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TWO SYSTEMS OF MAXWELL’S EQUATIONS
AND TWO CORRESPONDING SYSTEMS OF WAVE
EQUATIONS FOR ELECTROMAGNETIC FIELD
VECTORS E AND B IN A ROTATING FRAME

OF REFERENCE: A LINEAR APPROXIMATION

1. Introduction

On the base of two systems of Mazwell’s equations for the electromagnetic field vectors E and B
in a uniformly rotating frame of reference, which were first proposed in the works by L.I. Schiff
[Proc. Natl. Acad. Sci. USA 25, 391 (1939)] and W. Irvine [Physica 30, 1160 (1964)], two
corresponding systems of wave equations are derived (to the first order in Q). The analysis
of these systems implies that: 1) the factor of rotation causes the arising of longitudinal E-
and B-components of electromagnetic waves, which interact with the transversal ones; 2) the
wave equations for the vector E in both systems of equations have the same form, while the
equations for the vector B have different form; 3) the structure of equations for vectors E and
B in the first case is asymmetric. Therefore, the propagation of the E- and B-components
of electromagnetic waves in a rotating frame of reference will be governed by qualitatively
different laws; 4) the structure of the wave equations in the second case is symmetric. Hence,
the propagation of these field components will be governed by similar laws. It is also shown
that, in the approximation of transversal electromagnetic waves, the distinction between the
two systems of wave equations for the vectors E and B vanishes: both are transformed into
two identical sets of separate (independent of one another) wave equations for the vector E
and the vector B of a simpler (and already known from the literature) form.

Keywords: Maxwell’'s equations, wave equations, Sagnac effect, ring laser gyro.

the terms only up to the first order in Q)

The analysis of the literature shows that there are
mainly two basic systems of Maxwell’s equations for
the electromagnetic field vectors E and B written in
a frame of reference uniformly rotating with angular
velocity €. Both systems are based on the Galilean
description of a rotation, and both utilize the Newton
(absolute) time .

In the absence of free charges and currents, the first
system (proposed in work [1]) has the form (we keep

© E.A. BONDARENKO, 2017

ISSN 2071-0194. Ukr. J. Phys. 2017. Vol. 62, No. 2

0B
VXE+ — =0,

ot

VB=0,
1

V x (B~ v xE)
V(E-vxB)=0,
and the second one (proposed in work [2]) is

0 1
V><E+a(B+C—2v><E)_O,

1

V(BJrc—vaE):O,

1
T2

B,
55 B-vxB)=0,
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10
VXB-;&(E—VXB):O7

V(E-vxB)=0.

(2)

Both systems (and their derivation) are discussed in
works [3, 4].

In expressions (1) and (2), all the quantities are
specified by the formulas

V =3(0/0x) + §(8/dy) + £ (0/02),
E=E,2+E,+FE. 2,

B=B,%t+B,y+ B. Z,

Q=0 2+Q,7+Q,2,

r=zt+yy+=z2, (3)
v=QXr=v,2+v, 9+ 0,2,

Ve =8y 2z —Qy,

vy = — Qy 2,

v, =y — Q.

Here, &, 3, and Z are the unit vectors that form an or-
thogonal coordinate basis {Z§2} of a rotating frame;
E., By, E, and B;, By, B, are components of the
vectors E and B in this basis; €2 is the vector of an-
gular velocity with which the basis {Z72} rotates in
an inertial frame; €2, Q,, 2, are components of the
vector §2; r is the radius-vector of a given observation
point in the basis {#§Z}; x, y, z are components of
the vector r; v is the vector of linear tangential veloc-
ity of the observation point calculated in the inertial
frame; and vz, vy, v, are components of the vector v.
As we can see, the above two systems of Maxwell’s
equations (1) and (2) for the electromagnetic field
vectors are not identical: system (1) has an asymmet-
ric structure with respect to €2 in the sense that the
rotation manifests itself only in the third and fourth
equations, but not in the first and second ones; sys-
tem (2) has a symmetric structure with respect to
Q, because the rotation manifests itself in all four
equations. In this situation, we may ask the question:
what will the form of the corresponding wave equa-
tions be for the indicated vectors in the first and sec-
ond cases? The answer to this question is not given
in the literature. So, the purpose of this paper is to
derive the wave equations for the vectors E and B: at
first, on the base of the system of Maxwell’s equations
(1) and then on the base of system (2). All calcula-
tions must be performed with accuracy to the first
order in v (v = |v]) or, equivalently, 2 (Q = |€2]).
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2. Auxiliary Relations

