METOANKA PIBNHHOIO EKCINEPUMEHTY

I.T. POIE
TacruryT disukun HAH Vkpaiau

(IIpocn. Hayxu, 46, Kuis 03680; e-mail: ifanrode@gmail.com)

ITEPEHOC IIOXNBOK

TA CEPEJHIX BUIMIPIB ®I3MMYHOI BEJIMYNHNI

VK 53.088.3

JJ1d EJIEMEHTAPHUX ®YHKIIIN x2 TA /z

Ompumani “npasuna neperocy noxubku ma cepedrvbozo” 00HIET suMIPO6aHoOT Bisuunol eesu-
WUMU Ha Ty, n06’azany 3 new Pyrryitinum 36 ’a3Kkom T2 abo \/T. B ui npaeuaa no npupodi
3axaadena 6azo6a crema layca. Tomy eonu maromsv dobpe npaylo6amu 6 pamraxr PeasvHoi
6a2060% cxemu layca 3 duckpemrumy 0aHUMU Pearvro20 Gisusnozo docaidxrcenns (3 “cubip-
xamu”). Ananimuuna Popma, 6 axit npedcmasaeni 32adari npasuasa (“ararimuunt NPaGUAG
neperocy”), a makootc ix mounull rapaxmep d0360AKE CRPOCTNUMAY i NPUCKOPUMYU NPOYLIYPY
06pobKY U aMai3y EKCNEPUMEHTNANDHUT OGHUL.

Karwwosi caosa: IIepeHoc HOXI/I6OK, IepeHoc BiLLXI/IJIeHI)7 IIepeHoC IIOMUJIOK.

1. Beryn

Jlana poboTa TpHUCBSIYEHA AKTYAJBHINA TeMi OIIHKA
ToXn0OOK (DI3UIHUK BEJTMIUH IPU HEMPSIMUX BUMIPIO-
BAHHSAX 1 BUPINIYE JaCTUHY 3araJibHOI IIPOOIeMu Te-
peHocy TMoXubOoK.

Binbmm geranbhO mpobiieMa mepeHocy moxXubok OIu-
cana B [1, 2|. € aBa migxomu JIs BUPINIEHHST €T 1po-
6memu. Bei cygacui Teopernani i mpakTUIHI 3aCTOCY-
BAHHSI, METOJINKK if PO3POOKH TEPEHOC MOMUJIOK Oy-
JIYIOTh BUKJIIOYHO Ha OCHOBI PO3KJaay B psax Teitsopa
(“nudbepenniroanns’”) [4-12]. IIpobiemarnka “aHasi-
TUYIHOTO MMEPEHOCY MOMUJIOK HAWKpallle OKpecjaeHa B
[1]. B naniii po6oTi poGIsThCs HEBHI 3yCHILIISL B IIOMY
HAIIPSAMKY, a caMe PO3TJISHYTI JBi IMOMMUPEHi eJieMeH-
tapui dynkmii 22 Ta /T, i BoHA € JOriYHIM TPOIOB-
JKeHHsIM poboTu [2].

2. Hosi npaBuia o64uucjaIeHHS
cepeiHiX Ta MepeHocy MOXMOOK
a1 esleMeHTapHnX GyHKHii 2 Ta /T

Jljist oTpuMaHHA aHAJITUYHAX MPABUJI JJI JBOX BH-
opamnx yHkiit (22 Ta \/T) cepesHe Teep Ta “TIOXUO-

ka” k(Ax)2,, Oymr npus’ssani (dopmamizoani) 10
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6a30BUX IOHATH MATEMATHIHOI CTATUCTUKY [2]:

k(Ax)?

cep

Tcep ~ Em? ~ D(E?

ne E, i D, — BiAnoBiaHo, MaTeMaTuIHe OUiKyBAHHA
I nucnepcis BUMIpDIOBaHOI BEJIMYUHM X, $IKi 3TiJTHO 3
[1] Bu3HAUAIOTHCST PIBHSAHHIMU:

p=E. = [ ()i

7f(:c)d:17 =1.

Hast dyskuiiiHoro 38’s13Ky y = h(x) MareMaTnuHe
ouikyBaHHs i pucnepcis BusHavaoThes [1,2] sk:

o0

x=FE, = / h(z) f(z)dx;
o (2)
Dy = / h2(2) f(x)dz — E2.
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Haitsaxksiusimmm cepes po3nogiis f(x) BBaKaeThCs
rak 3BaHuil Hopmanbauil (Faycis) posmomin fiMoBip-
HocTi [1, 2]:

flz) = %exp{—p%x—m;
3
P’ = %; p=Ej,. @

B piBustaasax (2), (3) u = E, ta D, Bxonsars 1o f(x)
SK [apaMeTPH, TOMY, CTPOro Kaxky4u, () MOKJIUBO
zanucary, gk f(x, By, D;):

By = [ h@)f(e,Ex D)o, (4)
Dy+ B} = [ W) f(e, ., D). (5)

Jlerko momitnTh, mo (4) ta (5) — iHTerpanbHi piBHS-
HH$I, BUPIIIUBINT SKi MU oTpuMasn 6 OarkaHuii amHa-
JmiTuaHUA 38’5130K MK Fj, Dj, (aHamoramu cepemHix
st byl h(z)) 3 omgHoro 6oky ta E,, D, (anamo-
raMu BUMIDSHUX CePeHiX) 3 IHIIoro.

