered in this section.

In the framework of the used accuracy, all obtained
frequencies except for modes 4 and 8 coincide with ex-
pressions (72). Neglecting the self-consistent field can
be performed formally by the transition w, — 0. Af-
ter that, the plasma frequencies (80) coincide with
the expressions for modes 4 and 8 from (72) obtained
on the basis of the Landau kinetic equation. In the
opposite case where the collision integral is omitted,
i.e. the Vlasov equation is investigated, the substitu-
tion Ay = A\, = 0 into (80) give the known plasma
oscillations A = +iw,. Thus, the obtained results are
true in the borderline cases of the Landau and Vlasov
kinetic equations, which justifies results (78)—(83).

243



V.N. Gorev, A.I. Sokolovsky

The modes corresponding to frequencies (78), (80),
(82), and (83) are given in the zero order in k by the
relations

591,2 ~ ﬂ(5ne + 5717,) + csdv, + BrdT,
0045 ~ e(z0n; — dne), 607 ~ 0T,
509 ~ 5uy, 5910 ~ 5u2.

(84)

The results for 6656 and 663 can be obtained only
after obtaining the explicit expressions for A5 ¢ and
A3, so they cannot be found in the nondissipative hy-
drodynamic approximation. Expressions (84) except
for the expressions for the plasma modes coincide
with the analogous ones from (73). The expression for
the plasma modes §604 g corresponds to their common
physical understanding as related to the deviation of
the charge density from zero.

The modes 6048 with the frequencies Ay g describe
the plasma oscillations with damping related to the
relative velocity relaxation rate A\,. The frequency of
these oscillations is shifted similarly to the influence
of the friction on oscillations

w= /w2 —\2/4, (85)
and the damping rate
YR = Au/2 (86)

does not vanish at & = 0. In a different approach,
which is based on the calculation of the dielectric
permittivity taking the collisions into account, the
damping rate of plasma oscillations was found, for ex-
ample, in [2]. The above result (86) coincides with the

Table 1. Density and temperature for some plasmas

Plasma Ne, cm ™3 T, K
Tokamak 10100 108
Interplanetary plasma 10—2=+10! 104
Solar corona 104108 106+108

Table 2. Damping coefficients for some plasmas

Plasma YR/wWp 1
Tokamak (0.3+1.5) x 1078 | 0.146+-0.152
Interplanetary plasma | (0.03=-1.5) x 1079 | 0.133+-0.144
Solar corona 3x 10714+ 5x107° | 0.119+0.148
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mentioned one if the relaxation rate A\, is taken from
(49). However, our theory of the collisional plasma
oscillation damping is more general than the theory
developed in [2]. We note that the theory developed
in [2] is devoted only to the “jelly” model, where the
ion subsystem is an equilibrium one.

As is known, not only the relaxation, but also the
Landau damping take place in plasma. If krp < 1,
the rate of the Landau damping is given by the for-

mula [2]
1 3
o (g~ 5)

where rp = (T/47n.e?)"/? is the Debye length. As is
seen, -, vanishes if £ = 0, that is why the obtained
relaxation damping is much more important than the
Landau damping, if & is small.

To illustrate this fact, let us give numerical data
for some completely ionized plasmas, considering the
case z = 1. As is known [10], the Coulomb logarithm
is estimated as L ~ 10-+15. The approximate values
of the quantities n. and T for some plasmas are taken
from [10] and given in Table 1. The results which are
related to the relaxation damping and the Landau
damping coeflicients are given in Table 2.

As is seen from the tables, for the widely known
cases of a completely ionized plasma, A, < wp, and
the frequency shift of the plasma oscillation from
wp in (85) due to the relaxation damping is neg-
ligible. However, the relaxation damping rate g is
higher than the Landau damping rate v, if & — 0.
The range of the krp values, where the relaxation
damping is more important than the Landau one, is
given for the considered cases in Table 2 and rela-
tions (49), (86), and (87) (the quantity ¢ is defined as
follows: if krp < ¢, then v, < vg).

T w
p
T =1/ 35

8 (krp)® (87)

7. Conclusion

The hydrodynamics of a completely ionized two-
component plasma is studied on the basis of the Lan-
dau kinetic equation. The Landau equation is solved
by a generalized Chapman—Enskog method, which in-
volves the component temperature and velocity re-
laxation at their end and is based on the Bogolyubov
idea of the functional hypothesis.

The obtained component fluxes of the particle num-
ber, energy, and momentum in the first order in gra-
dients (33) describe the heat conductivity, viscosity,
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and diffusion in the system. These fluxes can be writ-
ten in the form that introduces the kinetic coefficients
of the system. In the literature, there are several def-
initions of kinetic coefficients for many-component
systems, but in the absence of relaxation (see, for ex-
ample, [5,6,22]). It is planned to discuss the transport
phenomena in the system in detail in a subsequent pa-
per, considering the definitions of kinetic coeflicients
and the results of their calculation.

