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SELF-ORGANIZATION AND CHAOS

IN THE METABOLISM OF HEMOSTASIS

IN A BLOOD VESSEL

A mathematical model of the metabolic process of formation of the hemostasis in a blood-
carrying vessel is constructed. As distinct from the earlier developed model of the multienzyme
prostacyclin-thromboxane system of blood, this model includes, for the first time, the influence
of the level of “bad cholesterol”, i.e., low-density lipoproteins (LDLs), on the hemostasis. The
conditions, under which the self-organization of the system appears, and the modes of au-
tooscillations and chaos in the metabolic process, which affects the formation of hemostasis
and the development of thrombophilia, are found. With the aid of a phase-parametric dia-
gram, the scenario of their appearance is studied. The bifurcations of doubling of a period and
the transition to chaotic oscillations as a result of the intermittence are found. The obtained
strange attractors are formed due to a mizing funnel. The full spectra of Lyapunov’s exponents,
KS-entropies, “predictability horizons”, and Lyapunov’s dimensions of strange attractors are
calculated. The reasons for a change in the cyclicity of the given metabolic process, its stabil-
ity, and the physiological manifestation in the blood-carrying system are discussed. The role
of physiologically active substances in a decrease in the level of cholesterol in blood vessels is
estimated.

Keywords: hemostasis, LDLs, self-organization, strange attractor, phase-parametric dia-
gram, Lyapunov’s exponents, KS-entropy.

Multicellular organism is a holistic system, whose
cells are specialized for the execution of various func-
tions. Their structural-functional connections form
the self-organization in the system. The interaction
inside organism is realized via complex regulating,
coordinating, and correcting mechanisms with par-
ticipation of neural, humoral, exchanging, and other
processes. Many separate mechanisms, which regu-
late internal cellular and intercellular mutual rela-
tions, form opposite (antagonistic) actions, by bal-
ancing one another. This leads to the establishment
of a variable physiological equilibrium in organism,
which allows an alive system to hold a relative dy-
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namical stationary state, despite the changes in the
environment and the variations arising in the process
of vital activity of organism. From the viewpoint of
biophysics, it is a state, in which all processes respon-
sible for the energetic transformations in organism are
in a dynamical equilibrium. Such state is called the
homeostasis.

The blood composition steadiness has a special
meaning for the vital activity of organism. Two an-
tagonistic systems exist in blood vessels: those re-
sponsible for the coagulation and anticoagulation of
blood. Due to their presence, the functional equilib-
rium, which hampers the coagulation of blood inside
vessels, is formed. This state is called the hemostasis
[1-4].
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But if the wall of a vessel is damaged, the blood
flow decelerates, or the functional state of the sys-
tem of hemostasis is changed, then the conditions
for the development of thrombophilia and thrombosis
arise.

The regulators of the coagulation of blood are
thromboxanes and prostacyclins. Thromboxanes and
prostacyclins are created, respectively, in thrombo-
cytes and in endothelial internal cells of a vessel. The
high level of thromboxanes favors the aggregation
of thrombocytes, which leads to the coagulation of
blood. On the contrary, prostacyclins hamper the co-
agulation of blood, being the inhibitors of the aggre-
gation of thrombocytes. The establisnment of a dy-
namical equilibrium between those systems leads to
the establishment of a hemostasis.

A number of researchers modeled this and other
analogous processes [5, 8]. Those calculations were
partially carried out with participation of the author.
Later with the use of those results, a mathematical
model of a multienzyme prostacyclin-thromboxane
system of blood was developed in [9-12]. With the
use of the theory of dissipative structures, the con-
ditions of self-organization of the system and the ap-
pearance of stationary stable autoperiodic oscillations
were found. Moreover, the conditions of appearance
of hemophilia and thrombosis and the physiologi-
cal influence of autooscillatory modes on the blood-
carrying system were studied.

In the present work, we continue the study of this
system with regard for the presence of cholesterol in
blood.

One of the basic factors affecting the functional
state of hemostasis is the level of “bad choles-
terol” in blood. It is determined by the level of low-
density lipoproteins (LDLs). At its excess concentra-
tion, atherosclerosis of vessels develops [13-16].

