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The generalized relativistic Klein—Fock—Gordon equation for Cox’s non-point scalar particle
with intrinsic structure is solved in the presence of external uniform magnetic and electric
fields in the Minkowski space. Similar problems in the non-relativistic approrimation in a
closed spherical Riemann 3-space are examined. The complete separation of the variables in
the system of special cylindric coordinates in a curved model is performed. In the presence
of a magnetic field, the quantum problem in the radial variable is solved exactly, and the
wave functions and the corresponding energy levels are found: the quantum motion in the z-
direction is described by a one-dimensional Schrédinger-like equation in an effective potential,
which turns out to be too difficult for the analytical treatment. In the presence of an electric
field against the background of the curved model, the situation is similar: the radial equation is
solved exactly in hypergeometric functions, but the equation in the z-variable can be examined
only qualitatively.
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1. Solutions of Cox’s equation
in a magnetic field in the Minkowski
space-time

In 1982, W. Cox [1] proposed a special wave equation
for a scalar particle with a larger set of tensor compo-
nents, than the usual Proca approach includes: the
approach was based on the use of a scalar, 4-vector,
antisymmetric or (irreducible) symmetric tensor, thus
starting with a 20-component wave function. Such an
extension of the field variables allows one to describe
a spin zero particle with additional intrinsic structure,
which must manifest itself in the presence of external
electromagnetic fields.

The first aim of the present paper is to elabo-
rate several simple situations with electromagnetic
fields, when the generalized solutions for Cox’s scalar
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particle can be found. Such exact solutions are con-
structed in the presence of uniform electric and mag-
netic fields. In particular, the non-trivial additional
structure of a particle modifies the frequency of a
quantum oscillator arising effectively in the presence
of an external magnetic field.

In addition, there arises additional question about
the interaction of Cox’s particle with a nontrivial
geometrical background. We analyze the behavior of
such a particle in the Riemann space with constant
positive curvature.

The extension of the two problems (in the presence
of a magnetic or electric field) to the case of a spher-
ical space is examined. In the presence of a magnetic
field, the quantum problem in the radial variable is
solved exactly; the quantum motion in the z-direction
is described by a 1-dimensional Schrédinger-like equa-
tion in an effective potential, which turns out to be
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too difficult for the analytical treatment. In the pres-
ence of an electric field, the situation is similar. The
general conclusion can be done: the effects of the
large-scale structure of the Universe depends greatly
on the form of basic equations for an elementary par-
ticle; any modifications of them lead to new physical
phenomena due to the non-Euclidean-geometry back-
ground.

First, let us consider the system of Cox’s equations
[1] in the Minkowski space. We will use a Proca-like
generalized system obtained after the elimination of
two second-rank tensors from the initial system of
Cox’s equations (note that p = mc)

(108 + NFP) 5 = (maa - ZAa)tb,
(j_fgmaaﬁz - ‘ZAa) P =
where the additional non-zero parameter \ is asso-
ciated with the intrinsic structure of the particle. In
a uniform magnetic field described in the cylindrical

coordinates as
dS? = 2dt* — dr* —r?d¢® — dz*, J—g=r,

Br? 2
_TT’ Fry = 0,Ay — 0yA, = —Br, @)

the first equation in (1) takes the form

(1)

Ay =

h
§Po =700, p®, = ihd. 2,
1
§, + AB—0; = ih), O,
§®y — ABro, = (iho, - §A¢> o,

From two last equations, we obtain (let v = AB/u)

_ h/Mec |. 1/, eB ,
@r = m {z@,« ’y; <13¢ + Thcr ):| q),

_ h/Mc , , eB ,
o, = 112 [’ym@r + <18¢ + " )] .

The second equation in (1) reads
1 1
=8By — i (ar + ) &, —
c T
Mc

1/, eB , . _

In Eq. (3), we substitute the expressions for the com-

ponents of the vector:
1. ih ) 1\ h/Mec
zgat—MCQ 0y® — 1 <8T + )

X
14 ~2

r
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[ 1/ eB ,
X _z&T—W; <16¢+2hcr>}<1>—
—1<i8¢+eB 2) h/Mc><

r2 ohe’ ) 1+ ~?
[ . . eB 9
X |Y7ri0y + (10p + ——77 ||  —

2hc

ih Mc
—i0,— 0,0 = —& 4

RSNV h )
so producing an extended equation for the scalar com-
ponent ®. Let us introduce the representation for the
wave function ® = e~ ¥t/ eimécikz R(1). Then we de-
rive the radial equation (since A is purely imaginary,
we will make a formal change iy = ; we will apply
the notation eB/2kic = b)

E2 M262
2 2
[(1—7)<W— hz—’f)Jf

+(ar + i) (0 =2 (m—br?)) +

+Ti2 (m —br?) (yrd, — (m — br2))] R=0. (5)

In addition, we will use the notation

E? M?32c?
2 2y .2

. Then the radial equation takes the form

2
o (m—er)
rdr+w r

& 1d
dr?

w? + 290 = w'?.