Bussuiocs, mo MoxkimBo migibpatn TabmawdHi iH-
rerpasu [3], noaibui no (4) ta (5) i TakuM UnHOM BH-
pilmITH 33188y /1 BOX eteMenTapunX dbynkmiit (12
Ta v/z) (nuB. Jonarok).

3rajaHi CIiBBIIHOIIEHHS JIJIsT (DYHKIUI &
BUTJISIT;
Ej, = E,» = E?> 4+ D,;
Dy, = D,» = 2D? + 4E2D,,
e F i D — BiInmoBigaoTh CEepeIHLOMY Ta, ITOXHUOII
BuMipsHUX jganux, a E(x?), D(x?) — cepeaubomy Ta
moxubIl TePEeHOCy pPe3yJIbTaTiB BUMIPIB 4depe3 GyH-
KIio 2.

Jast byHKIIT /2 CHIBBIIHONIEHHST BUMVISTIOTH SIK:

2 MalOTb

(6)

1

By =FEy;=FE; - 3D,;
: 7)
E2 — li,
E. i D, — BianmoBizaioTh cepeHLOMY Ta TOXUOI BUMi-
pAHNX JaHux, a E 7 ra D — cepeHbOMY Ta IOXHO-
1l IEPEHOCY PE3YJILTATIE BUMIDIB Yepe3 PYHKIIIO /.
Takum umnHOM, Mu orpumann (aus. donaTok) Ga-
JKaHI TpaBuja “TepeHocy MOXUOKM’ Ta 0OYUC/IeHHS
“smimenoro cepeauboro”’ tuny Ep, = FEn(E., D)
ta D, = Dy(E,, D,) nna bynxmiit h(x) = 2% ta

h(z) = +/z.
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Dy=D,=E, -

3. 3acTocyBaHHHSI HOBUX
OpaBUJI A0 €KCIEPUMEHTAJIbHUX JaHUX

Habip exkcnepumeHTAJbHUX JaHUX SABJISIE COOOIO Cy-
KyIHICTb OKPEMHUX BHIIAJKOBUX 3HAYEHb IT; BUMi-
psaHOl hizmyHOl BeaUYnHU T, TaK 3BaHOI ‘BUOipKn’
{z;}. Besmuuna x moxe maru Ge3nepepBHUl PO3IIO-
min [1] (iHmmMy c10BaMu, TPAIOIOTEH 3 BEIMIHHAMI,
110 BUIIAJIKOBO “BUOpaHi npuiaagom’ 3 Ge3nepepBHOL
MHOXKUHH).

Posrisinemo, gk GyayTh BUKOHYBATHUCH OTPUMAHI
CITIBBITHOIITEHHS caMe y BUTIAIKY BuOipok. JIjst 1iboro
00YHUCANMO CepeiHi 3BUYalHUM CIIOCOOOM (AKUN MU
Gepemo 3a B3ipern) 1o 4-x Bubipkax: 3a 2-ma Habopa-
MU eKCIIepIMEHTAJbHUX JaHuX {x;} Ta 3a 2-Ma Habo-
pavu obunciaennx ynkmiit 2 i \/z. I nopisuaiivo ix
3 pe3yJIbTaTaMu, OTPUMAHUME 33 CIBBITHONIEHHIMHA

(6), (7).
ITpuxaad daa x2

Sk npuknaz jia x BisbMemo Bubipky {x;} 3 20 Bumi-
PiB OJIHOTO 3 TTapaMeTpiB eJeMeHTapHOl Ir'paTku. TyT
i mami Hukve BUOIpKM MOOYI0BAHI HA OCHOBI JTaHUX
BUMIPIOBaHb, OTPUMAHUX 32 JOIOMOTOI0 3-KPYKHOTO
mudpaxromerpa [13, 14]:

{z;} = 9,75, 9,778, 9,792, 9,841, 9,841, 9,848, 9,848,
9,855, 9,855, 9,862, 9,722, 9,708, 9,659, 9,659, 9,652,
9,652, 9,645, 9,645, 9,638, 9,75 (A)

Apudmernani cepenni (o6umcseni mo niit BuGopi 3

craJsior0 fimosipaicTio w; = 1/20) maayTh Ham Taki
3HAYCHHS:
E, =975 D, =0,00729; A, = 0,08945.

BukopucraBmm 11i 3HadenHs, gk 1-me HaOJMIKEHHS,
obuncioemo Bxke [aycosi cepenni (23 ireparii) 3ri-
JIHO 3 BaroBomo cxemoio [ayca:

2
B, =) wifi; Dp= ( T — Ez) fis ®)
A:v =V Dam
ne f; — iimosipaicTh mo BUGOpMi, (HOpMOBaHA 70 1):

w; = % exp[—p*(z; — p)?], p

2 _ 1
2D,

9)

Orpumyemo E, = 9,75; D, = 0,00537; A, = 0,07328.