The excess of these particles penetrates into the ar-
terial wall, by accumulating in it. In this case, their
chemical formula is changed. Modified LDLs stimu-
late endothelial cells to the activation of adhesion
receptors, which join monocytes of blood and T-
cells. In addition, endothelial cells give off a secre-
tion, namely, chemokines, which entice monocytes in
a trap of intima. In intima, monocytes ripen and be-
come active macrophages. They absorb LDLs, by fill-
ing themselves with drops of fat. These foamy fat-
loaded macrophages and T-cells form fat strips, which
are predecessors of complex arterial patches, which
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Fig. 1. General kinetic diagram of the hemostasis of a blood
vessel

disfigure arteries later on. Molecules from inflamma-
tion can favor the further growth of a patch and the
formation of a fibrous cap above the lipid core, which
causes the stenosis of a vessel. The further growth of
a patch can cause its rupture and the appearance of
thrombosis.

We will study the influence of LDLs on the self-
organization of the metabolic process of hemostasis
in blood vessels and on the appearance of throm-
bophilia. The role of drugs for the purification of
blood vessels from cholesterol will be evaluated.

1. Mathematical Model

We will construct a mathematical model according
to the general diagram of the hemostasis of a blood
vessel, which is presented in Fig. 1.

This system is open and nonequilibrium. For it, the
input substance is irreplaceable arachidonic fat acid
S, which enters blood from digestive tract. Under the
action of phospholipases, it is accumulated in throm-
bocytes A; and endothelial cells A,. Then it is trans-
formed by prostaglandin-H-synthetase of thrombo-
cytes F7 and prostaglandin- H-synthetase of prosta-
cyclins Fs, by forming, respectively, thromboxanes T},
and prostacyclins P. Their levels depend on the activ-
ity of a dissipative outflow of either component. The
output product of the system is a complex of the
mentioned quantities formed at the aggregation of
thrombocytes T,;. The regulation of the processes of
hemostasis and thrombus-forming by prostaglandin is
determined by the concentration R of the regulating
component, namely cyclic adenosine monophosphate
(cAMP). This happens under the action of a nega-
tive feedback, which affects the level of activity of
phospholipases of thrombocytes A; and endothelial
cells Ay,. As its value varies, the different modes are
formed.
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The model involves the exchange of arachidonic
acid between thrombocytes and endothelial cells
(A+ < Ap), inactivation of enzymes at proteoly-
sis, and the consumption of components in other
processes.

The second input substance of the system is fat
molecules F'. They are transported by blood of arter-
ies and affect the level of “bad cholesterol”, LDLs. Its
level is given by the variable L. LDLs are formed
in liver and small intestine. In increased concentra-
tions, LDLs influence the aggregation of thrombo-
cytes T and are accumulated in the walls of arteries,
by forming oxidized lipoproteins L*. The antithrom-
bic system partially decomposes them. As a result of
the deposition of “bad cholesterol”, foamy fat-loaded
macrophages are formed, which increases, in turn,
the level of LDLs in artery. In the metabolic pro-
cess, the positive feedback regulated by enzyme F3 is
formed. The accumulation of cholesterol in artery and
the growth of patches cause thrombophilia. In this
case, the blood-carrying channel of artery becomes
narrower, and stenosis arises. Depending on the dis-
sipation of LDLs, autooscillatory and chaotic modes
can appear in the metabolic process of hemostasis of
a blood vessel instead of stationary ones.

The mathematical model of this process is pre-
sented by Egs. (1)—(12). This system includes 12 dif-
ferential equations describing changes in the con-
centrations of components according to the general
scheme given in Fig. 1. In the construction of the
model, the law of mass action and the kinetics of en-
zyme catalysis are used. The equations involve the
balance of masses for the intermediate products of
reactions between separate stages of the metabolic
process:

dA, ks S
At (1+ S5+ RY)(1+keTy)

B kr A Ey L

1+ A+ kTy)(1+ Ey)

