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EQUATION FOR A PARTIAL WAVE TRANSITION
MATRIX WITH REPULSIVE COULOMB INTERACTION

A special case where the Lippmann—Schwinger integral equation for the partial wave two-body
Coulomb transition matriz for likely charged particles with a negative energy has an analytical
solution has been considered. Analytical expressions for the partial s-, p-, and d-wave Coulomb
transition matrices for repulsively interacting particles at the ground-state energy have been
derived, by using the Fock method of stereographic projection of the momentum space onto a

four-dimensional unit sphere.
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1. Introduction

The Coulomb transition matrix (t-matrix) character-
izes all properties of a two-body system with the
Coulomb interaction. In the momentum space, it is
a scalar function of three variables: the initial and fi-
nal momenta, and the energy. The presence of bound
states for a system with opposite charges results
in the appearance of energy poles in the t-matrix,
whose residuals are connected with wave functions
of the system in those states. In the case of repul-
sive Coulomb interaction between two charges of the
same sign, the corresponding t-matrix has no energy
poles. At positive energies, the analytical properties
of the Coulomb ¢-matrix—in the case of short-range
interaction potentials, they manifest themselves as a
singular branch point with a cut along the positive
energy axis—and the corresponding unitarity condi-
tions on the energy surface and beyond it are more
complicated (see review [1]).

Knowledge of the two-body Coulomb transition
matrix is especially important when studying the
properties of atomic and nuclear systems consisting
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of three or more charges with the use of the Fad-
deev [2,3] and Faddeev—Yakubovsky [4] integral equa-
tion methods. For such systems, three-body Faddeev
equations are known to become non-Fredholm al-
ready below the decay threshold. The extraction of
the main Coulomb singularity and the regularization
of three-body equations in this case were proposed
by Veselova [5] with the help of the known Gorshkov
procedure for two-body systems [6]. The problem of
regularization of the integral equations for four-body
systems containing charged particles was considered
in work [7]. Earlier information about the properties
of the two-body off-shell Coulomb transition matrix
can be found in review [1].

There are a number of representations for the two-
body Coulomb transition matrix [8-16]. Of special in-
terest is the study of the Coulomb transition ma-
trix, by taking advantage of the Coulomb system
symmetry in the Fock four-dimensional Euclidean
space [17]. Earlier, the Fock method was applied in
Bratsev—Trifonov’s [10] and Schwinger’s [12] works
in order to derive the Coulomb Green’s function in
the one-parameter integral form. Expressions for the
three-dimensional Coulomb transition matrix with
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explicitly singled out transferred momentum and en-
ergy singularities were obtained in works [14] (for neg-
ative energies, £ < 0) and [15] (for zero and positive
energies, E > 0).

For the first time, a possibility to derive an analyt-
ical expression for partial wave two-body Coulomb
transition matrices at the ground bound state en-
ergy was examined for oppositely charged particles
(with the attractive interaction) in the previous work
[18]. In this work, on the basis of the Fock method of
stereographic projection of the three-dimensional mo-
mentum space onto a four-dimensional unit sphere
[17], the form of the partial wave Coulomb transi-
tion matrices for a system of two likely charged bod-
ies (with the repulsive Coulomb interaction) is ana-
lyzed. The consideration begins in Section 2, where
the expression obtained earlier in work [14] for the
three-dimensional Coulomb transition matrix at the
negative energy is used. In Section 3, a general ex-
pression for the off-shell partial wave Coulomb t¢-
matrix at the negative energy is derived. Section 4
is devoted to the study of the partial wave Coulomb
t-matrix at the ground bound state energy, and it
is shown that a simple analytical expression for the
partial wave t-matrix can be obtained in this case.
Explicit analytical expressions for the s-, p-, and d-
wave components of the Coulomb t-matrix are pre-
sented. Final remarks and conclusions are made in
Section 5.

2. Three-Dimensional Coulomb
Transition Matrix at the Negative Energy
with Explicitly Singled Out Singularities

The three-dimensional Coulomb transition matrix
(k|t(E)|k’) satisfies the inhomogeneous Lippmann—
Schwinger integral equation

(k[t(E)[K) = (klv[K') +

dk” k|v|k” 1 K"|t(E) |k’ 1
G O (K B (1)
“w
Here, the free term (k|v|k’) is determined by the
Coulomb interaction potential v(r) = g1g2/r, where
¢; is the charge of the i-th particle (i = 1, 2), and
r is the distance between particles 1 and 2. In the

momentum space, this term looks like

Amq1q0
klvk'y = ——== 2
KoK = @)
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where k and k' are relative momenta corresponding
to the radius-vectors r and r’, respectively, in the co-
ordinate space. The kernel of the integral equation (1)
is a product of the operator of Coulomb interaction
potential (2) and the free Green operator

(2m)35(k — k')

kQ
E-

(k|go(E)[K') = ; 3)

where the quantity F is the total energy of the relative
motion of particles 1 and 2, and u = myma/(mi+ms)
is their reduced mass.

