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DEPENDENCES OF DIPOLE
PLASMON RESONANCE DAMPING CONSTANTS
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ON THE SHAPE OF METALLIC NANOPARTICLES

A theory describing the dependence of the damping constants of dipole plasmon resonances on
the shape of metallic nanoparticles has been developed. Analytical expressions for the damping
constants as functions of the ratio between the curvature radii are derived in the case of
spheroidal particles and provided the dominating role of electron scattering at the surface. The
corresponding plots are drawn. A considerable dependence of the damping constants on the
nanoparticle shape is illustrated. It is shown that the incorporation of metallic nanoparticles
of a certain shape into a dielectric matriz with a high dielectric permeability can lead to a
resonance caused by the coincidence of the plasmon resonance frequency with the frequency of
individual electron oscillations (between the potential walls). This resonance is responsible for
the appearance of a quasi-oscillating dependence of the plasmon resonance damping constants

on the nanoparticle size.
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1. Introduction

The physical properties of metallic nanoparticles
(MNPs) and their ensembles have been studied
for rather a long time, but those researches were
strongly intensified in recent years. Emission [1], op-
tical and plasma [2, 3], and other properties [4] are
researched. The interest in those objects is associated
with the fact that they reveal new physical regular-
ities that are absent in the case of massive metals.
First of all, this is surface plasma resonances (collec-
tive oscillations in the electron subsystem of the clus-
ter with respect to its frame) in MNPs and a modifica-
tion of the electron-lattice energy exchange at small
particle sizes, which favors the appearance of hot elec-
trons, when the energy is introduced into MNPs.
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The number of plasma resonances (PRs) and their
frequency positions depend on the MNP shape. There
is one dipole plasma resonance in a spherically sym-
metric MNP, two in a particle with the cylindrical
symmetry, and three in an ellipsoidal particle. The
PR frequencies belong to the visible spectral range;
therefore, their presence substantially governs the op-
tical properties of MNPs and their ensembles. In par-
ticular, the matter concerns the light absorption and
scattering by MNPs and their ensembles. In addition,
the PR excitation stimulates the generation of high
local electric fields. This effect is widely used in bio-
physics [5].

If the energy is introduced into MNPs or their en-
sembles (island metallic films) by means of laser radi-
ation or current transmission, the electron gas in such
systems becomes “hot”. The temperature of hot elec-
trons crucially depends on the character of electron—
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lattice energy exchange [1]. The intensity of the lat-
ter, as was showed in works [1,6,7], starts to decrease
in a quasi-oscillating manner as the clusters become
smaller, if the sizes of MNPs do not exceed the elec-
tron mean free path length; at certain sizes, the en-
ergy exchange in the bulk disappears altogether. In
this case, only the surface energy exchange survives,
the intensity of which is by orders of magnitude lower
than the bulk one. Due to this feature of the electron—
lattice energy exchange in island metallic films, hot
electrons can be obtained not only if the power is
introduced in the pulse regime, but also in the sta-
tionary one [1]. It is known that hot electrons are not
obtained under stationary (quasi-stationary) condi-
tions in massive metals and continuous metallic films,
because the intensive electron-lattice exchange favors
the heating of the lattice and its thermally induced
destruction.

Plasma resonances in MNPs are characterized by
their characteristic frequencies w, and damping con-
stants 7y,. The dependences of the frequencies w, on
the shape and the size of MNPs are well studied (see
e.g., work [3]). The situation is worse for the size de-
pendences of decrements -y, especially if the MNP
sizes are smaller than the electron mean free path
length. Even in the simplest case of a spherically sym-
metric MNP and when the electron scattering [8-10]
both in the bulk and at the surface is taken into ac-
count, the decrement of the dipole PR damping is
often written in the form

UF
7—V+AR,
where v is the frequency of collisions in the bulk, vg
the Fermi velocity, and R the MNP radius. The con-
stant A either is accepted to equal 3/4 or is considered
to be a fitting parameter [8-10]. Actually, the “con-
stant” A may depend on the MNP size and shape (see
below). Its explicit form can be obtained only in the
framework of the kinetic approach, while describing
the electron scattering in the MNP bulk and at the
MNP surface [11, 12]. The necessity of using the ki-
netic approach becomes especially actual in the case
where the MNP has an asymmetric shape, and the
optical conductivity becomes a tensor quantity [11—
13]. In this case, the “constant” A mentioned above
will have different forms for different dipole PRs in
the same metallic particle.