In this section, we are going to present some useful
formulas for the quantities Vx (Vx G), Vx (vx G),
V(v x G), V(vG), V(v x G), which involve the
vectors v=Q xr and G (G = E, B).

A. Consider the term V x (V x G). It is known
(see, e.g., [5]) that

Vx(VxG)=-VG+V(VG). (4)

B. Consider the identity V x (vx G) = (G V)v —
—(vV)G+v(V G)—G(V V). In the case where v =
=Q xr, we have (GV)v =Q x G, Vv =0, and,
to the first order in Q, v(V G) = 0. Therefore,
Vx(vxG)=—(vV)G+QxG. (5)

C. Consider the identity V (vx G) = G (V xv) —
—v(V x G). Since V x v =2Q,

VivxG)=20G-v(V xG). (6)
D. Consider the identity V(vG) = (vV)G+

+(GV)v+vx (VxG)+ G x (V x v). Since

(GV)v=0QxG, Vxv=2Q,and G x (V xv) =

=-2(Q x G),

VVG) = (vV)G-QxG+vx(VXG). (7)
E. Consider the vector VZ(v x G). We have

V(v x G) = V(v x G2+

+V23(v x G)yi + V(v x G), 2. (8)

First, let us calculate the projection V(v x G),
of this vector onto the axis Z. In view of (3), we have

vy G, —v.Gy)
9)

or
0? 0? o?
2 (<, < 9
V(v x Q) = (8x2 + B + 822> X
X [z — Q:2)G. — (Q2y — Q)G (10)

After the calculation, we get

0’°G, 0°G., +82GZ B
ox? Oy? 022
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(PG, PG, G,
=\ Ox2 Oy? 022
0G, G oG oG
-2Q Y ) +2(Q, =L +0.—) (11
$(8y+8z>+ (y8x+z8m) (11)

Let us add the following terms to the right-hand side
of (11): —29Q,(0G,/0x) and +28,(0G;/0x). Then

2 2 2
Vi o, (2 PG DG

Y\ Ox2 oy? 072
06, 96, %G,
o <8x2 * y? 022 ) -
oG, G, 0G.
29“?(83; + Gt az)+

0G, oG, 0G,
+2(Qz Oz ML Ox T 856)

Vv x G), =[vx (V:GQ), -
—20,(VG) + 26%(9 G).

Similarly, we obtain

V(v x G)y = [v x (V2G)], —
0

-20,(VG)+2—(2G

VivxG), =[vx(VG), -

0
~20.(V G) +25-(QG).

Therefore,
V2(vxG) = vx(V?G)-2Q(V G)+2V(QG). (16)

Finally, taking into account that, to the first order in
Q, AV G) =0, we get

Vi(vx G)=vx(V:G)+2V(QG). (17)

Formulas (4)—(7) and (17) will be used in the next
sections.

3. First System of Wave
Equations for the Vectors E and B
in a Rotating Frame of Reference

In this section, we are going to derive the first system
of wave equations for the electromagnetic field vec-
tors E and B, which will correspond to the system of
Maxwell’s equations (1). The first, second, third, and
fourth equations of the system will be mentioned in
the text as (1a), (1b), (1c), and (1d), respectively.
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3.1. Equation for the vector E

To derive the wave equation for the vector E, we ap-
ply the operator Vx to expression (la):

