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IN A VICINITY OF THE PHASE TRANSITION POINT

The application of the method of collective variables to study the behavior of non-universal
characteristics of a three-dimensional Ising-like system in the critical region has been illustrated
by an example of the correlation function and the susceptibility. An analytic procedure for the
calculation of those characteristics has been developed in the quartic-distribution approximation
for order parameter fluctuations. The asymptotics of the correlation function at large distances
obtained for the critical temperature (T = T¢) is shown to differ qualitatively from that in the
T # T case because of the presence of the critical regime region for all fluctuation modes.
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1. Introduction

The paper is devoted to the calculation of some struc-
tural characteristics of a three-dimensional Ising-like
system in a vicinity of the phase transition point. The
mathematical description is carried out in the frame-
work of the method of collective variables (CV) [1-3]
with the use of a non-Gaussian distribution for the
order parameter fluctuations. The calculations were
performed both with regard for a correction for the
averaging of the Fourier transform of the interaction
potential ®(k), i.e. making allowance for the wave-
vector dependence of the Fourier transform of the
potential, and without it.

The dependence of ®(k) on the wave vector at the
calculation of the partition function of the system
considerably affects the behavior of the pair corre-
lation function G. It is known (see, e.g., work [4])
that, at the critical temperature T = T, this func-
tion is characterized by a critical exponent 7 at large
distances r, i.e. G ~ r— (=241 where d is the space
dimensionality. Substituting the quantity &)(k) in ev-
ery layer of the CV phase space by its average value,
we obtain that n = 0. A correction connected with
the dependence of the Fourier transform of the poten-
tial on the wave vector results in a non-zero n-value.
Expressions for the pair correlation function and the
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susceptibility are also changed both at T' =T, and at
temperatures different from 7.

The Fourier transform of the correlation function
G(T,k) in the limit ¥ — 0 is connected with the
susceptibility x by the relation limy_,0 G(T,k) =
Bx. Here, § =1/(kT) is the inverse temperature.

The expressions for the correlation function and
the susceptibility of the system were obtained for the
temperatures T > T, T < T, and T' = T,. This work
logically supplements our previous researches [5, 6],
where a method of determination of the small critical
exponent n of the correlation function was developed
and used. This supplement makes the general picture
of researches comprehensive and the character of the
researches more complete, because the developed ap-
proach is suitable for the calculation of not only the
correlation function exponent, but also the correla-
tion function itself.

2. Correlation Function
and Susceptibility of the System
Above and Below T,

The calculation of the pair correlation function near
the second-order phase transition point presumes a
research of its dependence on the distance between
particles, when the latter tends to infinity. In the CV
method, it is convenient to work with the Fourier
transform of the correlation function G(T', k). It is re-
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lated to the partition function of the system by the
formula

G(T, k) = —L 92

~Z0d(k) (1)

In what follows, we use an expression for the parti-
tion function in the quartic measure density approxi-
mation (the p* model), which was presented in works
[1,3,5]:

Z = C/eXp{—; Xk:d(k)pkpfk -

1a4

aN pkl"’pk45k1+---+k4} (dp)N (2)
: k

1yeeesKa

Correlation functions near the phase transition
point were calculated by many researchers [1,7,8]. As
a rule, the calculations were carried out, by using the
Gaussian measure as a basis one in the framework
of the Green’s function or other methods [9-12]. The
specific feature of the approach to the calculation of
correlation functions, which is described below, con-
sists in the application of a non-Gaussian fluctuation
distribution as a basis one. The behavior of G(T, k)
at k — 0, which corresponds to large distances, is the
most important if the critical properties of the sys-
tem are analyzed. When calculating G(T', k) in the
case T' > T, it is convenient to present the partition
function in the form

Z = ZyZcrZrrZ' (3)

Here, Z; is the partition function for the system of
noninteracting spins, and Zggr corresponds to the
contribution of non-Gaussian fluctuations. The mul-
tipliers Z7g and Z’ describe long-wave fluctuations,
with the component Z’ corresponding to extremely
large distances, k — 0 (its expression can be found in
work [5]). Hence, while calculating the Fourier trans-
form of the pair correlation function (1) at large dis-
tances, r — 00, it is convenient to use the formula

1 0z’