In this work, a theory describing the size depen-
dence of the PR damping constants in small ellip-
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soidal metallic particles will be developed in the fra-
mework of the kinetic approach. It will be shown that,
under certain conditions, the quasi-oscillating size de-
pendences of PR decrements are possible. An analyt-
ical dependence of those decrements on the particle
shape, provided a dominating role of the surface elec-
tron scattering in MNPs, is obtained for the first time.

2. Statement of the Problem

Let us consider an ellipsoidal metallic nanoparticle in
the electromagnetic wave field

E(r,t) = Eoe_i(“’t—kr), (1)

where E( is the amplitude of the electromagnetic
wave, w its frequency, k its wave vector, and r and ¢
are the coordinate vector and the time, respectively.
The choice of the ellipsoidal shape for the particle is
attractive, because the results obtained can be ex-
tended to a wide spectrum of shapes (from disk-like
to rod-like ones) by changing the curvature radii of
the ellipsoid [11, 13].

Let us suppose that the electromagnetic wave
length is much longer than the particle size, i.e.

kL < 1, (2)

where L = max R;, R; is the i-th curvature radius,
and ¢ = 1,2, 3. If condition (2) is satisfied, the electro-
magnetic wave (1) induces a spatially uniform electric
field in the ellipsoidal metallic nanoparticle [14],

5
FB e—iwt _ Eye ™!
" 1+ Lglegs — 1]’

(3)

where Lg is the depolarization factor, and egg the di-
agonal component in the tensor of dielectric permit-
tivity €. In the case of spherical particle, € becomes a
scalar and looks like

/ .y w127l .V wlzﬂ
€(w) = €'(w)+ie (w)zl—w2+y2 PR (4)
In Eq. (4),

4mne?
Wpl = m (5)

is the bulk plasma frequency. Here, e is the elemen-
tary charge, m the electron mass, and n the electron
concentration.
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For an ellipsoidal metallic nanoparticle with dimen-
sions less than the electron mean free path length
(this means that the electron scattering at the cluster
surface dominates), the imaginary part of the dielec-
tric permittivity becomes a tensor [11,13],

4dn
e'(w) = egpl(w) = —ops(w), (6)
where 053 are the components of the tensor of optical
conductivity.
The internal electric field (3) generates a high-fre-
quency current in the nanocluster,

Jole,0) = 26 () / Vo1 (1, v)d =
3
Z (r,w) Effl, (7)

where fi(r, v) is the distribution function of electrons
in the field E;,. It can be written in the form

fr,v)

where fy(¢) is the Fermi distribution function of elec-
trons over the energy e, and f;(r,v) is a correction
to fo(e) linear in E;,. In order to determine the func-
tion fi(r, v), the following kinetic equation linearized
in E;,, is used:

:f0(5)+f1(rav)v (8)

Ofi(r,v)
or

9fo

(V - iw)fl(r7v) +v + eEqpv e =0, (9)

with the boundary conditions at the surface

fi(r,v)|ls =0, v, <0, (10)
where v,, is the velocity component normal to the
surface. Condition (10) corresponds to the diffusion
mechanism of electron scattering by the surface of a
metallic nanocluster.

The normal to ellipsoid’s surface depends on all co-
ordinates and all R;. This circumstance makes the so-
lution of Eq. (9) more complicated. In order to avoid
those difficulties, it is expedient to change in Eq. (9)
to a deformed coordinate system and velocities:

R
o)=Y, V= Yivi, %= o B=(RiRaRy)'/%,

T

(11)
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In the deformed (primed) coordinate system, the na-
noparticle takes the spherical form, with the volume
equal to that of initial ellipsoidal particle. Boundary
condition (10) becomes strongly simplified at that.
The solution of Eq.(9) with boundary conditions
(10) in the deformed coordinate system looks like [15]

Ofo 1 —exp[—(v — iw)to(r',v')]

Eln . b
filr,v) = —eBunvo> Oe v —iw

(12)
where
to(r',v) = — [r’v’—l— V(R2 —1'2) v’2+(rv)2}

(13)

is the characteristic of Eq.(9). After determining,
with the help of Egs. (7) and (12), the high-frequency
current generated in the metallic nanoparticle by the
internal field E;,, it is possible to obtain an expres-
sion for the energy absorbed by the particle per time
unit [11]:

(14)

,w2

Ki Oaa €mw /ga) |E3|2
2 e + (4r L, J,m/ga) w2’

Expression (14) corresponds to the general case where
the metallic particle is located in a dielectric matrix
with the dielectric permittivity €,,. In this case,
Jo = €m + La(l - fm)v (15)
and the characteristic plasma frequencies w,, look like
[11,12]:

L 1/2
Wo = (ga> wpl.