R =0,

(6)

We use the well-known spectrum resulting from the
solution of Eq. (6):

1
w’2:4b<n+m+|;n|+ ),
so that )
w? = 4b (n + m+|72n|+) — 2yb. (7)
Further, we find
ol |,
h2c2 h2 N
1 m+ | m|+1

= ——— |4b ——— | — 290|.

el Ll G s REL N

This represents the spectrum of a relativistic parti-
cle modified by its intrinsic (Cox’s) structure. In prin-
ciple, this formula provides us with a possibility to
test experimentally Cox’s particle intrinsic structure.
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2. Solutions of Cox’s
Equation in the Presence of an Electric
Field in the Minkowski Space-Time

We start again with the system of first-order equa-
tions in the form (1) in the cylindrical coordinates (2):

Ay=—-Ez, F;=-E, F’=-E.
The first equation in (1) reads

h E
u®y — \E®, = (z'at + ez) ®,

c c
u®, — AE® = ihd,®, u®, =iho, P,
ﬂcb(z, = zh6¢<I>

From whence (we use the notation v = AE/pu), it
follows:

o, = Me <<¢iat T GEZ) +m'az) ®,

T 1—42 he
h/Mc 1 eFE
@ = — 3 -7 @
z 1 _ 72 (Zaz + '7 (Z Cat + hC Z)) b (9)

O, = (h/Mc)id,®, ®,= (h/Mc)idy.
In turn, the second equation in (1) looks as
; E 1
(Zat + 62’) ‘I)o —1 <87« + > ‘I),,n —
c ch r
(10)

Then, using (9), we obtain the equation for ®:
1 el 1 1 el
=0+ —2) —— [i-0s + — 10, ©—
(Zc et chz> 1—1~2 (Zc vt hcz+rﬂ Z>

) 1 . 1 eE
—2821_772 (’Laz + Yy (lcat + 7162«')) o —

. 1 . i8¢ . M262
— <8r + r) Zar¢ - r—228¢@ = h2 P. (11)

From (11) with regard for the representation for the
wave function ® = e~ *F't/heim R(r)Z(z), we arrive
at (instead of the electric field amplitude, it is conve-
nient to introduce a parameter v = eF/hc; instead of
the energy E’, we will use the parameter e = E’/hc)

L etva) (ervatril) -
2 e+ vz)(etvztryis
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M?3¢?

.0 (.0
—ig (Zaz —|—7(e—|—1/z))] RZ —

o 1\ 0 m?

—+-)——-—|RZ=0.
+[(3r+7’)8r 7“2:|R 0
The variables are separated:

& 1d 5  m?
<d’l“2+’l“d’l“+wj‘_’r2) R(T)—O,

1 (e n ) € +6E n . d
I f (S R “Z) -
1—~2 | \ic VAR T

.d (.d €
—i (Zdz + 7 (% + VZ)>:| Z(z) —

——7(2) = +w? Z(2) .

(13)

(14)

Let us make the formal change iy = 7 and use the
notation

w1+ (wl + =) =

Then Eq. (14) reads
d?

@—i—(e—i—yz)z—wf Z =0,

(15)
which is an equation of the same structure for an ordi-
nary scalar relativistic particle in the uniform electric

field.

3. The Schrédinger Equation
in a Magnetic Field. Minkowski Space

In cylindrical coordinates, the uniform magnetic field
is described by

B 2
A¢ = 777", F,«¢ = 7B’I",
B3 =-Br, B*=-Br~', B;B'=B.