In this work, the consideration is confined to the
problem of Coulomb scattering of two off-energy-shell
likely charged particles in the case of negative energy

h2 K2

E=- .
2u

(4)

The consideration is based on the solution of the in-
tegral equation (1) for the three-dimensional off-shell
Coulomb transition matrix with the explicitly singled
out transferred momentum and energy singularities,
which were obtained by us earlier [14]:

8mq1g2K” "
(k%2 + k2)(K'? + k2) sinw

(k[t(E)[K") =

w . . w
X | cot 3 ~— ®Ycosyw — ysin 2ywIn (sm 5) +.

w
+ 27y c(y) cotymsinyw + 7 cos yw / de sinyp x
0

T

X Cotg + 2+?% sin yw / dp sinye In (sin g)], (5)
where
14142
= 6
2 (6)

is the dimensionless Coulomb parameter, and & the
reduced Planck’s constant. The variable w in Eq. (5)
stands for the angle between two 4-dimensional unit
vectors e = (e,eg) and e = (el e},) in the four-
dimensional Euclidean space introduced by Fock [17]:

_ 2rk B K2 — k2
o K/2 —+ k2 ’ o = /{2 —+ k2 ’ (7)
, 2Kk’ k2 — k"

/
= - nhn = ——mmM—
K2 + k2’ 0 K2+ k2’
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cosw=-¢ce =ee€ +egey. (8)

The three-dimensional vectors k and k' lie in a hyper-
plane, which is a stereographic projection of a sphere
with the unit radius. The variable w is determined by
the relation

g W K2k — K'|?

sin® — =

= <w<m.
s SRR CSYST ©)

The function ¢(v) in Eq. (5) looks like

T

1
1-— f/dcp sin vy cot £
T 2
0

1

) = 5 (10)

or, in terms of the gamma, I'(z), and digamma,
Y(x) = dInT'(z)/dz, functions [18],

c(v) = 0(—7) + SHQIZW [w <7|2+ 1) -

()2}

where 0(z) is the Heaviside step function,

1 for xz >0,
0(x) =
0 for x < 0.

(11)

The first three terms in the square brackets in
Eq. (5) contain transferred momentum singulari-
ties: |k — k|72, |k — K'|7! and In{k|k — K/|/[(k* +
+ k2)V2(k"? + k2)Y/?]}, respectively. The other three
terms in Eq. (5) are smooth functions of |k — k’|.

The fourth term in expression (5) contains energy
singularities. They arise only in the case of attractive
Coulomb potential (with opposite electric charges,
q1g2 < 0), when the Coulomb parameter v accepts
negative integer values corresponding to the spectrum
of bound states of a two-particle system with the en-
ergies

w(qig2)?

En = - 2h2n2 )

n=1,2,3,... (12)

According to Egs. (4) and (6), the corresponding val-
ues of the parameter x and the Coulomb parameter
~ are equal to

o = V2B, _ plaige]
" R h2n
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and
Ha1q2 41492
TRk, gl (13)
respectively. At those points, v = 7, = —n, so that

the function cot~ym has pole singularities, and the
function ¢(v) differs from zero, ¢(—n) = 1.

In the case of repulsive Coulomb potential (y > 0),
the expression for ¢(v) equals zero at positive integer
~-values, ¢(n) = 0, and the fourth term in Eq. (5) is
finite and equal to

2
(=200, (19)
tan~ym .
where .
pn =2nc (n), d(n)= 1 /d(p cos ny cot = (15)
" ’ 2 L
0

2 - (5)]s

or, using the function 8(z) =

pn = (=1)"[2nB(n) — 1]. (16)
The ultimate expression for p,, looks like
pn = (=1)" (17)

3. Partial Wave Component of the Coulomb
Transition Matrix with Negative Energy

Using the partial-wave method and expanding the
matrix elements of the Coulomb potential and the
transition matrix with a negative energy in series in
Legendre polynomials Pj(z),

Z(2l + l)vl(ka k/)Pl(lA{ l;/)a
=0 oo (18)
(k[t(E)|K') =) (20 + 1)t,(k,k'; E)P,(kK),