In vacuum, ¢, = 1 and g, = 1. As is seen from
Eq. (14), the decrement of dipole plasma oscillations
equals

(16)

o =47TL000a/ga- (17)
Our problem consists in studying how the constant
of dipole plasma oscillation damping v, varies when
changing from the bulk electron scattering to the sur-
face one as a result of the cluster size change.
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3. Quasi-Oscillating Size
Dependence of the Damping Constant
for Dipole Plasma Oscillations

Expressions (14) and (17) contain the real parts of
components of the tensor o,5(r,w) averaged over the
volume. According to Eq. (12), we have

9 3
Oaa(r,w) = Ve (%) Re/d3r’ d3v v, X

y [ fg1— e—(v—iw)to(rﬁv/)].

(18)

e v —iw
Till now, all calculations were made for an ellipsoidal
nanoparticle with three different radii of curvature. In
what follows, with the purpose to obtain the final
results in an analytical form, the consideration will
be confined to the case of spheroidal particle, i.e. we
assume that R; = Ry = Ry and R3 = R). Taking
into account that the integral in Eq. (18) equals

/ d::;“’ [1 B e_(y—m)to(r’,v’)] _

_3[4 2+43_4(1+1>eq]:i\11(q),

= - (19)
413 ¢ ¢ ¢ q

where ¢ = 2R(v — iw)/v’, expression (18) for the di-

agonal components of the optical conductivity tensor

takes the form

3/m N e? 3
0a6(w)7§(ﬁ Rey — iw/d vaUg0(e—er)¥(q).
(20)
Here, we took into consideration that % = —d0(e—

—er), where ep is the Fermi energy.

Let the direction OZ be selected along the spheroid
axis. Then, in accordance with Eq.(11), the “de-
formed” velocity v’ in the expression for ¢ has the

form 1/2
.9 2
0  cos*6
—yy e sm Y cosv 21
v =R |\ o e (21)
As a result, Eq. (20) yields
01 (w) = 0z (w) = oyy(w) =
9 ) /2
Ine .
=3 Rey — / dfsin® 09 (q)|o=cp
0
)W) =0oeelw) =_,
Ine? 1 .
= Rezx — / dfsin 0 cos® 0 (q)|c—cy . (22)

0
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3.1. Spherical metallic nanoparticle

In the case of a spherical nanoparticle, we have R, =
= R = R and v' = v. From Eq. (22), we obtain

71 (w) = o) = 2o Re L (@le=cr

23
4m V— 1w (23)

Expression (23) describes the optical conductivity of
a spherical nanoparticle with an arbitrary relation
between the bulk and surface scatterings. This ex-
pression remains to be rather cumbersome in view
of the form of ¥(g). Much simpler expressions can
be obtained from formula (23) in the limiting cases
corresponding to the domination of either scattering
mechanism.

Since the quantity ¢ = 2Ry /v is defined as the
ratio between the bulk, v, and surface, v'/2R, scat-
tering frequencies, the limiting expression for the
purely bulk mechanism of scattering is obtained from
Eq.(23) by putting g1 — oo, and the purely sur-
face one by putting ¢z — 0. From Eq.(19), we
have ¥(q) =~ 4/3 for the bulk mechanism of scatter-
ing. Therefore, in accordance with Eq. (23), we obtain

_ne? v _wilz)l v (24)
m v2+w? 4w 24 w?’

According to Egs. (15) and (17), the damping con-
stant for plasma dipole oscillations in the spherical
metallic nanoparticle located in the vacuum looks like

4 ng v
W) =Fol) =5 25)
Since y(w) describes the damping of dipole oscilla-
tions at the frequency ws = wyy /\/§, we are in-
terested in the value of v(w = wg). The frequency
wg is located in the visible spectral range, so that
wg > v. Then Eq. (25) yields

V(ws) = v, (26)

i.e. the relaxation time of dipole plasma oscillations in
the case of bulk scattering is equal to the momentum
relaxation time in the bulk metal.

More interesting is the case where the surface scat-
tering dominates (¢; — 0). From Eq. (19), we obtain

. 4 4 1 .
\B(Q)|q1a0 — \11(—2q2) = §+—2 (cos go — — smq2) +
q2 q2

2 4 4
+i|—— 4+ —=sings — = (1 —cosqq } 27
o 9 qg( ) 0
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where go = 2Rw/v’. Using this formula, we find from
Eq. (23) that

2
oy, (ﬂ) [1 —olin ¥ 4
w

8 w Vg

+2 (”;)2 (1 — cos :")]

where vy = vp/2R is the frequency of electron os-
cillations between the potential walls, and vg is the
Fermi velocity. Hence, in the case of surface scatter-
ing, we obtain for a spherical nanoparticle in the vac-
uum that

3 S S 2
o) = 12 sin 2 2 (2 (1 cos 2]
(29)

(28)

One can observe a quasi-oscillating size dependence
that arises, when the frequency of individual electron
oscillations between the potential walls (v; = vp/2R)
approaches the frequency of collective oscillations in
the electron subsystem with respect to the ionic frame
(ws = wp/V/3). In both limiting cases v; > wg and
vs < wg, the expression in the brackets in Eq. (29)
tends to unity.