The hydrodynamic and kinetic modes (72) of the
Landau kinetic equation are obtained in the hydrody-
namic approximation with additional account for the
small electron-to-ion mass ratio. It is shown that six
modes of the system are the standard hydrodynamic
modes of a two-component plasma. Four other modes
of the system are relaxation ones, and they are due
to the component temperature and the velocity re-
laxation. The calculation is restricted to the solution
of the integral equations that describe kinetic modes
in the one-polynomial approximation. The other in-
tegral equations of the theory are solved in the one-
or two-polynomial approximation.

Since the Landau kinetic equation describes only
the short-range part of the Coulomb interaction with
a logarithmic accuracy, we discuss two approaches
taking the long-range part of the Coulomb interac-
tion into account.

The first approach proposes a description of the
long-range effects by the intrinsic degrees of freedom
of the electromagnetic field in plasma following the
ideas of D. Bohm and D. Pines. To overcome the high
dimensionality of the system, it is proposed to de-
scribe the subsystems of the electromagnetic field and
the charged particles by their modes. In doing so, one
needs the modes of the Landau kinetic equation inves-
tigated in the present paper. An example of the use
of subsystem modes in an investigation of the modes
of a complex system is given in our paper [21].

The second approach describes the long-range ef-
fects by adding the Vlasov term to the Landau ki-
netic equation. This gives the Vlasov—Landau kinetic
equation. At the moment, we cannot construct a com-
plete theory of hydrodynamic states of this equation
based on the generalized Chapman—Enskog method.
Probably, a physically adequate consideration of the
problem should justify an understanding of plasma
quasineutrality, assuming that the charge density of
a nonequilibrium plasma is small. Here, we have in-
vestigated the modes of the Vlasov—Landau kinetic
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equation only in the nondissipative hydrodynamic ap-
prozimation (i.e., without consideration of dissipative
hydrodynamic processes: heat conductivity, viscosity,
and diffusion). The possibility to solve this problem
is related to the following statement: in spatially uni-
form states, a self-consistent field is absent, and one
can calculate the plasma distribution functions only
on the basis of the Landau kinetic equation. The dis-
tribution functions in the zero order in the gradients
of the hydrodynamic variables are calculated above
and the plasma modes in the nondissipative hydro-
dynamic approximation are investigated with regard
for the long-range properties of the Coulomb interac-
tion. In this process, the relaxation rate, related to
the component relative velocity, plays the role of a
friction constant, which leads to the relaxation dump-
ing of plasma oscillations and a shift of the plasma
frequency. These phenomena are related to the short-
range part of the Coulomb interaction. The famous
Landau damping of plasma oscillations is related to
the long-range part of the Coulomb interaction. This
follows from the possibility to obtain the Landau
damping by considering the attenuation of long longi-
tudinal electromagnetic waves in plasma. Our inves-
tigation shows that, at small wave vectors, the atten-
uation of plasma oscillations is governed by the relaz-
ation damping, while the Landau damping is negligi-
bly small.

The authors are grateful to Dr. Anton Stupka for
a fruitful discussion of the problem.
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CIIPOIMHAMIYHI, KIHETUYHI
MOJIY IIJIABMMU I PEJIAKCAIIIITHE
3TACAHHSI IIJTABMOBUX KOJINBAHD

Pezmowme

TlinpoguaaMiky MoBHICTIO 10HI30BaHOI JBOKOMIIOHEHTHOI €JIEKT-
POH-IOHHOI IJTa3MU JOCJIIXKEHO y BHUIIQJIKY, KOJIU peJlaKcallis
TEeMIIEPATyPU Ta MIBUJKOCTI KOMIIOHEHT OJIM3bKa JI0 3aBepIie-
. O6roBopeHo mpobiieMy BpaxyBaHHs B KiHETHI[ IIJIa3MH
ocobsimBoCTEH KyIOHIBCHKOI B3aeMmozil. Jlocmimxenus rpyHTy-
€ThCs Ha KiHeTH4YHOMY piBHAHHI Jlanmay Ta meromi Yemmena—
Enckora, y3aragbaenoMmy Ha OCHOBI imel dyHkmioHaNMBHOT rimo-
Te3u Boromobosa. Orpumano HemiHiiini rigpogunamivyai pis-
uanada. [TobymoBano sineapusoBaHi rigpoguHaMivuHi piBHSHHS
i mocJijizkeHo TifpoanHaMivHi Ta KiHETHUYIHI MOAA KiHETUIHO-
ro piBusiaHsa Jlanmay y rinpommHamiuyHoMmy HabJivkeHHI. Bu-
BUYEHO BIJIUB PEJIAKCAIIMHUX IIPOIECIB Ha €BOJIOII0 CUCTEMU.
Ha ocuosi kineTuunoro piBusuus BiacoBa—Jlanzay mocitimxke-
HO MOJM ILUIa3MM B HEJUCUIIATUBHOMY TiAPOJAMHAMIYHOMY Ha-
OuimakenHi. JlesiKi 3 HUX ONUCYIOTH peslaKcalliiiHe 3racaHHs Il1a-
3MOBHUX KOJIMBaHb, SIKe DU MaJIUX XBUJIBbOBUX BeKTOpax k — 0
€ nabararo 6ipII Barome 3a 3racaHHs JlaHmay.
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