W0 ="Z 50

(4)

in which the functional derivative with respect to
dp_+1(k) is related to the long-wave part of the parti-
tion function (3). The notation p, = m,+m” +1 (see
work [3]) was introduced to shorten the expression.
Let us write the Fourier transforms of the pair cor-

relation function and the susceptibility with the use
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of the quartic basis distribution of fluctuations. At
the first stage of calculations, the correction for the
averaging of the Fourier transform of the interac-
tion potential will be neglected, i.e. we suppose that
A®(k) = 0 (see work [5]). Then, the quantity o(®)
(see formula (45) in work [5]), which was used to de-
fine the critical exponent 7 of the correlation function,
vanishes. As a result, we obtain the condition n = 0.
At T > T, expression (4) takes the form

G(ILK) = [dy 1 (0)] Q

where the quantity d, (k) is defined in works [3,5].
Using an explicit expression for JPTJrl (k) as a function
of the temperature and the wave vector, we obtain
that, as kK — 0,

Gk = 5 poe o
Here, )
D (f(f) 57 5RO)gl1+ (91 = oma)r ],

Dy = 2B83(0)b?,

v is the critical exponent of the correlation length, b is
the range of the exponentially decreasing interaction
potential, s is the parameter of the CV phase space
division into layers, and 7 = (T — T) /T, is the rela-
tive temperature. The other quantities in Egs. (7), in

particular, my = —cap(c1r/fo)> Py, were defined in
work [3]. Let us rewrite Eq. (6) in the form

D—l
G(T,k) = —— (8)

s + k2

and identify the quantity s« with the inverse correla-
tion radius &,. For the latter, we find the expression

&, = f)r_”(l + ag'TA). (9)

Here, the quantity

v 1/2
© _ f°> bs™” <2> 10
£+ (Clk 9o (10)
is the leading critical amplitude, and
ag =vmg — %1 (11)

is the correlation length amplitude, which deter-
mines the correction to scaling (the confluent cor-
rection). The exponent of the scaling correction A
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depends on eigenvalues of the renormalization-group
linear-transformation matrix [3]. The susceptibility
at T > T. can be obtained from the relation

X+ = kT lim G(T, k) (12)
k—0
and takes the form
X+ =X (1 +af), (13)
where
21/ m//
NOpY (fO) s>
X+ cik)  BP(0)go’ (14)
I = 21/m2 —Jg1-
Note that our estimate
az/a; =0.5 (15)

for the ratio between the amplitudes of confluent cor-
rections for the correlation radius, ag, and suscepti-
bility, a , is in agreement with the data obtained by
other authors. For instance, in the framework of field
theory, the value ag / a; = 0.65£0.05 was obtained at
d = 3 [14]. The application of the high-temperature
expansion brings about a result 0.70 + 0.03 [14],
whereas the method of e-expansion (to the second
order in €) gives values in the interval of 0.43 —0.71
depending on the Padé approximants [13,15].

Let us consider a case where the temperature is
lower the than critical one. Then, the partition func-
tion of the model can be written in the form

7 = ZyZor2 M OPIQ(P )N 2y . (16)

In order to calculate the Fourier transform of the cor-
relation function G'(T,k), it is important to know
2y, +1, since

G'(T, k)| L %4

 Zyo+1 0dy, (k)

k0 (17)

An expression for Z,, 11 was given in work [3]. Using
Eq. (17), we find

—1
[dy, 1 (R)]
Then, using the result of calculations for d, y1(k)
(see work [3]), we obtain

1
D'[r[> + Dik?’
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G/(T, k) = (18)

G'(T, k) = (19)

where

A
Di=4fo <C}k> p2(0 )[1_0% ((ffl(f) QV(I)O'T'A]’(%)
Dy = 239(0)b?

In view of this expression for G'(T,k), we find the

correlation radius at T' < Tp.:
& =1 A +aglr|®). (21)

Here, the quantities v and A are the same as in
Eq. (9), and

£ o (L) e,

o (22)
ag = Cog <f0> vdg.
For the susceptibility at T < Tt, we have
x= =X (1 g%, (23)
where .
O =i (£

cik)  pP(0) (24)

Cik .
CL; = 262k <f0) V(I)(].

Similarly to the case T' > T, we come to the relation
ag /a,, =0.5. (25)

Unlike the critical exponents v and A, the lead-
ing critical amplitudes §(io) and ng)’ as well as
the correction-to-scaling amplitudes af and a%, de-
pend on the microscopic parameters of the Hamil-
tonian. This dependence is contained in the multi-
pliers cix and co,, whose expressions are given in
work [3]. However, the ratios of amplitudes at tem-
peratures above and below 7 are universal quanti-

ties. Besides equalities (15) and (25), we have

0) ;-(0 n( fo /2

e/ =2 () (26)
g0

and

KO0 = asz 0 (27)
90

It should be noted that the ratios

atr at ar az

75_7 %7 73_3 7&-_7 (28)

ag ay ad ac
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and many other combinations of critical amplitudes
are also universal [16-20]. The universal character of
the ratios between confluent corrections amplitudes of
type (28) in the CV method is provided by a reduction
of the non-universal factor cor(c1x/fo)>.