We start with the Schrédinger wave equation for
Cox’s [1] particle in the form [2]

1 ok o * o *
Dy¥ = BYYi <D1D1 +D2r7? Do+ D3D3) v, (16)

where )
B
Dy = ihd,, Dy =ihdy+ -
&

5 Ds=iho.,

Br?

o 1 o
Di= ik (ar + ) D= ihds + S,
r c 2
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1
Trrege (D1 - TBsD?) =

1 . I'B /. e Br?
Hmm@@r@%mz»’

Ds (Dy +TBsD') =

53: ihaza 51:

1
 1412R2

1 e Br?
=——([7 - ihI’ Bro,
5 (<zh8¢+ - > + ik r@,),
* (D3 +1I2B3 B3D3)

= = ¢hd,. 17
Ds 1+12B2 ! (17)
Below, we will use the notation
eB
— =b I'B=+.
2he K
We compute
Lpx_ B
2M TN T aM(1+42)

[ 1
< |02+ 0, — %aﬂ% +inbrd, + mb],

1 o K2
_— = 18
ot P2P2= “opra 2 (18)

[ 1 . 9\2 .92 1

X 7“72 (3¢fzbr ) +’y(8¢71br )r&}’
1 o = h?

— = (1+~?) 0%

o1 D=~ L) 9

By using the representation for the wave function

, - omE
U — e—zEt/ﬁezmqﬁeLsz(r)’ € = ’;?2

(1+1%), (19)

we obtain the radial Schrédinger equation

i +1 d + 2ivb +
L -2 i €—
dr2 = rdr v
m—er2
_(mo b - ) - (1++9*) K| R=0. (20)

For physical reasons [3], the parameter v must be
purely imaginary: v = —in. So, we obtain the radial
equation

d? 1d
W‘f‘**ﬁ‘%ﬂ)—‘re—

rdr
(m — br2)2
-
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- (1-n*)K|R=0. (21)

With the notation € — (1 —n?)k? 4+ 2nb = ¢, equation
(21) can be written as

(m — br?)?

1o
5 +¢e| =0.

{CP 1d (22)

P -
This equation coincides with the differential equation
arising in the usual problem of a Schrédinger parti-
cle in a magnetic field. Its solutions are known. We
present here only the expression for the energy spec-
trum (turning from € to €)

+ (1

—n?) k* — 2nb. (23)

1
E4b<n+m+m|+>

By translating (23) to the ordinary units, we find

2

P 1 eB
E=2 2y

oM T

m+ | m|+1 n 1 eB
- = —h. 24

X("+ 2 ) 21— 12 Mec (24)
With the notation
B, T =T, w=L
77— 9 - 9 _MC,

the formula for the energy levels can be written as

P2 wh

“om Fi-mB)e
" n+m+|m|+1 B wh I'B
2 1-(TB)2 2 °

E

(25)

Thus, the intrinsic structure of Cox’s particle modifies
the frequency of a quantum oscillator
eB

w=—". (26)

W= w=
Me

v
1-I2B?’

4. Cox’s Particle in a Magnetic
Field in the Spherical Riemann Space

In the cylindric coordinate system of a spherical Rie-
mann space (for little » and z, the metric coincides
with the known one in the Minkowski space)

dS? = dt? — cos® z (dr2 + sin® rd¢2) —d2?,

V—g =sinrcos’z, r € [0,7], z € [—g7+g}

we use dimensionless coordinates, £ — r, £ — z; p
stands for the curvature radius of the spherical space).
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An analog of the uniform magnetic field is given by
the relations [4-6]:

Ay = Bp*(cosr — 1), F,4 = Bpsinr,
B
Bs = Bpsinr, B®= 1
) psinrcost z
; B
BiB" = ——.
cos? z

The question about the source for such a magnetic
field was not considered. However, even without any
clarity concerning the source, we can study the behav-
ior of classical and quantum-mechanical particles in
this field (see [4-6]). It should be noted that, in con-
trast to the flat space, the invariant of the magnetic
field B?B; in the curved model depends on the coordi-
nate z and exhibits a singular behavior at the points
z = +7/2. These points are special in the geometrical
meaning as well, because g, and g4 tend to zero as
z — £7/2. These values of z will give singular points
in the resulting differential equations. These explana-
tions are also relevant in the case of an electric field
in the spherical model, which is studied in Section 8.

We start with an extended Schrodinger equation in
the form [2]

1 o 1 *
Dot = 2M p? [Dl o2z D1 T

tD2 =5 ——_ D2+ D3D3] v, (27)
sin“ r cos? z
where

Dy =ihd,, Dy =1ihdy — ZBpQ(Cos r—1),

Dy = ihd,, Di=ih (& + &8 T),

sin r

52: ih8¢—EBp2(cos r—1), 53: ih <8Z — o Z),
c Cos z

5 - (Dl 7FB3D2) - 1 %

Y 14 T2B2cos 42  1+12B%2cos 4z

X [ih@r +T'Bsinrcos® 2 (ih8¢ - EBp2 (cos r — 1))},
c

s (Dy+TBsD') 1 y
T 14T2B%cos %z  1+12B%cos 4z
e I'Bsinr
ihd, — — Bp? —1) —ih———0,|,
X |:Z o — - Bp (cosr—1)—1i p—m }

Ds= (D3 + 2B B3Ds) = iho,.