If the spherical metallic nanoparticle is located in
the vacuum, it may be unrealistic to observe the
quasi-oscillating dependence (29), because v, < wg
as a rule. However, as one can see from Eq. (16), those
oscillations can be made observable by selecting a ma-
trix with the corresponding dielectric permittivity €,,
and a particle with the corresponding shape (the pa-
rameter L, ).

It is worth emphasizing that, in accordance with
Eq. (25), the high-frequency conductivity o(w) deter-
mines the plasma resonance width at the frequency
w = wg. However, at the frequencies far from the
resonance, o(w) determines the Joule power losses
of separate electrons, which are not associated with
their collective motion. In this case, if the frequency
of the external electric field w coincides with the fre-
quency of individual electron oscillations v; = vr /2R,
the absorbed energy also begins to depend on vg/w
in a quasi-oscillating manner if the surface scattering
dominates. This fact was marked for the first time in
works [11,16] dealing with the electric absorption and
in works [15,17] dealing with the magnetic one.
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3.2. Spheroidal metallic nanoparticle

In the case of spheroidal nanoparticle, the diagonal
components of the tensor of optical conductivity are
given by formulas (22). If the surface scattering dom-
inates, g1 — 0 and ¢ — —ig2. Then, in accordance
with Eq. (21) and the definition of variable g, we have

QRL(U
v

_ 2Rw

/

(1- €2 cos? 0)_1/2 .

> (30)

q2
v

where e, = 1/‘1 — R3/Rj| is the spheroid eccen-

tricity, and 6 is the angle between v and the axis
of spheroid symmetry. Formula (30) can be used to
change in Eq. (22) from the integration over 6 to the
integration over g2 = z. In so doing, taking Eq. (27)
into acount, we obtain from Eq. (22) in the limit
q1 — 0 that

w/vs,| 1/2
Ime? [ w V1 dx w \ /
2mw \Ws, | €, x Vs, | T
w/ve, 1
2 2
1— —si —(1— 31
X [ - sinz + x2( COS:,C):|7 (31)

o1 (w) x

w/vs ’
9ne2( w )262—1 / de 1— (U.:J“:E)

= dmw vs1) e Tt 271/2
/vy [1 (=) }

2 2
1— —si —(1- . 32
X [ xsma:erQ( cosa:)} (32)
Here, the following notations are introduced:
Up Up
VS = -, Ve = . 33
Ly TR Y (33)

In accordance with Eq. (17), the damping con-
stants for dipole plasma oscillations occurring along
the spheroid axis and transverse to it look like

Y = ArLyo) (W)= » (34)

YL :47TLJ_UJ_(OJ)|UJ:ML. (35)

As one can see from Eqgs. (31) and (32), at frequen-
cies, including the characteristic ones, that satisfy the
inequalities

w > Vs ||» Vs, L, (36)
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the oscillating terms in the brackets can be omitted,
leaving only unity. In this case, integrals (31) and (32)
are calculated exactly, and we obtain

9n621/s,” 1 5
O'”(LL)) = W% |: — €p(1 — 26]3) —+
+(1- 6229)71/2 arcsin ep]. (37)
Analogously,

977,621/57l 1 9 oN1/2
UL(W):W%{QP(1+2€I))(17€[7) / —
— (1 — 4e?) arcsin ep}. (38)

When obtaining expressions (37) and (38), we used
the identity

arcsin a £ arcsinb = arcsin(a\/l == b\/l —a?).
(39)

On the basis of Eqgs. (34), (35), (37), and (38), we
obtain the following expressions for the decrements
of dipole plasma oscillations in metallic spheroidal
nanoparticles:

(wy) = Em(%% (40)
where
(;5“(61,):8—33 —ep(1—2ez2))+(1—e§)_1/23rcsinep .

P (41)
and
1(1) = g (e, (12)
where
m(ep):w%[ep(lweg)a—ef,)m—(1—4e§)arcsinep .