Tamuvu cioBamu, o 1iiit Bubopiti maemo E, = 9,75 +
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MatemaTn4Ha Aucnepcis GpyHkmii D(xz) (E,D)

-2 0 2

Maremaruune ovikyBannst aprymenty E (D _- napamerp)

. 1. Banexmnicrs qucnepcil dyukuil D2 (Ey, Dy) Bin Ey

0,10
D,=0,04
0,08

0,06

0,04 -

0,02 -

Matemarinana aucnepcist ynkuii Dsqrt(E ,D )

0,00 —t—"—F—+—F—F—F—F— T
o 2 4 & 8 10 12 14

Marematnune ouikysanus aprymenty E_(D_- napamerp)

Puc. 2. Sanexuicts aucnepcii dyukmii D \/E(Ex, D,) Bin Ey

4 0,07. s Toro, 11106 npaBuiIbHO OOYUCIUTH CEPEIH]
s yHKIHT 22 HeoOXinHO mobyayBaTH HOBY CTATH-
cruany BubGipKy {z2} i Bxke 110 Hilt o6UMCIUTH TOTPI-
6ui cepemui. Hoa Bubipka Oyze:

{22} = 95,0625, 95,60928, 95,38326, 96,84528,
96,84528, 96,9831, 96,9831, 97,12103, 97,12103,
97,25904, 95,0625, 94,51728, 94,24526, 93,29628,
93,29628, 93,1611, 93,1611, 93,02602, 93,02602,

22
92,89104 (A™).
Apudmernuni cepesini gaayTh HAM TaKi 3HAYEHHS:

E,, = 95,06979;
186

D, = 27725, A, = 1,6651.

Buxkopucrapmm 3navenns E,, D, ta A, i paxymodn
srigHo 3 (8) Ta (9), orpumaemo Gaxkani cepenHi JIst
dbyskuil £2 3BUUAHIM CIIOCO6OM:
E,2 =95,06786; D,> =2,04139; A,2 = 1,42877.
“Ileperoc OMMJIOK” 3a OTPUMAaHUMU CIIiBBIIHOIIIEH-
Hamu (6) 1ae Taki 3HAUEHHS:
E,2 =95,06787; D, =2042; A,> = 1,42899.
Tyr i mamai Mu HaBMUCHE 3aUMIIA Ha PO3TIISIT OiTb-
re 3HaKiB, Hik norpidbuo ( D, — 2 3naku; A, — B3a-
raii 1), mo6 MaTu 3Mory mOBHimIe BigcaiakysaTu Bei
00YNCIICHHS.

3Bakalovu Ha Ie, MOYKHA, CTBEPJIZKYBATH, 110 B BU-
nagKky byukiii 22 crannaprHi Biagxmienns A 2 moBHi-
cTio 36iratoThes. [HmmMu cjoBaMu, “TrepeHoc TOMUITO-
K" 3a cuiBsizaomenuavu (6) dynxuii 22 — mpaBub-
Huit i 1oOpe mpairttoe 11 BUOIPOK.

ITpuxaad dasn /T

Posrustremo mie ogun npukia, aig Gysknii 1/z. Bu-
KOPHCTaeMO BUOGIPKY BUMIpiB a’ IpsMOl eJIeMeHTap-
HOI T'PaTKU:

{y;} = {22} = 40,45, 40,895, 40,984, 41,518, 41,518,
41,607, 41,607, 41,696, 41,785, 41,785, 40,45, 40,005,
39,916, 39,382, 39,382, 39,293, 39,293, 39,204,
39,115, 39,115 (A”).

3riHO 3 BUKOPUCTAHOIO BUINE CTAHJIAPTHOIO CXEMOIO
00YMCIIEeHDb CEepPeIHIX JIsT BUOIPKM:

a) ObGuucaoemMo crnodarky apudMeTUdHI cepeHi
(itmosipHicTs w; = 1/20) —

E, = 4045, D, =1,05587; A, = 1,02756.

6) Haui obumcioemo Taycosi cepenni 3 BaroBoro
cxemoro (9):

E, =4045 D, =0,79847; A, =0,89357.

B) YTBOpIOeMO MacuB-BubIpKy (3rizHo 3 dyHKIEO
V):
{Vyi} = 6,36003, 6,39492,, 6,40187, 6,44345,
6,44345, 6,45035, 6,45035, 6,45724, 6,46413, 6,46413,
6,36003, 6,32495, 6,31791, 6,27551, 6,27551,

6,26841, 6,26841, 6,26131, 6,2542, 6,2542 (A).
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Apudmernyni cepenHi JagayTh HAM TaKi 3HAYEHHS:
E 5 =6,35952; D 5 =0,00653; A z=0,08081.

Pobumo cratuctuany 0O6poOKy 11i€l BUOIpKU, BUKOPU-
crasim 3nadenns Fy, Dy ta Ay:

E 5= 635965 D 5=000494; A g =0,07029.

Pospaxyuku 3a crissignomennsyu (11) naorh Taki
3HAYEHHS “IIePEHOCY TOMUJIOK :

Ey;=635964; D =0,00494;

K Mu 6avMMO B IIbOMY BHITAQJIKY 30iraHHS — ijeasbHe.
Tobto, sk i y Bunajaky dyHKIil /2 “mepeHoc momu-
70K 3a ciisBigHomenHsME (7) — npaBmwIbHAIL i 106pe
MIPAITIOE JIJTsT BHOIPOK.