1+12B2cos 4z
With the notation
eBp? B

= b’ f— B

he cos? z v(z)
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we obtain

1 B 11 .5 o h? X
2 M p2 19 = 2Mp? cos? z (1 +~2%(2))

—1
BT %
sinr sinr
7(2) -
0.0y — i7(2)b),

+ sinr ¢ () ]
L By g e . .
2M 2 29 2= 2M p2? sin” r cos? z (1 + 72(2))

X [0p + ib(cosT — 1)] X
X [0p + ib(cosr — 1) — (z) sinrdy],

1 O gk K2 sin z
— =——=10,—2——| 0..
2M p? Ds g™ Ds 2Mp2 \ ¢ cosz)

Using the representation
U = e_iEt/heim(bZ(z)R(r),

(28)

e = B/(1?/2Mp?),

we reduce the Schrédinger equation to the form (for
physical reasons [1, 3], the function (z) must be
imaginary: ivy(z) = v(2))

[
cos? z (1 —~2(2))

12
" (83 LT, [m + b((.:oz r=1] bv(z)) N
sinr sin’r
te+ (az _ o Z) az] R(r)Z(z) = 0.
cos z

Separating the variables

1 (d*> cosrd [m+b(cosr—1)]?
R(r) <dr2 sinrdr sin? r >R(T) *
1 2 2 by(2)
- 1_ _
+Z(z) cos z( ~ (z))( cosQZ(l—’yQ(z))+€+
sin z
-2 Z(z) = 2
+ (0. -25%) o) 2 =0, (20)
we have
@ cosrd
dr? ~ sinr dr ,
b -1
TR (30)
sin® r
d® sinzd by(z) 3
dz? cos z dz cos? z (1 — v2(2))
A
Z(2) = 0 (31)

"~ cos? z (1 —~2(2))
the last equation can be reduced to the form (note
that v = BI)
d? sinz d by + Acos? 2
Z 9 SR A Mt
dz?

_ ) Z(z) = 0. (32)

cosz dz costz —
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5. Analysis of the Equation in Variable z

Excluding the term with the first derivative in (32),
we obtain the equation with the effective potential

1 d?
Z = _— 1 — =
O = ot (s +er1-U)) 1) =0,
by + A cos? z by + A
()= Um0 -T2 6y
T b
—4_)=——,
U(z 2) 5
The expression for the effective force looks
au
F,=——— = —2coszsinz X
dz
XAcos4z+2bfyc0522+72A; (34)

(cost z — ~2)?

the points of vanishing force (or of a local extremum)
are z = 0 and the roots of the quadratic equation

Acos® z + 2bycos? z 4+ 7PN =0 =

b b2
= (cos®z) |12 = 37 + <A2 - 1) 72, (35)

Due to the inequality A% > b% (see Section 6), the
quantity under the square root is negative. Therefore,
in the physical region of the variable z, we have no
other force-vanishing points in addition to z = 0. In
the new variable cos? z = y, the differential equation
(32) takes the form

di+ st 1.1 da €
dy?  \2y 2y—1)dy 4dyly—1)
by + Ay }
Z(y) = 0.
(y—7)(y+7)4yly—1) )

(36)

The behavior near five singular points can be found
straightforwardly:

y~1l(z—0)
d> 1 1 d
[W+Qy0y‘
€ by + A _ (37)
B TOES ) R T 1)] 2y =0,
2) = b/ -1, A= T3
394

y~0

2  3d e b

— 4+ 224 -4 "7 —

(dy2+2ydy+4y+4vy> () =0,

Z(y):% ch]’ C:—e—é;
VY 0

(38)
Y ~ 00

d2
Qw*

Z=y",

ydy  4y?

—1+e+1
2 Y

2 d €
—_— = ) Z(z) =0, (39)

D =

Y~ +y

dy  2\y v-1)dy
A+b 1]

— | Z(y)=0
8y(1 -7 y—~ )

or

2

[(y—wdyﬁM(y—v)j;w} Z(y) =0,
A+D

1
() e e
2\y -1 8y(1—7)

Changing the variable —M(y —v) = x, we get

d? d
T—s —T— —
dx? dx
which is a confluent hypergeometric equation of the

special form

d? d
N A+b
c=0, a=—=

M 43 —4y)’

N

Z: = —
a) 0, « iR

Its general solution looks as Z = ec;M(a + 1,2,y) +
+ CQU(G’ + 17 27 y)
Now, let us consider the case y ~ —7:

#1031 \d,
dy22 \~y —y—1) dy

A-b 1
+ Z(y)=0
8(7)(1+7)y+7} )
or, shorter,

2
[(y ) My =)+ N’} Z(y) =0,
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which is a confluent hypergeometric equation of the

special form
d? d
N’ A-0D
c=0,

R VR TE N

its general solution is Z = esM(a+1,2,y) + c2U(a +
+1,2,9).