+Ey Ay, — ki Ay — ar Ay, (1)
dT, kr A B ks T

dt  (1+ A+ ki To)(1+ Er) (ko +T5) asle,

(2)
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The model is specified by the following collection of
parameters: k = 4; ki = 3; ko = 1; k3 = 5; kg =
= 10; ks = 2.1; k¢ = 5; k7 = 2; ks = 1.5; kg = 5;
klO = 075, kll = 03, k12 = 15; k13 = 075, k15 =
= 15 k1g = 0.5; k17 = 5; k1g = 5; k19 = 0.02; koo =
= 25; ko =055k, =01; kbt =01; S =2; a1 =
= 0.01; ap = 0.01; a3 = 0.01; ay = 0.173; a5 =
= 0.05; ag = 0.07; a7 = 0.2; ag = 0.0021; ag = 0.2;
Fo=001;1=2, p=4; po =0.42; py =2.3; B3, =
= 11; N = 0.05. The study of solutions of the given
mathematical model (1)—(12) was performed with the
aid of the theory of nonlinear differential equations
[17,18] and the methods of modeling of biochemical
systems, which were applied by the author in [19-40].
In numerical calculations, the Runge-Kutta—Merson
method was used. The accuracy of calculations is
about 1078,

The other mathematical models of biochemical pro-
cesses can be found, for example, in [41-44].
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2. Results of Studies

The presented mathematical model is given by the
system of nonlinear differential equations (1)—(12),
which describes the open nonlinear biochemical sys-
tem of the hemostasis of a blood vessel in the presence
of cholesterol in blood.

The study of the dynamics of the metabolic process
of thrombosis-antithrombosis was carried out without
cholesterol in blood in works [9-12]. Here, we calcu-
lated the modes depending on the value of the pa-
rameter of a; characterizing the dissipation of cAMP
(R). Like the previous works, the system includ-
ing cholesterol possesses two stationary modes. In
Fig. 2, a we show the dependence of the kinetics of
T2 on the parameter a;. For large (a7 = 1) and small
(a7 = 0.005) values of this parameter, stationary
modes are established. For a7 = 1, a thermodynami-
cal branch (1) is formed, and, for a7 = 0.005, we ob-
serve the stationary dissipative structure (2). In the
interval between these values for a7 = 0.2, the sys-
tems of thrombosis-antithrombosis are characterized
by the autoperiodic mode (8). In other words, for the
parameter of dissipation of cholesterol pg = 0.439, the

kinetics of the process is invariable. But if pg = 0.437,
the autoperiodic mode is replaced by the chaotic
mode (4 ). Thus, the kinetics is determined by the in-
teraction of the systems of thrombosis-antithrombosis
and the rate of removal of cholesterol from a blood
vessel. In Fig. 2, b, we show how the level of LDLs is
changed, by depending on the type of a mode. In the
stationary modes of hemostasis (1) and (2), the level
of “bad cholesterol” is invariable. In the autooscilla-
tory modes, it bears the chaotic character.

The studies indicate that, in the interval pg €
€ (0.43,0.438), the stable autoperiodic modes of the
system are transformed into chaotic ones.

Let us study the dependence of the oscillatory dy-
namics of the metabolic process of hemostasis on the
dissipation of cholesterol from a blood vessel deter-
mined by the parameter pg. In Fig. 3, a, b, we show
the phase-parametric diagram of the system for the
variable A;(t) under the change in g in the appropri-
ate intervals. To construct the phase-parametric dia-
grams, we used the method of cutting. In the phase
space of trajectories of the system, we place the cut-
ting plane for Eo = 1.2. As the trajectory crosses this
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Fig. 2. Kinetic curves of the stationary mode for a7 = 0.005 and po = 0.42 (1), stationary
mode for a7 = 1.0 and po = 0.42 (2), autoperiodic mode for a7 = 0.2 and pp = 0.42 (3),
and a chaotic mode for a7 = 0.2 and po = 0.437 (4) on planes: (T ,t) (a); (L,t) (b)
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Fig. 3. Phase-parametric diagram of the system for the variable A¢(¢): po € (0.435,0.438) (a); po € (0.4365,0.4368) (b)
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Fig. 4. Projections of the phase portraits of regular attractors of the system in the plane (L*, E3): 1-29 for pp = 0.43
(a); 1-2! for po = 0.435 (b); 1-22 for pog = 0.43555 (c); and 1 - 2% for g = 0.43563 (d)

plane in some direction, we mark the value of chosen
variable (A;(t) in this case) on the phase-parametric
diagram. Such choice is explained by the symmetry of
oscillations of enzyme Fs relative to this point in the
multiply calculated earlier modes. For every value of
A(t), we mark the point of intersection of this plane
by the trajectory in one direction, when the trajectory
approaches an attractor. If a multiple periodic limit-
ing cycle appears, the points marked on the plane
will coincide in a period. In the case of the deter-
ministic chaos, the points of intersection are located
chaotically.