Cuin 3ayBaxkuTh, 10 “podboTy 00epHEHOI dopMy-
Jin” BapTO OyJ10 O IIepeBipuTH Ha BUOIpKax Jiyist GiJIbII
IIIIPOKOT'O Jiala30Hy CEPEeIHIX Ta JUCHEpCiil, aje 1e
BUXOJHUTH 338 PAMKHN JTAHOI CTATTI.

4. [Mesiki 3arajbpHi pucu
OTPUMAaHMUX CHiBBiIHOIIIEHb

AHajiTUYHMI BUIJIS OTPUMAHUX IIPABUJI [IEPEHOCY
JI03BOJISIE JIEFKO BUIIJIMTH OCOOJIMBOCTI BiJIIOBIIHMX
CIiBBiHOIIEHD 1 HAaBITH MOOYyMyBaTu rpadidni 3aJre-
JKHOCTI, 10 JTy?Ke KOPUCHO s [LJIAHYBaHHs (Di3UIHO-
IO eKCIIEPUMEHTY Ta, HOro aHaJIi3y.

1. Cutig marosocuru, mo sBeauuunu Ey, Dy, E,., D,
B3a€EMHO TI0B’s13aHi, a TaKOXK i Te, 1m0 Fy, it Dy — dyH-
KIIl 2-X 3MiHHUX, & HE OJIHIEl:

Ly, = Eh(Eacy Dx); Dy = Dh(Eaca Dac)

o 1150T70 OyBa€ BaXKKO 3BUKHYTH, K, HAIIPUKJIA], 0
dakry, mo noxubkn dynkuiit h(r) A(x?) abo A(/z)
3aJ1€KaTh Bijl HAMIPSHOTO CepeTHBOTO 3HATEHHS Teep-

2. Imakmre Bazkko 36arumyTn ¢dakt, mo F,» HIKOIH,
3a HIIKAX BUMipiB, He MOXKe TpUiHATH () — 3HAYUEHHS.
Binbme toro, .2 6yae 3aBxau 6inbiie D, , ToaHire
E,2 > D, (10), 1-e piBHsiHHSI.

3. 3 M ke BUCHOBKOM IIOB’si3aHa, yMOBa, JIJIsT 3BO-
potroi byHKii (1/7), AKa BUTIABaE 3 1-TO pIBHAHHS

: 1

(11) : Ey > 5D,

4. Bce e 106pe Buano Ha puc. 1 Ta 2, jge mojami
3aJIE2KHOCTI gucriepciit pyHKIiit:

Dh:DzQ(Easzz); Dh:D\/gf(Em7Dw)7

BiZlT 3HaUYeHb BUMIpIOBAHUX ‘“cepemHix’ BiIMOBIIHUX
aprymentis E, (D, — napamerp).
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A = 0,07025.

5. Kpim Toro, cama MoxkymBicTh MaTu rpadidHumii
BUIJIsIJT OTPUMAHUX CIIiBBITHONIEHD JIA€ 3MOr'y 0OrOBO-
proBaTH XapakTep MaiOyTHIX BUMIpIiB, IJIAHYBATH iX.

6. 3ayBaskuMo, 10 B rpaHnaHOMY BUnajaky D, = 0:

B, =E% D, =0;

i mpu 1BOMY MOXKHA KOPUCTYBATHUCH ‘BBUYAWHUMUI’
[IpaBUJIAME [IEPEHOCY:

Ep»=E}; Ej=+E,.

B inmux Bunagkax, ko D, MaiOTh TOMITHI BETAYIH-
Hu, Bupasu Juist E 2 (6), (7) nanyTh Glibin npaBusbHi
SHAYEHHSI.

5. Bucuosku

1. Cuissignomenss (6), (7) maoTh npaBwIbHAN pe-
3yJIbTAT JJIsi BUOOPOK 1 MOXKYTH OyTH IMHUPOKO 3aCTO-
COBaHI JJIs CKOPOYEHHS 1 CyTTEBOIO CIPOIIEHHS 00-
YUCTIOBAJIBHAX MPOIEAYP CTATUCTUIHUX OOYMCIIEHD
nuist byHKIH 22 Ta \/Z.

2. Y BHUOaAKy BiJCYTHOCTI IOYATKOBOTO MAaCHBY
€KCIIEPUMEHTAJIbHAX TAHHUX € YU He €IUHUM IIPO-
CTUM 1 TpaBMJILHUM criocobom orpumanus Fp, Dy i
OXUOKM 0 3a3Ha4eHnX (DYHKIL.

3. Ockinbku D), Ta TOXUOKU 0 [1J1 000X PO3TIIAHY-
TUX (QYHKIIH TPAKTUIHO 30IrafoThCs 3 TIHCHIMI 3Ha~
YEHHSIMU, MOXKJINBHUI TOYHUN HEPEHOC IIOXUOOK JJIst
nanmoxkka dynkmiit Tuny (1/(v/2)?)2... abo x Bpa-
XOBYIOUM pe3yabraru [2] iHmow cymimimo (yHKIT
22, \/z, cos(x), arccos(z).