V><(V><E)+%(V><B):O. (18)
Taking (4) and (1c) into account, we rewrite (18) in
the form
10°E 10 0B 10
2 —_—— —_— —_ e —
V'E c28t2+026t<v><6t> 2o
X[Vx(vxE)]-V(VE)=0 (19)
or, using (1a),
2y _LOPE 10
V°E 2 c28t[VX(VXE)+
+vx(VxE)] - V(VE) = 0. (20)
With the help of (5), we get
19°E 10
2 —_— ——_— —_—— — —
VE- 555+ 55 (VV)E-QxE
—-vx(VxE)-V(VE)=0. (21)

Consider the term V(V E) in (21). According to
(1d), VE = V (v x B). Taking (6) and (1lc) into
account, we have V(v x B) = 2QB — (1/¢?) x
x (0/0t)(vE), so

V(VE) —2v(eB) - L2

—V(VE).

2 ot (22)

Consider the last term in (22). In accordance with (7),

VWVE)=( vV)E-QxE+vx(VxE). (23)
Therefore,

V(VE)=2V(QB)-—
—C%%[(VV)E—QXE—FVX(VXE)]. (24)

Finally, substituting (24) into (21), we obtain the
desired wave equation for the vector E:

oy LOE 20 _ _
V-E ERTE + =2 8t[(VV)E Q x E]
—2V(QB) =0. (25)
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3.2. Equation for the vector B

To derive the wave equation for the vector B, we ap-
ply the operator Vx to expression (1c):

vaXm—$Vxwaxm%

10 1 8
In view for (4), (1a), and (1b), we rewrite (26) as
2g_1OB 10

V-°B 2 826t[V><(v><B)]+

+ci2V><[V><(v><E)]:O. (27)

Since Vx [V x (vxE)] =

we have

~V2(vxE)+V[V (vxE)],

1 1
- gv2(v x E) + ng (vxE)] =0.

Using (5), we get

10

1 0°B
2B - - Y
v c ot

S (vV)B - Q x B] -

1 1
—ZV(VXE)+ 5V[V(vxE) =0. (29)
Counsider the term V[V (v x E)] in (29). In accor-
dance with (6), V(v x E) = 2QE — v (V x E) or
with (1a), V(v x E) = 2QE + (9/0t)(vB). Then

—2V(QE) + QV(V B)

V[V (v x E)] =

(30)

or, taking (7) into account,

V[V (v x E)] :2V(QE)+% (vV)B—-Q x B|+
+%[v x (V x B)]|. (31)

With the help of (1¢), we find

V[V (v x E)] = 2V(QE) + %[(VV)B —QxB]+
1 O’°E

+v X 2o (32)
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Substituting (3
1 0°B 2 8
2
1 0%°E

2 1

2) into (29), we obtain

(33)

Consider the last term in (33). In accordance with
(17), V3(v x E) = v x (V?E) + 2V(QE). Hence,

1 0°E
2
8 E
2
It is clear that, to the first order in €2,
1 0°E
2 —
vx(V E_28t2> 0 (35)
So, expression (34) may be rewritten as
1 0°E
2

By inserting (36) into (33), we obtain the desired
wave equation for the vector B:
1 0°B

vB- 9B

)
200 +35[( vV)B-QxB]=0. (37)

3.3. Result of Section 3

According to (25) and (37), the first system of wave
equations for the electromagnetic field vectors E and
B in a rotating frame of reference has the following
form:

19°E 20
2 Y M I _
VE- S 7+ 55, (vVE-QxE|
—2V(QB) =0, (38)
19°B 20
2 e —_— —_ =
VB 5 5m 35 (VV)B-2xB|=0.

4. Second System of Wave
Equations for the Vectors E and B
in a Rotating Frame of Reference

In this section, we are going to obtain the second
system of wave equations for the electromagnetic field
vectors E and B, which will correspond to the system
of Maxwell’s equations (2). The first, second, third,
and fourth equations of the system will be mentioned
in the text as (2a), (2b), (2¢), and (2d), respectively.