' (43)

For the spherical shape, e, — 0, and we obtain
#)1(0) = ¢.(0) = 1. The functions ¢, (e,) charac-
terize the dependence of the plasma oscillation damp-
ing on the metallic nanoparticle shape. Those depen-
dences are plotted in Figure.

Formulas (41) and (43) are valid only for a prolate
spheroid, ie. at 0 < e, < 1. In the case of oblate
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Dependences of the plasma oscillation damping functions on
the metallic nanoparticle shape: ¢ (ep) (solid curve) and
¢ (ep) (dashed curve)

spheroid, i.e. at 1 < e, < oo, we obtain, instead of
formulas (41) and (43), the following corresponding
expressions:

3
Bl(ep) = 55 |ep(1+2¢2) =
p

~ (e Inle, + 1+ €)] (44)
b1(ep) = 16362 [ep(Qei -1+ 62)1/2 +
+(1+4e2) In(ep + /1 + ef,)}. (45)

The spherical shape of a MNP corresponds in Figure
to the value R /R =1 (or e, = 0).

From Figure, one can see that the influence of the
MNP shape on the PR damping constants is not re-
duced to small corrections to the known results ob-
tained in the case of spherical MNP. Depending on
the particle shape, the functions ¢ (e,) and ¢ (e;)
can change by several times. Hence, the MNP shape
can substantially affect not only the PR frequency,
but also the damping constants. Eventually, we note
that the effect of the MNP shape on the PR damp-
ing constants has been studied in the classical case. A
similar effect arises also in the quantum case due to
the appearance of quantum levels determined by the
boundary conditions on the surfaces of MNPs.

4. Conclusions

To summarize, a theory describing the dependence
of the PR damping constants on the MNP shape is
developed for the case of particle sizes where the sur-
face electron scattering dominates. It is shown that
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when MNPs are incorporated into a dielectric matrix
with high dielectric permittivity, there may appear
a quasi-periodic size dependence of the PR damp-
ing constant stemming from the coincidence of the
dipole PR frequency with the frequency of individual
electron oscillations between the potential walls. For
spheroidal particles, analytical expressions are ob-
tained, and the dependences of the PR damping
constants on the ratio between the curvature radii
Ry /R are plotted. The influence of the MNP shape
on the PR decrements is shown to be substantial and
is not reduced to small corrections of the known re-
sults obtained for spherical MNPs. Therefore, when
interpreting the experimental results, it is necessary
that the dependences of not only PR frequencies, but
also PR decrements on the particle shape be taken
into consideration.
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SAJIE2KHICTb JEKPEMEHTIB
SIACAHHS{ JUITOJIBHUX ITIJIASMOBUX PESOHAHCIB
BI ®OPMI METAJIEBUX HAHOYACTHNHOK

Peszowme

B po6oti po3BuHyTa TEOpisl 3aJI€XKHOCT] JJIEKPEMEHTIB 3racaHHsI
JUIIONIbHUX ILJIA3MOBHX PE30HAHCIB B METAJIEBUX HAHOYACTHH-
Kax Big 1x dopmu. g gacTUHOK y BUINIsiIl eJjincoina obep-
TaHHS y BUIIQJKY JOMIHYIOYOI PO PO3CIIHHA €JIEKTPOHIB Ha
nosepxHi orpuMani anasgiTuasi dopmysn (1 moGymosani rpadi-
KH) 3aJIe?KHOCTI JIKPEMEHTIB 3racaHHs AK (DYHKII BigHOIIE-
HHSI pajiyciB KpuBu3Hu. [IpoisocTpoBana 3HAYHA 3a/I€KHICTH
JIeKPEMEHTIB Bif popmu HaHOYACTHHOK. [lokazaHo, mo npu in-
KOpIopariil MeTaJieBUX HAHOYACTUHOK IEBHOI (hopMu y Jieste-
KTPUYHY MAaTPHIIO 3 BUCOKOIO Ji€JIEKTPUYHOIO IIPOHUKHICTIO
MOXKJIMBUAN PE30HAHC, 3yMOBJICHUI 30iraHHSIM YaCTOTH IIJIA3MO-
BOI'O JIUIIOJIBHOI'O KOJIMBAHHS 3 YaCTOTOIO 1HMBIIyaJIbHUX eJle-
KTPOHHUX OCUMJIsiNi (Bl OfHiET MOTEHNiaIbHOI CTIHKHU 10 TIPO-
TrsIeKHOT). Takuil pe30HAHC 3yMOBIIIOE MOABY KBa310CHUIIAIH-
HOI PO3MipHOI 3aJIe’KHOCTI JIeKpeMeHTa 3racaHHs IIJIa3MOBUX
KOJINBAHb.
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