The further analytical treatment of the differential
equation (36) is very difficult because of the complex-
ity of this equation.

6. Solutions of the Radial Equation
Now, let us consider the radial equation (30)

d? cosr d

dr? " sinr dr
[m + b(cosr — 1)]?
- Sy + Al R(r)=0;

for definiteness, let the magnetic field be directed in
the negative direction of the axis z: b =—-B, B > 0.
Then

d? 1 dR

[m+ B(1 — cosr)]

2

2
— R+ AR =0.
dr? tanr dr sin“r +

With the new variable 1 — cos r = 2z, we obtain

d? d
[2(1 - z)@ +(1- 2z)% -

1 2 2B)?2
S LY O G ) IV S T

4\ z 1-=2
With the substitution R = 2%(1 — 2)* F, for
a—:I:T, b::l:erQB,

2 2

Eq. (40) yields
2(1—2)F" +[(2a+1)—2(a+b+1)z] F' —
—[a(a+1)+2ab+bb+1)— B> —A]F=0, (41)

which can be identified with the hypergeometric-type
equation

z(1—=2)F +[y— (a+ B+ 1)z]F' —afF = 0.
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We will search for the solutions describing the
bound states; in this case, the parameters a and b
should be positive:

z = sinzg, z €10,+1], r€[0,+m],
(42)
+|m| +|m+2B]|
Rz(sin g) (cos g) F(a,ﬂ,’y;—sin2 g),
for (a, 8,7), we have
| m | | m+2B |
y=+m|+, a=+0 p= B2
2 2
1 1
a=atbt g — /B4 +A, (43)
1 1
6:a+b+§+ B2+Z+A

The polynomial condition is

1 1
a:a—i—b—&—i—\/BQ—ﬁ—Z—l—A:—n:O,—l,....

From whence, we obtain the quantization rule
1 5 I
At =-B"+(a+tbt+n

and the corresponding radial functions

mHml , pyHmt2B|
R= (sinf) (cos f) Fx

2 2
X (—n, | m |4+ | m+2B |+ +n,|m |+1—sin2£). (44)

While examining the boundary properties of
the functions, we should consider features of the
parametrized spherical space S3, the sphere
uy +ui g +ui =1,
by the coordinates (r, ¢, z). In particular,
r=0, us = sin z,

U1:0, UQZO,

ug = +cosz, z€[—m/2,+m/2],

Uy = — COS 2,
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A B A
o j
b

—2B m=0 m

Fig. 1. Orientation B > 0

this means that the complete curve u2 + u3 = 1 in
Ss is given by two parts:

{(r =0, ¢ is mute, z) + (r = 7, ¢ is mute, 2)}.

Correspondingly, we must require

at non-zero m.
First, let us consider the case m = 0:

m=0, a=0, b=+B,

=2B(n+1/2) +(n+1/2)> = A > B,

(46)
r\ 2B . o
R= (cos§> Y(—n,23+n+1,1; —sin 5)’

R, 0= 1, R, =0.

For m = 0, the function ¥ does not depend on ¢, be-
ing continuous and single-valued. From (46), we ob-
tain

A =B+2Bn+n*+n> B. (47)

Now, let us consider the case

m b_+m+2B
27 T 2 7

m>0, a=+

A+i:2B(n+m+l/2)+

+(n+m+1/2)2 = A > B,

R= (sin g)er (cos g)mHB X
xF(—n,QB—l—Qm—I—n—i—l,m—l—l; — sin? g),
R.0=0, R,=0.

It follows from (48) that

A=B+2B(n+m)+ (n+m)®+ (n+m)> B.

396

Now, let us consider the possibility

mooy m+ 2B
a = —— = —
2’ 2

A+%:—2B(n—m+1/2)+(n—m+1/2)2:
=Mn-m+1/2)(n—m+1/2-2B) >0,

m < —2B, > 0,

(49)
—m —(m+2B)
R = (sing) (cos g) F x
X (—m —2m—-2B+14+n,—m+1; —sian),
Rr—>0 = 03 Rr—>7r =0.