4. ToMmy Ha OCHOBI OTpUMAHUX AHAJITUIHUX CITiB-
BiJIHOIIIEHb MOZKJINBO IOOYYBATH JIBa IIPOCTUX VHi-
BEPCAJIBLHAX IPOrPAMHHX AJIFOPUTMU  (3arajIbHOrO
UpU3HAYEHHs) JJIg OOYUCIEHHs AP OKPEMUX 3Ha-
wens (E(2%); D(2?)) Ta (E(\/7); D(y/Z)), 0 MOXKYTH
6yTu BOymoBaHi, siKk OKpeMi Moyl (mijiporpamu), B
Oyap-sKi porpaMHi npoueaypu. Ilpu mipomy 1eit as-
ropuT™ Oyjie Ipo3opuM (JIerkuM jis auradHs ). Lle
IIPUHIIAIIOBO HEMOXKJIMBO IIPU 1HIINX METONAX IIepe-
HOCY, OCKIJTbKM B HHX MOTPIOHO DO3KJIAMATH B P
ab0 MudepeHIiioBaTH BCIO CYIEPIIO3UIN0 (DYHKITII,
gk eauue 1ise. | s koxkHol 3amadi Tpeba OymyBa-
TH OKPeMY IPOIELYPY.

5. MoxmBo mependadInTH BEIUYUHY IMTOXUOKHU
dyukKIil 1 mobyayBaru i1 rpadidny 3aaeKHICTH BiT
ITAHOBAHOI 00J1acTi BUMIPIB (Di3UTHOI BEJTMINHU.
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6. [likaBOrO € MOYXKJIMBICTH OTPUMATH TOYHE 3HAYTE-
HHA 3Mimenns cepexnboro aua F(x?) ta E(y/z). B
HaBEJICHUX TMPUKJIAIaX 1€ 3MIMMEeHHS HisIK He BILINBAE
Ha 3HAYEHHs IIUX CEPeJHIX 1 He Bijirpae HisKOl po-
JIi, aJie BOHO iCHY€ i B JIeSIKUX 3aCTOCYBAHHSAX HOTO
3HAYEHHsI MOYKE€ BUKOPHUCTOBYBATHCH.

JTOIATOK

B npomy moparky HaBeleHMiT MaTeMaTHIHUN TOKa3 IIPaBHIb-
HOCTi OTPHMaHWX CIIBBIZHOINEHBb At 2-X (PYHKIIN E(;rZ) Ta
E(y/7), To6TO 1UIAX 3BeleHHs iHTerpajabHux piBusanb (4) i (5)
10 TabInYHUX IHTerpaJiB i NpUBEJEHHSI OTPIMAHUX CIiBBiIHO-
LIeHb 10 3py4Horo surisaxgy (6) ra (7).

Marematuune ouikysauusa Ep nna dbyuxnii h(x) = =2

h(z) = 2? pisusnus (4), 3 ypaxysaunsam [aycosoro
posnoniny (3) BUIIAAAE sIK:

oo oo
Ey,=E_2= / 22 f(x)de = / 12\/§exp[fp(x - =
. . ™
oo

= \/g / @® exp[—paz? + 2pzp — pp’lde =

—oo0

oo

= \/gexp(—p;f) / z? exp[—pa® + 2pzp)dz =

—o0

= \/gexp(—p;LQ)J, (10)

oo
ne J= [ z?exp[—pz? + 2pux|dz.
— o0
Imrerpanpunit Bupas3 J € mo cyri TabauaHuM inTerpasom 1y

(3.462.8) [3], sikuit Mae BUIVIA:

oo
1 2 2
T = / z2 exp[fpzz+2qm]dm = —, /E (1 + Zq—) exp (q—)
2p\V p P P

VY Bunanxy

Jlerko momituru, mo J = Ty, npu ¢ = pu. IlincraBusmu me
3HA4YeHHs B BUpa3 st 1y, MaeMo:

2 2 2,2
in ﬁ(1+2pﬂ) exp(p'u):

P P
:f,/ (14 2pp®) exp(pp?).

Ilicas BR/IOYEHHS UpOro Bupasy B piBHsaHH:A (10), orpumyeMo
E,2:

P
Ep=E, = w/;exp(—pMQ)J =
D 1 /=
\/ = exp(—pu®) o= [ = (1 +2pu”) exp(pu®) =
T 2p\ p

1
—(1+42pp®) =
P

1 2
— + .
2p "

188

1
2D(x)

= -1 srigno 3 (4), ocraroumno

Bpaxosyrouu Te, 1o p = 5D >
x

Ma€eMo:
E,=E,=p?+D,=FE2+D,. (11)
Ile — maii>ke ouikyBaHnuit pesynbrar. HasgBricTb ‘3Mimenas” Dy
MoxKHa irHopysaru (npu HeBemukux Dy ~ 0), ame (15) — ue
Touna poboua dbopmyna g h(z) = x2 .

Hucnepcis Dy, ans byskuii h(z) = x2

3 pieusinEs (5) MaeMo “nepeHoC mOXUOKH™:

D(2?) = 7 zt

Posrisimemo Temep imterpan Jo.
BiIHOTO TabJIMYHOIO iHTErpaJia IIEPEeTBOPEHHSIMU, MOAIOHUMU
o (10):

Jo—/wf dm—/ \/jexp plz — p)?] =

—o0
o'}

=/ % / a* exp[—pa® + 2pap — pp®ldz =
o0

GXP(—PMQ) / a? GXP[—pIQ + 2pzpldr =

f(x)dx — B = Jo — E3. (12)

Bin 3BoguTbca 1m0 Bimmo-

—oo
= xp(—pp®)Jor, (13)
e s
Jo1 = / z* exp[—pa? + 2pua]de.

