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STATISTICAL DESCRIPTION OF EXCESS
PACS 65.20.De PROPERTIES OF MANY-PARTICLE BINARY SYSTEMS

Ezxcess properties of almost ideal many-particle binary miztures have been studied theoretically
in the framework of the Kirkwood—Buff approach based on the calculation of statistical corre-
lation integrals. With the help of the Percus—Yevick approximation for distribution functions
and the superposition approximation for partial structure factors, an expression describing
the compressibility of binary system in terms of the parameters of monodisperse phases i s
derived. Using generalized functions, analytical expressions for correlation integrals in terms
of component packing fractions are obtained. The theoretical results for the compressibility
of a system are compared with the experimental data on the sound velocity. In this case, we
introduce a correction function, which depends on the packing degree and the composition con-
tent and is determined by fitting the experimental data. This allows us to describe the excess
properties of binary systems.

Keywords: Kirkwood-Buff method, binary mixture, excess properties, isothermal com-
pressibility.

1. Introduction tion (PYDF), which is based on the apparatus of gen-
eralized functions, made it possible to obtain ana-
lytical expressions for the corresponding correlation
integrals, which contain information on the compo-
nent packing fractions and make allowance for a phe-
nomenological information about the stereologic pa-
rameters of a local structure. The obtained relations
explicitly demonstrate the influence of the local struc-
ture morphology on the excess properties of binary
systems. The application of the proposed model ap-
proach to the description of the corresponding pa-
rameters in bimodal systems with a local structure
developed at the meso- and macroscale levels, in par-
ticular, for granular materials, and some other soft-
matter objects, will be carried out elsewhere.

Studying the physical properties of simple binary
mixtures with the help of statistical mechanics meth-
ods is one of the traditionally challenging and, at
the same time, complicated problems of the statis-
tical physics of solutions. A well-known theoretical
approach in this domain, which has a statistical sub-
stantiation, is the Kirkwood—Buff (KB) one [1], which
allows the basic thermodynamic quantities to be writ-
ten in terms of correlation integrals.

In the framework of the KB approach, the ap-
plication of the superposition approximation for the
structure factor S12(0) made it possible to obtain
an expression for the isothermal compressibility ﬁ(Tw)
in terms of the partial parameters of monodisperse
phases. The introduction of a correction functions de- 2. Kirkwood—Buff Method and Its
fined at the phenomenological level (data on exper- Application to Finding the Isothermal
imental measurements of the sound velocity and its ~Compressibility

relation to the isothermal compressibility are used as  Following work [1], let us consider a many-particle bi-

a phenomenological basis) allowed experimental data nary (particles of sorts o and ) system in volume V.
on the measurement of the excess compressibility of (1)

. i R > The one- (ps’(r1)) and two-particle (pf)(rl, r9)) dis-
a binary solution (the liquid mixture CHCl3/CCly is tribution functions are defined by meaunsﬁ of the trans-
used as an example) to be interpreted theoretically.

formation
The application of an invariant model proposed in

works [2, 3] for the Percus—Yevick distribution func- /drl /d?”z |:p((36)(7"1,7“2) —pM(ry )} = (NoNg) —
v v
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where N, is the number of a-th particles in the vol-
ume V', (...) means the averaging over the config-
uration ensemble, and 6,5 is the Kronecker delta-
symbol. With the use of Eq. ([1]), we can determine
partial quantities of the type

2
P(r) = cay p(riim) = cacagas(ria),  (2)
where ¢, = % is the particle concentration, and

9a(r12) is the partial pair distribution function. Ac-
cordingly, the correlation integral is defined by the
relation

1
Gxﬁ = V//(gaﬂ(T12) - ].) d’l"ld?"Q =
vV Vv

(NaNg) — (Vo) (N5} B
=V N (V) ®)

The complicated character of the KB approach con-
sists in the information incompleteness of partial dis-
tribution functions. For both simple liquids and com-
plex many-particle systems, the experimental mea-
surements of static structure factors together with the
self-consistent solution of the inverse problem of re-
construction of the distribution function itself [2-6]
are a recognized source of required information. The
structure factor S,p(k) of the mixture can be written
in the form

Sap(k) = Tabap + Tatsphas(K), (4)

where x,, and zg are the partial concentrations of the
components in the solution, and h,g(k) is the Fourier
transform of the direct correlation function

hap(ri2) = gap(riz) — 1. (5)

The relation between the isothermal compressibility
of a binary mixture and the structure factors can be
established with the help of the KB formula [4]

pkeTpy? =
o 511(0)522(0) — S%Q(O) (6)
— 22555(0) — (1 — 2)512(0) + (1 — 2)2511(0)