One of the relations (49) yields

A=B-2B(n—m)—2B+(n—m)*+(n—m) >
>B+mn—m)+m+(n—m)?+(n—m)=
=B+n*+n—2nm > B.

Now, let us examine the case —2B < m <0,
m m+ 2B

- Mo b=
=73 2

1
A+ 1 2B(n+1/2) + (n+1/2)* > B,

—m m+2B
R= (sin g) (cos g) X

x F (—n,2B +n+1,—m+1; —Sinzg),
R, o= 0, R, . =0.

>0,

(50)

From the expression for A, we derive the restriction

A=B+2Bn+n*+n> B. (51)
Now, the last possibility is
m=-—-2B, a=+B, b=0,
1
A+==2B(n+1/2)+ (n+1/2)?,
1= 2B(n+1/2)+ (n+1/2 )

R = SiHQB gY (_n7 2B + n + 17 _B + 13 —Sin2%>a
RT—>+0 =0, Rr—>+7r =L

These solutions are discontinuous, because the wave
functions depend on ¢ as 7 — 7.
Let us collect the results together (see also Fig. 1).

(4), m>0,
1
A+Z:(n+1/2+m)(n+1/2+m+2B);

ISSN 2071-0186. Ukr. J. Phys. 2015. Vol. 60, No. 5



Cox’s particle in Magnetic and Electric Fields

(A", m < —2B,

AJFi:(n+1/2—m)(n+1/2*m*2B)5

(B), —2B <m <0,

A+ i =(n+1/2)(n+1/2-2B).

In the usual measure units, these formulas read

(4), m >0,

eB
PPhot 3 = 4257 P m+1/2)+ (n+m+1/2)%
(4), m < 2th2,

2 1 eB 2
PPho+ = =22 (n—m+1/2) + (n—m+1/2)?

4 he

B
(B), —fh—pZ <m=0,

%A + == 2—Bp (n+1/2) + (n+1/2)%

4 he

The transition to the limit in the Minkowski space
is attained accordingly to ( p — o0)

B
m<0, Ap= 26717(” +1/2);

Ao = +2§(n+m+ 1/2),

>
m=0 ke

where

. 2M P2
Jim Ao = 5 (E‘ 2M>

Thus, we have the well-known result

P2 B
_eh<m+|m| (54)

_ 1/2).
oM ~ Me 2 +”+/>

7. Cox’s particle in an Electric
Field. Minkowski Space

The Schréodinger equation for Cox’s particle in an
electric field has the form [2]

(Dt—c

X gkj [Dj +

I2E,Eip+TEID; 1 o
- = ——— D X
2(1+ IT2E,EY) oM
14 2E,E '
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‘We use the notation:

Ao = —eEz, E; = (Fo1, Fo2, Fos),

11E1 El g22E2 _ EQ, g33E3 _ ES,

zh@t — €A0 = Dt,
ih 0
V=g 0zF

In the cylindric coordinates, the field is characterized
by

ihdy = Dy,

——/—g Dk

E;=E, E3=—FE, E3E3=—F>

First, we get (let TE =)

I?E;Ein + FEij
D; — . =
2(14+T2E,E7)
2
. Y +Ds
= zh@t + €EZ + C W (56)
Next, we consider the Hamiltonian
H = L D D+ D L —Dy +
o | PP 2 b
O wy
D . 57
+D3(3+1 72>} (57)

In the explicit form, the extended Schrédinger
equation looks as follows (to allow for imaginary =,
we make the formal change iy — 7):

g M6272 ol
Gh@t—FeEz— RED + 20+ 2)ﬁc<92> U =

R (o 0 .o (mc/h)y
——W<3+ a+ +a 142 8 (58)

With the representation U = e~ *Wt/heimé 7( ) R(t)
and the notation

M32c? 1 2M 2M
RS S TR
we obtain
1 d? 1 A2
Z(2) <dz2+”+ )\21+72) (2)+
1 d? 1 m2
—+ -0, — — | R(r). 59
R(r) <d7"2 + r T2> (r) (59)
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After the separation of the variables (w,; > 0 stands
for the separation constant), we have

d? 1d m?
- R(r)=0 60
(dr22+rdr r2 —&—uu_) (r) ’ (60)
d
— +vz+w) Z(z) =0,
dz2
) (61)
r_ I v
)

In fact, (60) and (61) coincide with the well-known
ones for an ordinary particle in a uniform electric
field. The equation in the variable z looks as a 1-
dimensional Schrédinger equation with the potential
U(z) =—vz, v >0

(d2 ot yz> Z(2) = 0. (62)

dz?