—oo

Inrerpanbuuii Bupa3 Joi Mae BUIVIAZ TaGIMYHOrO iHTErpasa
’

T (3.462.2) abo Tabmuanoro inrerpamna T, (3.461.2), pimenns

sAkux B (3] 3anucani B n1Box dopmax:

<]

1 e dnfl q2
— n —_ 2 = - »
T —/m expl—pa”+2qzldr=or— \/;dq’““1 {qexp (p)]’

—o00
oo

Ty = / a" exp[—pa® + 2qz]de =
—o00

IIpu n = 4 obunsi cbopMI/I NPUBOAATE IO OJHOTO M TOro 2K
Bupasy, To6to T = Th. OTKe MaeMo 1pu n = 4:

oo

Jo1=Ts = / z? exp[fpr + 2qz)dx =

— 00
e oo ()] =5/
ex )
= 5\ pag 797 s\ 7
e

02 = V=5 |gexXp | — = —F [eXp | — — eXp | — =
dg3 P dq? P P P
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Ileperoc noxubox ma cepedHiT 8uMIPi6 HI3UNWHOL BEAUNUHY

d [2q ?\ | 4q ?\ | 4¢° q?
— |—exp|— )+ — exp|— ) + —5exp|—|| =
dg L p P P P P P
u e (5)+ 5 oo (%)
=—|—exp|— |+ —5 exp|—
dg Lp p p D
6 2 12 2 2 12 2 2
Lo ) 7 ()27 ()
p p p p p p

8 4 2 6 24, 2 8 4 2
+ % exp (q—ﬂ = [7 + g + %} exp (q—)
p p p p p p

ITincraBuBIy 3HAYEHHS ¢ = DU, TOOYBAEMO:

6 2422 844 2,2
J02:[7+ p2u+p;}exp(pu):
P P D P

6
= L; + 2477 + 8pu4} exp(pp®).

Bianosigao

1 T |6
Jot = 554/ Jo2 = Vo [; + 2477 + 81)#4} exp(pp®) =

T 3 e
=,/ — exp(pu?) {4—2—%3* +u4:|.
p P p
1

B6ynysaBmu 1ie 3navenns B (13) i BpaxysaBiiu, mo p = DT

Ma€EMO:

P p il
Jo = \/jeXp(—PH2)J01 = \/jeXp(—qu)\/jeXP(qu) x
P T p

3 2
X {——i—i’)“—
p

3 p? 4
+u4} =53 +ut=
4p? 4p? P

3
= Z4D§ +3u?2D, + p* =3D2 +6u2 D, + ut.

3 ypaxysanuam Jo i (12) orpumyemo mrs D(x?) (mucmepcio
s bynxuii h(z) = x2):

D(z?) = Jo —x*= 3D2+64>Dy + p* — (u® + Ds)? =
=3D2 +6u?Dy + p* — p* —2u®D, — D2 =

=2D2 4+ 442D, = 2D2 + 4E2D,.

OcraToYHuil pe3ysIbTaT:

D(2%) = 2D2 4 44D, = 2D2 + 4E2D,. (14)

To6to 1e i Gyme mpasuio “nepenocy momunok” mas h(x) = 2.

Cutij 3ayBaXkuTH, 110 Bel 11l pore/ypu (PO3KPHUTTS IigiHTe-
rpaJIbHUAX BHUPa3iB y CyMy IHTerpaJiB, IepeHECEHHSI KOHCTAHT,
TOIIO) — KOPEKTHI 3 MOIVIsILy MIPaBUjl CTaTUCTUKH [1].

Cepenne Ej ta aucnepcis Dy,
ana dyskuil h(z) = v/

Besnocepenniit nuisix obuucienus F vz Ta D vz depes TabJIu-
4HI {HTErpasn — JOCUTH npobsieMaTHyHa CIpaBa. baxkani crmis-
BIJIHOIIIEHHSI MOXKHO OTPUMAaTH, pO3IVIsfaodu yHKIio D VT
SIK 3BOPOTHY JI0 &2, BUKOPUCTABIIH CriiBBiHOMmenHs (6).

Hiiicuo, piBasuHsA (6) HalOTH HaAM sABHUI 3'BA30K MIXK 90-
TupMa inrerpasnamu E 2, D 2, Ez, Dy. I'py6o xaxkyun, mix
4-ma ancnavu E 2, D 2, Ey, Dy:

E,. = EZQ(EI7 Dyz); D> =D, (P, Dz). (15)
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fkmo 3 pisuass (6) Ta (15) BusHaunTH dyERUD E, =
Er(E,2, Dy2) i Dy = Dg(E_2, D,2), obepreni go dyHKIii
(15), TO BOHM TAKOXkK MYyCSATH MIPABUJIBHO OIMHUCYBATH MaTEMa-
TUYHI 3B’A3KN MiXK dorupMma inrerpanamu Fi, Dy, E 2, D 2.