The relations given above were obtained in the ap-
proximation n = 0. Making allowance for the depen-
dence of the Fourier transform of the potential ®(k)
on the wave vector at integrating the partition func-
tion over the CVs allows similar calculations to be
performed at i # 0. In this case, expressions (5) and
(18) remain the same, but the quantities d, (k) are
changed. In the case T' > T, neglecting the confluent
correction, we find in the limit & — 0 that

1

é T, k - = - = 29
( ) D717 + D1 k2 (29)
where .
. A Com! ~
D= (== ﬂ(I)(O)S qJo,
f (30)

Dy = 283(0)b? <5}’€>_W T

and 4 = (2—n). The exponent  together with other
quantities in Egs. (30) is defined in works [3, 5]. The
correlation radius £ obtained with regard for the po-
tential averaging correction takes the form
ng = gg»O)T_I;a (31)
where the critical amplitude éﬁ’) is defined by the
expression

NP 1/2

20) _ (f) b (2)/

+ = - .
Cik g0

The susceptibility calculated from expression (29) in
the limit £ — 0 can be presented in the form

(32)

X=X (33)
Here, the critical amplitude
K = 2k15f (34)
is characterized by the coefficient

~\7 om”’
3t = (j;) Zﬂipm (35)
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Expressions (32) and (34) transform into Egs. (10)
and (14), respectively, if the correction connected
with the wave-vector dependence of the Fourier trans-
form of the potential tends to zero.

In the case where T < T, and n # 0, the Fourier
transform of the correlation function is given by the

formula
1

G(T,k) = N (36)
where .
D' =4f (C”“) 83(0),

/ (37)

On the basis of Eq. (36), the following expressions
for the correlation radius £_ and the susceptibility
X— are obtained:

E =977 - =394 (38)

The expressions for the leading critical amplitudes
5(0) (0) (0)

are similar to the formulas for £/ and

X(P) in Egs. (22) and (24), where the quantities fo,
c1x, and v have to be substituted by the quantities
f , C1k, and U renormalized owing to the inequality
Ad(k) # 0.

Note that formulas (13) for the susceptibility x4
(the case T' > T, with the confluent correction) and
(33) for x4 (the case T > T. with the correction
for the averaging of the Fourier transform of the in-
teraction potential), which were obtained with the
help of the Fourier transform of the correlation func-
tion, coincide with the corresponding expressions for
the susceptibilities, which found earlier on the ba-
sis of the free energy (see works [5, 21]), to within
the factor (kT)?/u%, where up is the Bohr magne-
ton. Those susceptibilities have different dimension-
alities. In particular, the susceptibilities x4+ and x4
were obtained in terms of kT units (or ®(0) ones),
whereas the susceptibilities determined on the ba-
sis of the free energy were calculated in p3/®(0)
units. Here, ®(0) if the Fourier transform of the in-
teraction potential at the zero wave vector.

and y

3. Pair Correlation Function at T' = T,

In the calculations carried out for the correlation
function above and below T, the presence of a re-
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gion with either the limiting (at T > T¢) or in-
verse (at T < T.) Gaussian regime was substan-
tially used. Each of those regimes is characterized by
a Gaussian basis measure. The specific feature of this
measure is a non-analytic temperature dependence of
the dispersion.

In the case T = T, there are strong correlations
between spins that are located at arbitrarily large
distances in the system. No region of the Gaussian
regime arises at that. At T = T, the region of the
critical regime characterized by the renormalization
group symmetry exists for all fluctuation modes in-
cluding k& = 0. Therefore, expression (4) is inapplica-
ble here for the calculation of G(Tg, k).