ISSN 2071-0194. Ukr. J. Phys. 2017. Vol. 62, No. 2



Two Systems of Mazwell’s Equations and Two Corresponding Systems

4.1. Equation for the vector E

To derive the wave equation for the vector E, we ap-
ply the operator VX to expression (2a):

V><(V><E)+%(V><B)+
+C%%[VX(VXE)]=O. (39)

Taking (2c¢) and (4) into consideration, we rewrite
(39) in the form

oy _LOPE_ 10 ( OB\ _
Ve @ Taa\" o
~ 55,V X (vxE)] - V(VE) =0 (40)
ot
or, using (2a),
iy LOE 10
V°E 2 2at[Vx(vxEH—
+vx (VxXE)]-V(VE) = (41)
In view of (5), we have
oy _LOE 10 _ _
VE- 5o+ 5o (VV)E-Q xE
—vx (VxE)-V(VE) = (42)

Consider the term V(V E) in (42). According to
(2d), VE = V (v x B), where, taking (6) into ac-
count,

V(vxB)=20B v (V x B). (43)
With the help of (2¢), we find V (v x B) = 22 B —
—(1/¢)(9/0t)(v E). Hence,

1

—gV(v E).
Consider the term V(v E) in (44). In accordance with

(7),

V(VE)=2V(QB)— (44)

VWE) =(VV)E-QxE+vx(VxE).  (45)
Then

V(VE)=2V(QB) -
—C%%[(VV)E—QXE-FVX(VXE)]. (46)

Substituting (46) into (42), we obtain the desired
wave equation for the vector E:

op LOE 20 _ _
VE- 555+ 55 (VVE-QxE
—2V(2B) = 0. (47)
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4.2. Equation for the vector B

To derive the wave equation for the vector B, we ap-
ply the operator Vx to expression (2c):

V X (V xB) - éi(VxE)
+%%[V x (v x B)] =0. (48)

Taking (2a) and (4) into account, we rewrite (48)
in the form

og_ LB 10 ( 10E)
v'B 2o 2o\’ 2o

10

=2 a[V x (vxB)-V(VB)=0 (49)
or, using (2c),

o LB 10
V°B ERTe 028t[V><(v><B)+
+vx(VxB)]-V(VB) = (50)

Consider the term V x (v x B) in (50). According to
(5), Vx (vxB)=—(vV)B+Q x B. Thus,

g LOB 10 _ _
VB SRETE +028t[(VV)B QxB
—vx(VxB)] - V(VB) = (51)

Consider the term V(V B) in (51). In accordance
with (2b),
VB =—(1/c)V (v x E). (52)
Taking (6) into account, we have

V(vxE)=20E v (V x E) (53)
or, using (2a),
V(VXE):2QE+%(VB). (54)
So,

2 10
Hence,
2 10

V(VB) = —;V(QE) —28—V(VB). (56)

Consider the term V(vB) in (56). In accordance
with (7),
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V(vB)=(vV)B-Q xB+vx(VxB). (57)
Then 9

V(VB) = fc—QV(QE)f
—C%%[(vv)B—anwx(vXB)]. (58)

Substituting (58) into (51), we obtain the desired
wave equation for the vector B:

1 0°B 2 0
2B -y - ¥
v c? ot? c2 ot

2
+ 5 V(QE) =0.

(VvV)B—Q x B]+
(59)

4.3. Result of Section 4

According to (47) and (59), the second system of wave
equations for the electromagnetic field vectors E and
B in a rotating frame of reference has the following
form:

10°E 20
2 —_——— —_—— p— —
VE- 5o+ 5o [(VV)E-Q < El
—2V(QB) =0,
o 10°B 20 B (60)
v'B c? Ot? + c? 8t[(VV)B

2
~QxBJ+ 5 V(QE) =0.

5. Two Systems of Wave Equations
for the Vectors E and B in a Rotating Frame
of Reference: a Comparative Analysis

The first system of wave equations for the electro-
magnetic field vectors E and B [which was derived
from system of Maxwell’s equations (1)] has the form

19°E 20
2 -z =~ 7 _ _
VE- 555+ 55 (VVE-QxE|
—2V(QB) =0, (61)
2 _i@ 290 _ _
VB oa t g (VB2 x B| =0.