IIpn mpomy, axmo E 2 Ta D, 2> OynyTbh oTpuMaHi B AKHUiiCh
iHmmit croci6 (Hanpukiaz, BuMipsiai) i GyayTh MaTH Ti XK 49u-
CJI0BI 3HadeHHs, O i obuucieni 3a (15), TO BOHM 3HOB-TaKU
3aJIOBIIbHATH DIBHSHHS 3B’s13Ky 4YOTHPBOX iHTerpasis (6) Ta
(15) Toni i Tinbkm Toxi, kKosu Ey Ta Dy MaTEMyTh Ti cami 3Ha-
4eHHs, o 3anani B (19).

TamuMu coBamu, SKmo y = x2 i, Bigmosigmo, © = VY, TO
criBBignomennst By = Ex(Ey, Dy) i Dy = Dz(Ey, Dy), 06ep-
HeHi piBasiEEAM (6) Ta (15), maxyTs HaM BipHI 3HavYeHHS iHTe-
rpajbHUX BUPa3iB MaTeMaTHYHOro o4dikyBaHHsS g i mucnepcii
D, Busnauenux 3rigso 3 (8) Ta (9) mas dyHKUil BUmagkoBol
BEJINYHHE Y, AKa 3B’A3aHa 31 3MIHHOIO & 3aKOHOM y = x2 a6o
T =./Y.

To6ro, Bupimusimu (6) i (15) BigHOCHO T, MU IPOCTUM 06U~
CJIEHHSIM MOKEMO OTPUMYBATHU 3Ha4YeHHd Fy 1 D, no3Ha4veHH:A-
mu Ey, Dy, gKi € cepeiniMu J171s1 BUMipiB BUIIAIKOBOI BEJTUIMHA
Y, AKa TIOB’A3aHa 3 T CITiBBiJHOIICHHAM T = /.

Bupimumo (6). [yis nporo mepenuiiemo iX, BiAmoBigHO, y
BUTJISTI:

Ey = E2 + Dy, (16)

Dy =2D2 + 4E2D,. (17)

ITam’saTaroun, mo iarerpamu Ey i D, nos’asani 3 dyHKIieo
y = x2, a inverpasu E, ta D; — 3 dbynkiieo & = /Y - Bupi-
muMo Iii piBHsIHHSA BigHOCHO iHTerpasis Ey ta Dg. s nporo
nigaecemo o6uaBi yactuau (16) B KBagpaT i JOMHOXKHIMO Ha 2.
OTpumaemo:

2E2 = 2(E2 + D2)?.

Poskpusim gy>KKu mpaBol YaCTUHHY 1 BiHSBIIN PE3YJIbTAT BiJ
o6ox wacru (17), Maemo:

Dy —2E7 = 2D2 + 4E2D, — [2(E2 + D2)?] =
=2D2 +4E%D, — 2E% —4E2D, — 2D2 = —2E%.
3Bigcu Mu orpuMmyeMo sBHY dyHKUio Ei(Ey, Dy):

1
E} =E; — 5D (18)

Bamucytoun (16) y urtsani Dy = Ey— E2 i nincrapusmm 3 (18)
3HAYEHHS E% = E'g — %Dy (ms pagukasna 6epeMo 3HaK +,

3BaKUBIIH, IO Eg > 0 ), OCTATOYHO MaeMO $IBHY (DYHKIIO
DI(Eyv Dy):

1
Dy =By — B} — Dy, (19)

Cuin 3ayBaskuTH, o 3po0JIeH] IepeTBOPEHHS HEe MPOTUPIivaTh
npasusiaM craTucTuky (1), TO6TO € KOpeKTHUMU.

Haocranok nepemnmmemo orpuMani criBBinsomenus (16)—
(19) y 6isbiI 3pO3yMiJIOMY CHMBOJIMHOMY BUIVISIAL, Ji€ & — IIO-
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3HaveHa BuMipoBana diznvna Bemauna (aprymenr), a h — Bij-
nosina byukiis (x2; \/z):

Ep=E,.2 = Ez + Dy;

Dy, = Dy2 = 2D2 + 4E2Dy;

1
By =El; =EI 5D (20)

/ 1
Dp =D sz =E; — Eg—gDr.

BpaxoByioun pesysbraru 2], KopucHo npuBectH e 4 “anasi-
TaHi” nepenocu g 2-x dysxuii (cos(z), arcos(z)):

Dy
Ey = Ecos = exp —7 cos Ey;
1
Dy = Dcos = 5[1 — exp(—Dgz)][1 — exp(—D,,) cos 2E];

Ey . (21)
+\/B2 + /(0 - B2)? — 2D,

Eh = FEarccos = arccos

Dy = Darccos = In

<E§ ++v (1 —E2)2-2D,
Axo 3BakuTu Ha popmasizalio:

z~ Ey; k(Az)? = Dy,

To orpumMani cuiBBimHomenus (20), (21) maloTe HaMm Gakami

“ITpaBuIa HepeHOCY” CepeqHiX Ta MOXWGOK i ByHKIiH x2,

vz, cos(z), arcos(z):
X —- H; |AX|— |AH|.