The partition function for a system of Ising spins
at T = T, looks like

Z = ZoZcnr, (39)

where

Zor =[] @n, (40)
n=0

and the expression for Q,, is given in works [3,5]. The
Fourier transform of the correlation function will
be calculated for every separate n-th block struc-
ture. Let GG,, be the average value of the correlation
function for the n-th block structure. Let us intro-
duce, instead of G(k) = (pkp—_x), the quantity

1
e T
Nn = N1 Bpny1<k<B,

(PP—x)> (41)

where the symbol (...) means the averaging over the
non-Gaussian-type interacting system. The quantity
G, is calculated using the relation

B OF,

G, = = .
Nn - Nn+1 8dn(Bn+1, Bn)

(42)
The free energy of the system, F., looks like [22]

Fo=—KT. Y [NalnQ(dn) + Nuit nQ(Py)]. (43)

n=0

A specific feature of the expressions given above for
G, and F, is an unusual behavior of the quantities
d, (Bn+1, Bn) and ELSL") as functions of the block struc-
ture number n (see works [5,22]). In the general case,

ISSN 2071-0194. Ukr. J. Phys. 2015. Vol. 60, No. 10

the quantities av,, 7, and u,, in terms of which the
quantities dn(BnH,Bn) and dfln) are expressed, de-
pend on the number n. Only at T = T, the quantity
ay, is independent of n. Using the solutions of the
renormalization group equations at T' = T for 7,

and ., we obtain

dn(Bns1, By) = s "2 (7 4 g + & REY), )
a{” = 52 (i 4 & EY).

Here, 7 and @ are the coordinates of a fixed point
[5], ¢ = @BP(0), § corresponds to the average value
of k2 in the interval (1/s,1], R = Ri2/(Fs — R11),
éo = Cor(B.2(0))2, and R;; and Ey are the ele-
ments and one of the eigenvalues of the renor-
malization-group linear-transformation matrix, res-
pectively. In accordance with Egs. (44) and tak-
ing into account that Fy <1, the quantity x, =

= /3dy(Bpi1, Bn)(ELfl"))’l/2 at large n looks like

R )\ -
1+<~2 +2~>E§‘
r+q 2u

where & = /3(7 4 ¢)(2) ~'/2. The quantity EJ can be
presented in the form

: (45)

Ty =2

El =5 o=A/D.
The exponent 7 = Ins/In E is determined by the
larger eigenvalue of the renormalization group trans-
formation matrix (E; > 1). It characterizes the be-
havior of the correlation length. The exponent A=
= —In E2 /In El characterizes the correction to scal-
ing. Therefore, neglecting the term proportional to
Eg in expression (45) means that the correction to
scaling is not taken into consideration.

Let us consider a certain block structure with the
number ng. According to Eq. (42), the expression for
G,, at n = ng should be sought from the relation

Gy = 4 __9F +
N”O - N”UJFI adno (Bno+1,BnU)
aFC BFL d no 6 no
+ ( + ¥ ) — . (46)
a$n0 83/710 dx’no adno (Bn0+17 Bno)

taking formulas for Q(d,) and Q(P,) into account
(see works [3,22]). When calculating G, the main
difficulty is connected with the fact that, besides the
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derivatives of the quantities with the subscript ng,
Eq. (46) also contains the derivatives of the quantities
with the subscripts ng + 1, ng + 2, and so on.

For the derivative in the first term on the right-
hand side of Eq. (46), we can write

OF, 1—53 & . dlnd,(Bni1,Bn)
£ = kT, N, STt D T (47
O, pd) o, (7

In the limit of large n, the quantity Eg quickly de-
creases. On the basis of Eqs. (44) to within EJ°+"™
we obtain the following simplified relations:

dno+m(Bno+m+la Bno+vrl) =
= S_m(z_n)dno (Bno+17 Bno)a
ainoer) — s—2m(2—17)az(ln0).

(48)

In the critical temperature case, using Egs. (47) and
(48), we come to the expression

1 1
2(1 - 8_3) Jno (Bn0+17 BTLQ)’

which corresponds to the contribution of the first
term on the right-hand side of Eq. (46) to G,,. Two
other terms in Eq.(46) give no contribution to
Gp,, because z, ~ & and does not depend on
dno(Bno-‘rl’Bno) (ESOer < 1)'
Hence, at T' = T, we have
1 315 _

Gy = 5 (1 =57 [dng (Bng 1, Bno)] " (49)
Taking the equality

d’ﬂo (Bn0+1, B’ﬂg) = (71 + q)s—no(Q—n)
into account, we find

Gy = Gos™ @), (50)

where

1(1—s3)71

Gy = 5 g (51)
The quantity G,,, is the Fourier transform of the cor-
relation function for the ng-th block structure.