The form of the curve U(z) indicates that any par-
ticle moving from the right must be reflected by this

barrier in a vicinity of the point zp = — “’7/ (we assume
that the electric force acts in the positive direction of
the axis z).

The solution of Eq. (62) can be presented in term
of the Airy function. Indeed, in (62), let us change
the variable

d? ad

vz+w' = az, <dx2+u2 >Z(x):();

let it be (for definiteness, v > 0)

3
a—Q =-1, a=-1*3,
v
, , (63)
vz +w 1/3 w
r=——(F—=-v"z—-—0.
—,2/3 2/3
Then we arrive at the Airy equation
d2
(dx2 — ) Z(z) =0; (64)

to the turning point zg = —w’/v, there corresponds
the value xy = 0. Moreover, Eq. (64) can be related
to the Bessel equation. Indeed, let us introduce the
variable

_ 2 3 _ 3o
then the Airy equation gives

1 d d?

~ 2% q)z=o.
(ede i 1) 2=
398

Applying the substitution Z = £'/3 f(€), we arrive at
the Bessel equation [8]

¢ 1d 1/9 B
(e 1) HO =0 o
with two linearly independent solutions
f1(§) = J413(i€), f2(8) = J_1/3(i8). (67)

Thus, the general solutions of the Airy equation can
be constructed as linear combinations of

Zi(x) = €3 041/3(),  Za(z) = £/3 T 5(i€),

where

!
i€ = i2f(z + D2,

14

With the use of the known relation [§]

W/2)" iy 1 ‘
—_— F =,2 1,2
F(/.L—l—l)el 1 N’+27 w1, 22y
and with the notation y = i, u = +1/3,—-1/3, we
express two independent solutions of the Schrédinger
equation as

Ju(y) =

(ig/2)"
PESTR

1
X 1F1 (+/’L+ 7+2/J/+17_2€)7

2
. . 2 _lt
7o = €/ _yali€) = € (L2 e

1
X lFl (_M'i_ 57_2M+ 17_25)

Zy = EY3 0 5(i6) = €73

8. Cox’s particle in Electric
Field in the Spherical Model

In the cylindrical coordinate system,
dS? = dt® — cos® z (dr2 + sin? rd¢2) —dz?,

the external electric field along the axis z is given by

E
Ao =—Eptanz, FEz=——
cos? z
ES = -, E3E3 = — .
cos? z cos? z

Note that the infinite values for E® at z = £7/2
have no metrical sense, and everything is correct in
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the resulted differential equation in the z-variable
(see (75)).

Below, we use the operators (and the dimensionless
coordinate tc/p — t)

ihfp o

ks /—79 Ok

We start with the extended form of the Schrédinger
equation [2]

(-
Dr (—g™)
2M p? it

After the needed calculation, we get representation
for the wave equation

h h
i —edy = Dy, iZ0, =D
p p

2(1 + 12, EY)

1+ 2EE v (@0)

FQEiEi/L + FE]D]>

he
t
P <5‘t he/p an z +

1M
1Mep +*(2) 1 5(2) AL
2 h 1—7%(2) 21—72(2)
h? 1 cosr o3
A 62 ar [
2Mp? | cos? z T+sinr +sin27’ *
Mcp

(o - 2sinz 1- 272(z)az 3 iv(2) o
cosz/\ 1 —~2(z) h 1—92%(z2)
Note that two terms proportional to iy(z)9, compen-

sate each other. In addition in view of physical rea-
sons, we perform the formal change iy — :

he 1 Mcp ~*(z) )
— (40 —i——t —
p<” hefp 7T 2R 1492(2)
h? 1 cosr 93
LI N W o, 4 —2
2Mp? | cos? z r+sinr T+sm2r *
sin 2 (14 292(2)
0, —2 9. —
+< cos z><1+72(z)
_ Mcep 0 A(2) Mep  ~(2) sin z

}\p. (71)

h 8z1+72(2)  h 14+7%(2) cosz

With the representation

— w
U = We™MPR(1)Z(2), w= —p,
he
and the notation
he 1 Mpc 1

W =w VZBEpm,
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e V) Pt
p 22Mp? TR

V=9 =Dx.