The scenario of the transition from autoperiodic
modes to chaotic ones is presented in Fig. 4. The tran-
sition occurs due to the doubling of a period. As g
increases further, the autoperiodic mode is destroyed
after the 4-th bifurcation, and chaos arises as a result
of the intermittence.

It is seen from Fig. 3, b that the periodicity win-
dow arises between chaotic modes in the interval
to € (0.43657,0.43672). The scenario of the appear-
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ance of period doubling bifurcations in it and the
formation of chaotic modes is analogous to that in
Fig. 4. Some examples of the projections of phase por-
traits of a chaotic attractor are presented in Fig. 5, a,
b, ¢, d. Figure 5, ¢, d indicates that the given strange
attractor is formed due to a funnel. In the funnel,
the trajectories, which approach one another in some
directions and move away in other directions, are
mixed. Under a small fluctuation, the periodic pro-
cess becomes unstable, and the deterministic chaos
arises.

While studying other modes of the phase-paramet-
ric disgrams in Fig. 3, a, b, it is impossible in proper
time to determine the type of the attractor, to which
a specific mode can be referred. It can be a multiple
stable or quasistable autoperiodic cycle, as well as a
strange attractor.

For the unambiguous identification of the type of
obtained attractors and for the determination of their
stability for the chosen parameters, we calculated the
full spectra of Lyapunov’s exponents A1, As, ..., A1z
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Fig. 5. Projections of phase portraits of the strange attractor 2% for pg = 0.437: in the plane
(L*, E3) (a), in the plane (A¢, T%) (b), in the plane (R, F1) (¢), and in the plane (T, E1) (d)

Lyapunov’s exponents, KS-entropy, ‘“predictability horizon”,
and Lyapunov’s dimension of the fractality of strange attractors calculated in different modes

no Attractor A1l A2 A3 h tmin DFT
0.43 1-20 .00003 —.00301 —.06362 - - -
0.43563 1.24 .00003 —.00282 —.00546 - - -
0.4365 27 .00170 .00014 —.00323 .00170 588.24 2.53
0.4368 2% .00181 .00013 -00368 .00181 552.25 2.49
0.437 2% .00192 .00020 —.00432 .00192 520.83 2.44
0.4375 2% .00244 .00017 —-.00310 .00244 409.84 2.79
0.4378 2% .00263 .00020 —-.00311 .00263 380.23 2.85

and their sum A = Z;il A; by Benettin’s algorithm
with orthogonalization of the perturbation vectors
within the Gram—Schmidt method [18].

As an example for comparison, we present some re-
sults of calculations of the full spectra of Lyapunov’s
exponents in Table. To decrease table’s size, we con-
sidered only the first three exponents A\; — A3. The
values of \y — 12 and A are omitted, because they are
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not significant for the presentation of our results. The
obtained numbers are rounded to the fifth decimal
point. Based on the data in Table, we have calculated
some other exponents for strange attractors.

With the use of Pesin’s theorem [45], we calcu-
lated the KS-entropy (Kolmogorov—Sinai entropy)
and Lyapunov’s indicator “predictability horizon”
[46]. Lyapunov’s dimension of the fractality of strange
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attractors was found by the Kaplan—Yorke formula
[47,48]:

By the calculated exponents, we may judge about
the difference of geometric structures of the given
strange attractors.

Having calculated successively various strange at-
tractors, we can indicate some regularity in the hier-
archy of their chaotic behavior. According to changes
in the exponents, the geometric shape of attractors of
the system varies.

The autooscillations in the metabolic process of
hemostasis of a blood vessel arise due to the inter-
action of two systems of blood (thrombosis and an-
tithrombosis), which is regulated by the concentra-
tion of cyclic adenosine monophosphate. The pres-
ence of “bad cholesterol” in blood causes the desyn-
chronization of these systems. In this case, the chaotic
modes appear in the metabolism of hemostasis. LDLs
affect the binding of thrombocytes and are deposited
on the walls of vessels. This induces the autocatalysis
of cholesterol in blood.

Thus, as the amount of cholesterol in blood chan-
ges, the hemostasis of blood vessels adapts to this
change, by conserving its functionality in this case.