The second system of wave equations [which was
obtained from system of Maxwell’s equations (2)] is

19°E 20
2 -y~ - o o
VE- 555 + 55 (vVE-QxE
—2V(Q2B) =0,
19°B 20 (62)
2 = - o
VB - o g [(VV)B - 2 x B+

2
+5V(QE) =0.
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Expressions (61) and (62) represent the two differ-
ent systems of wave equations for the vectors E and
B in a uniformly rotating frame of reference. From
the analysis of these systems, it follows:

1) the factor of rotation causes [via the quantities
QO xE, QxB, V(QE), V(Q2B)]| the arising of the
longitudinal E- and B-components of electromagnetic
waves, which interact with the transversal ones (this
agrees with the statement of work [6]);

2) the wave equations for the vector E in both sys-
tems have the same form (this confirms the statement
of work [3]), while the equations for the vector B have
different form;

3) the structure of equations for the vectors E and
B in the first system is asymmetric (with respect to
). Therefore, the propagation of the E- and B-com-
ponents of electromagnetic waves in a rotating frame
of reference will be governed by qualitatively different
laws;

4) the structure of the wave equations in the second
system is symmetric. Hence, the propagation of the
indicated field components will be governed by similar
laws.

The systems of wave equations (61) and (62) may
serve as a theoretical basis for the detailed study of
the propagation of electromagnetic waves in a rotat-
ing frame of reference. But, before the beginning of
such study, the researcher must first solve the problem
of choosing between the mentioned systems (because
the final results will be different).

6. Simplified Wave Equations
for the Vectors E and B in a Rotating
Frame of Reference

As we can see from two above systems of wave equa-
tions (61) and (62), the factor of rotation causes the
arising of the longitudinal E- and B-components of
electromagnetic waves, which interact with the trans-
versal ones. To find the analytic solutions of such sys-
tems of equations is a difficult task (see, e.g., cal-
culations in work [6]). But if it is acceptable to ig-
nore these longitudinal components to make the wave
equations more simple for analysis, then the quanti-
ties @ x E, 2 x B, V(QE), V(2B) in (61) and
(62) may be dropped. As a result, both systems of
wave equations are transformed into two identical sets
of separate (independent of one another) wave equa-
tions for the vector E and the vector B of a simplified

ISSN 2071-0194. Ukr. J. Phys. 2017. Vol. 62, No. 2



Two Systems of Mazwell’s Equations and Two Corresponding Systems

form: | 0% 5 8
E- S —— + 5= [(VV)E] =
v ERTE —|-02 8t[(v JE] =0, )
1 9°B 2 0
2R _ - =
V°B ST + =2 8t[(vV)B} 0.

The equation for the vector E in (63) and its analytic
solution are well known in the theory of ring laser gyro
(see, e.g., works [7, 8]). It was obtained in the men-
tioned works by approximate methods (some terms
have been neglected in the process of calculation) on
the base of the system of Maxwell’s equations (1).

From the analysis of the simplified wave equations
(63), it follows that the propagation of the E- and
B-components of electromagnetic waves in a rotating
frame of reference will be governed by identical laws.

Thus, in the approximation of transversal electro-
magnetic waves, the distinction between two above
systems of wave equations (61) and (62) vanishes:
both of them take the form (63).

7. Conclusions

On the base of two systems of Maxwell’s equations
(1) and (2) for the electromagnetic field vectors E and
B in a uniformly rotating frame of reference, which
were first proposed in works [1] and [2], respectively,
two corresponding systems of wave equations (61) and
(62) have been derived (to the first order in €2). From
the analysis of these systems, it follows:

1) the factor of rotation causes the arising of the
longitudinal E- and B-components of electromagnetic
waves, which interact with the transversal ones;

2) the structure of the wave equations for the vec-
tors E and B in system (61) is asymmetric. Therefore,
the propagation of the E- and B-components of elec-
tromagnetic waves in a rotating frame of reference
will be governed by qualitatively different laws;

3) the structure of the wave equations for the vec-
tors E and B in system (62) is symmetric. Hence, the
propagation of the indicated field components will be
governed by similar laws.