The partial structure factors of monodisperse phases,
S11(0) and S22(0), are connected with the corre-
sponding isothermal compressibilities [37(}) and 5;2 )

by means of the relations
S11(0) = /)1/€BT5(TD, S22(0) = pszTﬁ(;)- (7)
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Let us take advantage of the superposition approx-
imation for the partial structure factor S12(0) in the
form

512(0) == 311(0)522(0) + €, (8)
where € is the correction function, which is deter-

mined phenomenologically. Substituting Eq. (8) into
Eq. (6) and holding the terms linear in €, we obtain

(12)
pkeT By~ =
T 1 — S11(0)S22(0) .
22(511(0) 7 + (1 = 2)?(522(0)) =" — (1 — z)
+Q(x, S;;(0)) €. (9)
In formula (9), the term with Q(x,S;;(0)) depends
only on the parameters of monodisperse phases.

3. Analytical Model
for Pair Distribution Function

To simplify the further analysis, let us consider a
model expression for the distribution function, which
involves only some of the structural morphology fea-
tures and looks like

gij(r) = O(r — dy + Ay6(r — d\7), (10)

where r = |r; — ra|; r; and ro are the coordinates of
the selected pair of particles; © and ¢ are the general-
ized Heaviside and Dirac, respectively, functions; and
the quantities d(()” ), dg” ), and A;; will be defined be-
low. A detailed consideration of this model was made
in works [2, 3].

As was already mentioned above, functions of type
(10) describe the simplest structural features, e.g.,
the zero probability for the particles in any selected
pair to approach each other to a relative distance less
than déij ) In this case, d((fj ) can be regarded as the
diameter of a hard sphere (the superscripts ¢ and j
denote the kinds of molecules).

Hence, the model expression (10) approximately
describes the short-range ordering of particles in a
given vicinity of the selected particle. If dé” ) deter-
mines the particle “diameter”, then the parameter
d\"”) can be determined with the help of ordering-scale
parameters, e.g., the radii of coordination spheres b,
ie. d) = pd(D.

Using Eq. (10) and calculating the correlation in-
tegrals (3), we obtain
Gij = %” (df)”)?) — 47 3Aijd§”)2)' (11)
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Fig. 1. Results of calculations of the quantity 3,, by relation
(9). Circles denote the experimental results used to determine
the correction function. The dashed curve is the isothermal
compressibility of an ideal system. The function eQ(z, S;;(0))
corresponding to Eq. (9) is shown in the inset
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Fig. 2. Dependence of the excess isothermal compressibility
Bexc on the component concentration = for the CCly/CHCl3.
Calculations are carried by formula (16), in which the quantity
Bm was determined from Eq. (9) and the phenomenological
relation (18)

The coefficient A;; can be determined with the help
of the normalization condition for the PYDF,

1 V —8Vi; N

= | gy(rydr=1,Ay = ———9"0 (12)
v /v ’ T 4rNb2d0)?

where V is the size of the examined region, N;; the
number of the ij-th particles in the region V', V;; the

o (1) 42
volume of the ij-th particle, and dé” U e

Substituting Eq. (11) into Eq. (12), we obtain
Gij = Vij (2 - Nij — 8b?j)7
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(13)

where n;; is the packing parameter in the monodis-
perse and binary phases.

The isothermal compressibility in the framework
of the KB approach [1] for monodisperse systems is
connected with the correlation integral as follows:

_pG+1

Br = nTp (14)

A generalization of formula (17) to the case of a bi-
nary mixture looks like

1 1+ p1G1 + p2Ga + p1p2 (G1G2 — G%g)
kEsT  p1+ p2 + p1p2 (G1 + G2 — 2G12)

Br
(15)

Relations (13), (14), and (15) explicitly demonstrate
the dependence of Sy on the morphology of a lo-
cal structure, in particular, the packing parameter 7.
Other parameters, which determine the local stere-
ology and, in turn, depend on the partial concentra-
tions and the solution asymmetry degree, can be de-
termined either experimentally or from the results of
numerical simulation.

4. Excess Isothermal Compressibility

The research of excess thermodynamic properties of
molecular systems is a potential source of information
on the character of the intermolecular interaction. For
instance, the physical origin of excess properties is ex-
plained in work [7] by the intermolecular interaction
between the solution components. A key concept in
this way is the so-called excess property of a macro-
scopic quantity. The excess property is defined as a
deviation of the experimentally measured (or theoret-
ically calculated) parameter from the ideal one, with
the determination of the latter being a separate prob-
lem. In particular, the excess isothermal compress-
ibility Bexe of the binary solution can be determined
as follows:

6exc = ﬁm - /Bida

where f,, is determined from experimental measure-
ments or theoretical simulations, and ;4 is given,
e.g., by the equation

Bia = (1 — z)p1 + xfs.