Mamepiasu mno uyukay pobim byau npedcmas-
aeHi na ceminapaxr 8 6iddinie Incmumymy Pisu-
xu. Aemop wupo edaunuill xKosexmusam i 3a610Y10-
YuM YUxT nidposdinie 3a yeazy i HAOGHY MOHCAU-
8ICMb 036YHUMU 1T, NOJUBUMUCL HG HUT 31 CIMOPO-
Hu inwumu ovuma (I.B. Baoncvkomy, M.C. Bpodiny,
A.T. Haymosuy, A.M. Heepitixo, FO.A. Pesnikosy,
C.M. Pabuenxo, II.M. Tomuyxy ma JLII. Huenko).
Bes xpumuvwnur 3aysasicend, BUCAOBAEHUT HA UYUL
NPEICMABACHHAL, MOHCHA CMIAUBO CMEEPIHCYBAMU,
wWo poboma 3HawHo 6 NPozpasa, AXWO 6 6342041 CKAG-
aacv. Ocobauso xowy nodarxysamu C.M. Pabuenko
30 NPUCKInNAUGE 002080PEHHA PESYALMAMIB | ONOHY-
samma mamepiany, I.B. Kaimywesiti 3a suuumyea-
HHA CMAMME 1§ KPUMUYHE 3AYBAHCEHHA, O MAKONHC
A.I Botmenxo 3a nopadu. I nodaxa ecim, xmo 6ys
He batidystcum i nidmpPumas 8uKoHaHy pobomy.

1. I. Xyxacon. Cmamucmuka dan gusurxos (Mup, 1970).

2. I.T". Poge. Tlepenoc moxubok Ta cepeHix BUMIpiB (dpizuaHOT
BEJIMYUHH /1151 eJleMeHTapHuX byHKIii cos(x) Ta arccos(z).
Y@K 61, Ned (2016) [DOI: 10.15407 /ujpe61.04.0345].

3. N.C. I'pammireitn, .M. Poikuk. Tabauuyve urmezpanos,
cymm, pados u npoussedenuti (Pusmarrus, 1963) [ISBN:
0122947606].

190

4. Propagation of wuncertainty (Wikipedia); https://
en.wikipedia.org/wiki/Propagation of uncertainty.

5. H.H. Ku. Notes on the use of propagation of error formulas.
J. Res. Nat. Bur. Stand. T0C, 263 (1966) [DOI: 10.6028/
jres.070C.025].

6. Ph.R. Bevington, D.K. Robinson. Data Reduction and
Error Analysis for the Physical Sciences (McGraw-Hill,
2002) [ISBN: 0-07-247227-8].

7. J.R. Taylor. An Introduction to Error Analysis: The Study
of Uncertainties in Physical Measurements (University
Science Books, Sausalito, Ca, 1997) [ISBN: 0-935702-42-
3 (cloth.) ISBN: 0-935702-75X (pbk.)].

8. B.N. Taylor, C.E. Kuyatt. Guidelines for Evaluating
and Expressing the Uncertainty of NIST Measurement
Results (NIST Technical Note 1297) (National Institute
of Standards and Technology, 1994).

9. P.K. Sinervo.
uncertainties in high energy physics and astrophysics.
Proceedings of the PHYSTAT2003 Conference, SLAC,
Stanford, CA, September 8-11 (2003), p. 122.

10. J. Denker. Nonlinear least squares. http://www.av8n.com/
physics/nonlinear-least-squares.htm.

11. E.W. Weisstein. Standard deviation entry at mathworld.
http://mathworld.wolfram.com/StandardDeviation.html.

12. Evaluation of measurement data — An introduction to the

Denition and treatment of systematic

“Guide to the expression of uncertainty in measurement”
and related documents. http://www.bipm.org/utils/
common/documents/jcgm/JCGM _104_2009_E.pdf.

13. .M. Xeiixep, 9.J1. JIy6e, A.B. Mupencknit, H.11. Komsk,
0O.B. Maknaxkos, JI.3. Tarkun, 9.H T'ypesuu, B.C. Pora-
1eB. KoHCTpyKIHs aBTOMAaTHIeCKOr0 nudpakToMeTpa JJIst
uccienoBanust MoHokpucrawios JIAP-1. C6. Annapamypa
U Memodvl penmeenosckozo anaausda (MammHocTpoenue,
1968), Bem. 3, c. 130-144.

14. 9.JI. JIy6e, .M. Xeiikep. ¥Ynpapisdionias IporpaMMa aB-
TomaTudeckoro gudpakromerpa JAP-1. C6. Annapamypa
U Memodvl penmeenosckozo anaausda (Mamunocrpoenue,
1968), Bem. 3, c. 145-161. Ouneprxario 23.03.16

G.G. Rode

PROPAGATION OF THE MEASUREMENT ERRORS
AND MEASURED MEANS OF PHYSICAL QUANTITIES
FOR THE ELEMENTARY FUNCTIONS z2? AND /=

Summary

Rules for the propagation of the error and the mean value ob-
tained for a measured physical quantity x onto another one,
which is coupled to the former by means of the 22 or \/z func-
tional relation, have been derived. Those rules are inherently
based on the Gaussian weight scheme, so that they should pro-
vide correct results in the framework of the latter with discrete
data, which is typical of a real physical experiment (with sam-
plings). The obtained analytical form that cummulates the
mentioned rules (the “analytical propagation rules”) and their
exact character allow the processing and the analysis of exper-
imental data to be simplified and accelerated.
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