It is also shown that, in the approximation of
transversal electromagnetic waves, the distinction be-
tween two systems of wave equations (61) and (62)
vanishes: both are transformed into the two identi-
cal sets of separate (independent of one another) wave
equations for the vector E and vector B of the simpler
(and already known from the literature) form (63).

The author is grateful to the anonymous referee for
the helpful questions and recommendations.
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JIIBI CUCTEMU PIBHSHBb MAKCBEJIA TA /JIBI
BIAITOBIAHI CUCTEMUI XBUJIbLOBUX PIBHAHBb
JJ151 BEKTOPIB EJIEKTPOMATHITHOTI'O IT1OJISA
E I B B OBEPTOBIV CUCTEMI BIJIJIIKY:
JITHIMHE HABJINKEHHSA

Peszmowme

Ha ocuoBi nBox cucrem piBHsHB MakcBesa /jisi BEKTOPIB eJie-
krpoMmartiTaoro noiss E 1 B B piBHOMIpHO 06epTOBiil cucremi
BiJUIiKy, o Gysn Brepiue 3anpononosati B npansax [L.I. Schi-
ff, Proc. Natl. Acad. Sci. USA 25, 391 (1939)] Ta [W. Irvine,
Physica 30, 1160 (1964)], orpumano asi Bignosigai cucremu
XBUJIBOBUX PIiBHsHBb (B I€pIIOMY HOpsaKy mo €2). 3 aHamisy
UX cucTeM BuimBae: 1) dakTop 06epTaHHs 3yMOBJIIOE BUHU-
KHEHHsI 103J0BKHIX E- i B-KOMIOHEHTIB eJIeKTpOMartiTHUX
XBUJIb, M0 B3A€MOJIIOTH 3 IX HOMEPEYHUMH KOMIIOHEHTAMU; 2)
XBHJIbOBI piBHsIHHSI Jij1s1 BeKTOopa E /1151 000X cucTeM piBHSIHB
MalOTh OJHAKOBUU BHUIVISI, TOMAI sIK PIBHSIHHS JJjIsl BeKTopa B
MalOTh pi3Huil Burisg; 3) CTpyKTypa XBUJIBOBUX DIBHAHD JJIs
BekTopiB E i B B nepimiit cucremi € acumerpuanoro. Yepes e
nomupenas E- i B-KoMIOHEHTIB e/IEeKTPOMArHiTHUX XBUJIb B
06epToBiil cucremi Biiyiiky Oyze MiAOpsiIKOBYBATHCH SIKICHO
pi3HEUM 3aKoHaM; 4) CTPYKTypa XBUJIBOBUX PIBHSHDL B JIPYTOMY
BUIIAJKY € CUMETPUYHOI0. TOMy NOIINPEHHS BKa3aHUX KOMIIO-
HEHTIB XBHJIb OyZe IHiITOpsiIKOBYBATHCH CXOXKHM 3aKOHaM. Y
CTaTTi TAaKOXK IIOKa3aHO, IO y HabOJIMKEHHI MMOIEPEYHMX eJie-
KTPOMATrHITHUX XBUJIb — BIJIMIHHICTH MiXK JIBOMa CHCTEMaMU
XBUIBOBUX piBHAHDL 1715 BekTopis E i B 3uukae: obunsi cucre-
MU II€PETBOPIOIOTHCS HA JBA IJEHTHIHUX HAGOpH OKpeMux (He-
3aJIEXKHUX OJHE BiJl OZHOI0) XBHJILOBUX PIBHSIHB JJIsl BEKTOPA
E Ta BekTopa B 6inbm npocroi (i Bxke Bigomol 3 sgiTeparypu)
dopmu.
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