In order to apply phenomenological data to the ver-
ification of the obtained model relations, let us use

(16)

(17)
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the results of work [7] dealing with the experimental
measurements of a sound velocity in a CCly/CHCl3
solution. In work [8], the following phenomenological
relation between the sound velocity u and the isother-
mal compressibility S was proposed:

1.38 x 1078
BT = 1.5°
(6.3 x 10~*ul-5n)

(18)

where n is the density. Formula (18) agrees well
with the data of isothermal compressibility measure-
ments for a wide class of systems, including binary
mixtures.

In Fig. 1, the results of calculations of the quantity
Bm by formula (9) are plotted. Circles correspond to
experimental data used for the determination of the
function eQ(z, S;;(0)). In Fig. 2, the results of calcu-
lations of the excess compressibility for the system de-
fined above with the use of the approach described in
Section 2 are exhibited. It is evident that the results
of theoretical calculation, after making a correction,
agree well with the experimental data.

5. Conclusions

The excess properties of many-particle binary sys-
tems have been studied theoretically. In the frame-
work of the KB approach with the use of the
superposition approximation for the structure fac-
tor, an expression for the isothermal compressibil-
ity in terms of partial parameters of monodisperse
phases is derived. On the basis of the proposed ap-
proach, the theoretical description of the excess prop-
erties of a binary solution is made. The solution
CCly/CHCIl3 was taken as an example. The results
obtained agree well with the data of experimental
measurements.

The application of the analytical PYDF model in
terms of generalized functions allowed analytical ex-
pressions for correlation integrals to be obtained. It
is found that, owing to the properties of the PYDF,
the model expressions for the correlation integrals ap-
preciably depend on the packing degree in a certain
vicinity of the particle. The applied approach, being
formally scale-invariant, is also based on the phe-
nomenological information concerning the local struc-
ture obtained from alternative sources.

Taking the aforesaid into account, the proposed
approach can be used for the description of macros-
copic parameters not only in molecular multicompo-
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nent systems, but also polydisperse soft-matter ob-
jects with a complicated morphology at the mesoscale
level.
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CTATUCTUYHUN OITUC HAJJIMIITKOBUX
BJIACTUBOCTEN BIKOMITOHEHTHUX CUCTEM

Peszowme

IIpoBeneno TeoperwtdHe MOCIIIKEHHST HAJJIUIIKOBAX BJIACTBO-
creil MaiixKe ifealibHUX OIKOMIIOHEHTHUX 0araTO4aCTUHKOBUX
cymimreit. Ha mpoMmy muisixy BukopucroByerbes minxin Kipk-
Byna—Baddda, skuit rpyHTyeTbCsI Ha BU3HAYEHHI CTATUCTH-
YHUX KOPEJAIIHHUX iHTerpaJiB. 3a JOIMOMOrOK alpoKcuMarlil
IMepkyca—Mesika mast dbyHKIii posmominy (Ta cymeprosuiiii-
HOrO HabJIVIKEeHHsI JJIs MMapliajibHUX CTPYKTYPHUX (PaKTOpiB,
OTPHMAaHO CIIBBIJHOIIEHHS JJIsl OINCY CTUCJIHBOCTI GiHapHOI
CHCTEMH B TepMiHax ImapaMeTpiB MOHOLUCIEPCHEX da3. Y paM-
KaxX MOJeJi, siKa CIHMPAaEThCsS Ha arapaTr y3araJbHeHHX QyH-
KIIiil, OTpUMaHi aHaJITUYHI BUPa3U JJId KOPEJAIINHUX iHTe-
rpaJiB, fIKi HAQOYHO JIEMOHCTPYIOTH 3aJIE2KHICTH BiJi KOMIAKTH-
3anil cucremu. llopiBHSIHHS pe3y/nbTaTiB TEOPETUYHUX IIiIXO-
B i3 IAaHUMU €KCHEePUMEHTAJIbHOIO BU3HAUEHHSI CTUCIUBOCTI,
sAKe 3IMCHIOETHCS 3a JOIIOMOI0OI0 BUMIPiB IIBUIKOCTI 3BYKY, ITi-
CJIs1 BBEIEHHsT KOperyiouol GyHKIiT (siKa 3a/1eKUTh Bij crere-
HsI BIIAKYBaHHSI Ta BiJ KOMIIOHEHTHOI'O CKJIaJLy, | BUSHAYAETHCS
[IJIIXOM ITOPIBHSIHHSI TEOPETUIHUX PO3PAaXyHKIB Ta E€KCIIEPH-
MEHTAJIbHUX JIAHUX ), JO3BOJINJIO 3A1HCHUTH OIUC HAJIAIIKOBUX
BJIACTHBOCTEH GIKOMIIOHEHTHHX CHUCTEM.

327