In the course of the step-by-step integration of the
partition function, every interval of wave-vector val-
ues k € (Bpt1,By], where B,, = B’s™™ and B’ =
= (by/2)71, is assigned the average value

<k2>B,L+1,Bn = B'%gs™". (52)
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Earlier, we obtained the quantity G,,, averaged in the
no-th layer. It depends on the average wave-vector
value in the ng-th block structure. Its asymptotics at
large n differs from expression (52), because the po-
tential averaging correction is taken into account. It
is this correction that gives rise to the appearance of
extra factors

(]. + Cko)(]. + al)(l + Olnfl)

in the term proportional to k?pyp_x in the expo-
nent of the distribution function (see work [5]). At
T =T, wehave ag = aq = ... = a, = a9, Ac-
cordingly, owing to the smallness of «,, the prod-
uct (1 + ag)...(1 + ap—1) can be approximated by
exp(na(®)). Then, Eq. (52) takes the form

_ s—n(2—n)B/2@

nt1,Bn

1+ aO) (k) (53)
where the equality o(?) = 5ln s was used. Comparing
Egs. (52) and (53), we obtain the expression

sT"ETIBRg = (K1) (54)

Bni1,Bn’
Hence, the correction for the potential averaging leads
to the substitution of s2" by s (2~ and corre-
sponds to the renormalization of the exponent: k2 —
k27", As a result, at T = T,, the Fourier transform
of the correlation function for the ng-th block struc-
ture in the limit ny — oo, which corresponds to small
wave-vector magnitudes k, reads

Ge =l Gy = G iy (7577), (55)
where
7 (1—s3)7!
GO0 — i(i 56
b2 g (56)

The quantity n corresponds to the critical exponent
of the correlation function.

4. Conclusions

Important information on the behavior of physical
systems can be obtained by calculating their corre-
lation functions. Those functions describe main fea-
tures that arise near the phase transition tempera-
ture [1,7,8,10]. This problem is especially challenging
for the description of three-dimensional systems, for
which an exact solution cannot be obtained, as a rule.
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In this work, a new method has been proposed for
the analytic calculation of the pair correlation func-
tion for a three-dimensional spin system with a one-
component order parameter. The method is based on
the functional differentiation of the partition func-
tion for the Ising magnet. The calculation of the sus-
ceptibility in a vicinity of the phase transition point
is connected with the limit of the Fourier transform
of the correlation function as & — 0. Calculations
were carried out in the high-temperature (T' > T)
and low-temperature (T < T.) regions, as well as at
T = T.. The technique used to calculate the Fourier
transform of the correlation function at T = T differs
from that used in the case of temperatures different
from T.. This difference results from the existence (at
the critical temperature) of the critical regime region
for all modes of spin moment density oscillations, in-
cluding modes with the wave vector k& = 0. This re-
gion of the renormalization group symmetry corre-
sponds to the presence of strong correlations between
spins located at arbitrarily large distances from one
another. At T' = T, only the critical regime region
exists, and the region of the Gaussian regime does
not arise, in contrast to the case T' # T..
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pean Commission under the project STREVCOMS
PIRSES-2013-612669.
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Translated from Ukrainian by O.I. Voitenko

1. B. ITuntox, M.II. Kosnoscvrkut

KOPEJISIIIIIHA OYHKIIIS
TA CIIPUMHATINBICTD I3SUHIOBOI'O MATHETHUKA
B OKOJII TOUKU ®A30BOTO ITEPEXOIY

Peszmowme

3acToCcyBaHHS METOIy KOJIEKTHUBHUX 3MIHHUX IO BUBYEHHS 110~
BEJIHKM HEYHIBePCAJIbHUX XapPaKTEPUCTHK TPUBHUMIDHOI i3nMH-
rOIO/IIOHOT CUCTEMM B KPUTHYHIN 06/1aCTi HPOLJIIOCTPOBAHO HA
NpuKIIaAl Kopeasaniiinol dyHKmil Ta cupuiiHaTanBocTi. AHasti-
TUYHY [POLEAYPY JJIsi PO3paxyHKy Kopessaniiinol dyHKIl Ta
CHPUIHATINBOCTI CUCTEMU PO3BUHYTO B HAOJIMKEHHI 4YeTBip-
HOTO po3moziny duIyKTyarniii mapaMmerpa nopsaaky. Ilokazamo,
1[I0 ACUMIITOTHKA KOPEJSIiiHOT (DYyHKIIT HA BEJIMKUX BiJCTaHAX
npu kpurnuHiii Temneparypi (T = T¢) skicHO BinpisHsAeTHCS
Big Bunanky 7' # T BHACHINOK HASABHOCTI JIJISTHKM KPUTHUIHO-
o peXkKUMy JJIsI BCIX MOJ (PIIyKTyariiii.