3. Conclusions

Within a mathematical model, we have studied the
influence of “bad cholesterol” on the metabolic pro-
cess of hemostasis of blood vessels. The system with
metabolic process is considered as a dissipative sys-
tem, whose input substances are arachidonic acid and
low-density lipoproteins (LDLs). The interaction be-
tween the systems of thrombosis and antithrombo-
sis leads to the appearance of stationary or autoperi-
odic modes. The presence of “bad cholesterol” breaks
the balance of this process. It is the autocatalyst of
the level of LDLs in blood. The interval of the in-
tensity of dissipation of cholesterol from blood, in
which the chaotic autooscillations in the metabolism
of hemostasis can arise, is determined. The phase-
parametric diagrams of autooscillatory modes, which
depend on the dissipation of cholesterol from blood,
are constructed. We have found the scenario of pe-
riod doubling bifurcations existing until the aperiodic
modes of strange attractors arise as a result of the
intermittence. We have calculated the strange attrac-
tors, which appear due to the formation of the mixing
funnel, and the full spectra of Lyapunov’s exponents
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for various modes. For the strange attractors, the KS-
entropies, “predictability horizons”, and Lyapunov’s
dimensions of the fractality of attractors are deter-
mined. It is shown that the reason for changes in the
metabolic process of hemostasis of blood vessels can
be an insufficient intensity of dissipation of cholesterol
from blood. The obtained results allow one to study
the influence of low-density lipoproteins on the self-
organization of the metabolic process of hemostasis
of blood vessels and the development of stenosis. The
reasons for changes of a physiological state of a blood
vessel leading to thrombophilia are found. The influ-
ence of statins and other physiologically active sub-
stances on a decrease in cholesterol in blood vessels
is estimated.

The work is supported by the project
No. 01130001098 of the National Academy of
Sciences of Ukraine.
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CAMOOPTAHIBAIIA
TA XAOC B METABOJIISMI TEMOCTA3Y
Y KPOBOHOCHIN CYINHI

Peszmowme

B pmaniit po6ori mobymoBaHa MaTeMaTHYHa MOJE]b MeTabo-
JIIYHOT'O IIPOILECY CTAaHOBJIEHH: IeMOCTa3y B KPOBOHOCHIH Cy-
nuui. Ha BigMiny Bix paxim mobymoBanol moJiibepMeHTHOT
IPOCTAIINKJIIH-TPOMOOKCAHOBOI CHCTEMHU KpOBi, B Ii#f Mozme-
Jii BIEpIlle BpPaxOBaHO BILUIMB Ha IEeMOCTa3 PiBHs “IIOraHOro
xostecrepuHa’ — sinonporeiniB Hu3bKol miiasrocTi (JITTHIIIL).
3Hali/IeH0 yMOBH, NIPU AKUX BUHUKAE CAMOOPTaHi3aIlis CUCTe-
MH, YTBOPIOIOTBCSI DEXKMMHU aBTOKOJIMBaHb Ta XaoCy B MeTa-
GOIIYHOMY MPOIIECi, IO BILIMBAE HA CTAHOBJIEHHSI E€MOCTa3y
Ta BUHUKHEHHsI TpoMGodiil. 3a momomMorooo dasonapamMmerpu-
9HOI JiilarpaMu JIOCJIiIXKEHO CIieHapiil X BUHUKHEHHsI. 3Haliie-
HO GidbypKariil IoIBOEHHS NIEPIOAy Ta MEPEXOY 0 XAOTHIHUX
KOJIMBaHb BHAC/IIOK mepeMexkaeMocTi. OTpumani auBHI ar-
TPaKTOPH YyTBOPIOIOTHCSI BHACJ/IJOK BOPOHKU II€PEMIIlyBaHHS.
PospaxoBani Tx mnoBHi crnekTpu nokasHukis Jlsmnynosa, KC-
eHTpoOIil, “ropu3oHTH IependayBaHOCTI” i JISIYyHOBCHKI pO3-
MIPHOCTI AMBHUX ATTPAKTOPiB. 3p00JIEHO BUCHOBKU PO IPU-
YUHWA 3MIHU [UKJIYHOCTI B JAHOMY MeTabOJITHOMY IIPOILEC,
itoro crifikocti i (isiosoriunomMy posiBi B KDOBOHOCHIN cucTe-
mi. OrineHo posib i3i0/IOriYHO-aKTUBHUX PEYOBHMH JJIsi 3MEH-
LIEHHSI PIBHS XOJIECTEPUHA B CyAUHAX.
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