LSV -~ M2p? )
_/’[/7
R2/2Mp? h2

we arrive at

cos z(W—I—Z/tanz— 1+72(Z>R( )Z(2) +

(32 :i’” - T)R VZ(2)

5 [( smz)(l—l—?y
+ cos” z
cos z 1+ ~+%(

0  ~(z) v(z) sin z
_ Z(z)=0.
Mazl—i—’y() 'ul—&—’y() Cos 2 R(r)2(z)=0
(72)
After the separation of the variable, we obtain
d> cosr d m?
il A —
(dr2 t sy dr  sin?r * ) R(r) =0 (73)
and
d sinz\ (14 272(z) d
29
dz cosz) \ 1+72(z) dz
d ~(z) v(z) _sinz
Mdzl+'y2(z) 1+~2(2) cosz W
tvtans 2@ A Z(z)=0. (74
a 1+42(2) cos?z -

Remember that v(z) = 7 cos™2
can be translated to the form

cos’ z 4+ 29* d*
costz +~2 dz?
72 cos* z + 29* + cos® z d
(cos* z +72)2 dz

3 sinzcosz

(cost z +72)

2.2 A
A Z(z) = 0.
costz+~2  cos?z

We could not proceed further with this differential
equation because of its complexity.

z. The last equation

sin z

COS 2z

cos? z d

T st 2 +42dz

+4duy s+ W +vtanz —

(75)

9. Conclusion

The generalized relativistic Klein—Fock—Gordon
equation for Cox’s scalar particle with intrinsic
structure has been investigated and solved in the
presence of the external uniform magnetic and
electric fields in the Minkowski space.
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Similar problems in the non-relativistic approxima-
tion for the case of a closed spherical Riemann 3-space
have been examined as well. The complete separation
of the variables in the system of special cylindric co-
ordinates in the curved model has performed for both
cases. In the presence of a magnetic field, the quan-
tum problem in the radial variable has been solved
exactly, and the wave functions and the correspond-
ing energy levels have been found: the quantum mo-
tion in the z-direction is described by a 1-dimensional
Schrédinger-like equation with an effective potential,
which turns out to be too difficult for the analytical
treatment. In the presence of an electric field against
the background of the curved model, the situation is
similar: the radial equation is solved exactly in hy-
pergeometric functions, whereas the equation in the
z-variable can be treated only qualitatively.

So, the additional Cox’s intrinsic structure of a
spin-zero particle turns out to be very sensitive to
the external geometrical background of a space-time
model.
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YACTHMHKA KOKCA

Y MATHITHOMY I EJIEKTPUYHOMY
IIOJISIX HA TJII EBKJILJIOBOI

I COEPMYHOI TEOMETPII

Pezmowme

VYzarajbHeHe pesiaTuBicTcbke piBusanHa Kieitna—®oka—[opio-
Ha JIJIs1 HETOYEYHOI CKaJIsIpHOT YacTuHKN Kokca 3 BHy TPIIHBOIO
CTPYKTYPOIO PO3B’si3aHO B IIPUCYTHOCTI 30BHIIIHIX OJHOPIIHUX
Mar”iTHOrO ¥ €JIEKTPUYHOIrO IOJIB y BHUIAAKY pocTtopy Min-
KOBCBKOI'O. AHAJIOTI4UHI 3aB/IaHHS PO3IVISIHYTO B HEPEJIATUBICT-
CbKOMY HAOJIMXKEHHI JJIsi BUIAJKY 3aMKHYTOrO CGHEPHUIHOIO
TpuBuMipHOro npocropy Pimana. Bukonano nosae posninen-
Hs 3MIHHUX Y CIeIjajbHii cucTeMi MUIIHAPUYHUX KOOPJIHHAT
B 000X BHIaJKax. Y IMPHUCYTHOCTI MarHiTHOTO MOJI KBAHTO-
Ba 3a/1a4a JJId paJiabHOI 3MIHHOI BUPIIIIEHO TOYHO, 3HAMIEHO
XBHJIbOBI (pyHKIIT i BijgmoBiaui piBHi enepril. KBanToBuii pyx y
Z-HAIIPSIMKY OIUCYEThCS OMHOBUMIpHUM piBHsiHHSM TuIity [TIpe-
AiHrepa B eEeKTUBHOMY IIOTEHIiaJl, IKE BUSBJISIETHCS 3aHAITO
CKJIATHUM JIJIsl AaHAJITUYIHOIO PO3B’sI3aHHsI. Y IIPUCYTHOCTI eJie-
KTPUYHOT'O IOJIsI Ha TJIi BUKPHUBJIEHO! MOJEJI CUTYyallis aHaJIO-
riyHa: pa/iiaJibHe PiBHsIHHsI BUPIIIIEHO TOYHO B TillepreoMeTpu-
9HUX DYHKIIAX, PIBHAHHA B 2-3MiHHOI MOXKe OyTH [TOCJII2KEHO
TUIBKY SIKICHO.
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