=0

(klv[K') =

where k is a unit vector along the vector k, and kk/ =
= cos 6, the one-dimensional integral equation for the
partial wave component of the transition matrix can
be written in the form

ti(k, k' B) = vy(k, k') +
oodk”k//Q 1
s [ S )t W KB, (1)
0 T 2n
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The inhomogeneous term and the kernel of this equa-
tion contain a partial wave component of the Cou-
lomb interaction potential,

1 T
vk, k') = §/d9 sinf P;(cos6)(k|v|k’).
0

(20)

According to definition (18), the partial wave com-
ponent of the Coulomb transition matrix ¢ (k, k'; F)

equals
s

ti(k,k'; E) = %/d@ sinf Py(cosf) (k|t(E)|k"). (21)
0

Taking into account that expression (5) for the three-
dimensional Coulomb transition matrix (k|¢(F)|k’)
depends on the angle w between the unit vectors e
and €’ in the four-dimensional Fock space, it is con-
venient to change in Eq. (21) from the integration
over the angle 6 between the vectors k and K’ to the
integration over the angle w. From expression (9) de-
scribing the relationship between the angles 8 and w,
it follows that
§ 1 . ,w 20—1+cosw

cosf == ——sin“"—=—>—"-———
no 2 2n

1
sinf df = — sinw dw,
2n

(22)

where

‘= K2 (k2 + &%)

(k2 + K2) (k" + 1)
262kE!
(k2 + K2) (W + 52)°

(23)

']’I:

Then formula (21) can be rewritten in the form

1
ti(k, ks E) = — x
1

x / dw sinw P, (25_12:“’5“) KIHE)K).  (24)
wo

The integration limits in Eq. (24) are determined by
the expressions

wp = 2arcsiny/& — 1,

so that

wr = 2arcsin /& + 1,

(25)

coswy = 1 —2€ + 2n,
coswy, = 1—2¢ — 2n,
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sinwg = 2¢v/& — /1 — € + 1,
sinw, = 2§+ V1 =& —n.

Substituting expression (5) for the three-dimensional
transition matrix into Eq. (24), we obtain the follow-
ing formula for the partial wave Coulomb transition
matrix ¢;(k,k; E) at E < 0:

(26)

Wr

TqLq2 /del (25— 1 —i—cosw) "

/. —
tl(k7k7E)_ kk/ 277

wo

w . LW
X {cot 5 T cosyw — 7 sin 2yw In (sm 5) +

+ 27y ¢(7y) cotym sinyw + v cosywr, (w) +

+ 292 sin ywy., (w)}, (27)
where
_ ; ¥
Ty (w) = /d<p sinye cot 5
° (28)

yy(w) = /dgp sinyp In (sin %)

The partial wave Coulomb transition matrix
ti(k,k'; E) is a function of three independent vari-
ables: k, k', and E. The quantities £ and 7, as well
as the integration limits wy and w, in expression
(27), also depend on those variables. The quantity
is connected with the energy F by formula (4). By
definition (6), the Coulomb parameter v in expres-
sion (27) depends on k and therefore on the energy
E. Note that, in expression (27) for the t-matrix, the
Coulomb interaction intensity gigo is contained both
in the preintegral factor and, in the Coulomb param-
eter v [see Eq. (6)], in the terms in the curly braces
in the integrand.

4. Partial Wave Coulomb Transition
Matrices for Likely Charged Particles
at the Ground Bound State Energy

Expression (27) for the Coulomb transition matrix
contains the double integration over ¢ and w, which is
rather difficult. It is easy to see that, for separate val-
ues of the Coulomb parameter v (which corresponds
to certain energy values E), the integration over ¢
and w in Eq. (27) can be made explicitly. In such
cases, simple analytical expressions for the partial
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wave Coulomb ¢-matrix can be obtained. In partic-
ular, the integration in the expressions for z-(w) and
y(w) in Eq. (27) becomes simpler for integer values
of the Coulomb parameter v = =, [Eq. (13)] cor-
responding to the energy spectrum of bound states
of two-particle systems [Eq. (12)] with the energies
E=F,.

Let us consider the form of the off-shell partial wave
transition matrices for a repulsive Coulomb interac-
tion potential between likely charged particles (g1g2 >
> 0) at the ground bound state energy F = E,. In
this case, the Coulomb parameter is determined by
expression (13) with n =1 and equal to

y=m=1 (29)

the fourth term in the curly braces in Eq. (27), ac-
cording to Eq. (14), is simplified to p; sinw; and the
integration in the fifth and sixth terms is carried as
follows:

z1(w) = [ dpsing cotg =w+sinw,

2 S ~—¢

y1(w) = [ dp sing In (sin g) = (30)

[CIRS

= —cos “_ 2 sin? d In (sin %)

2 2
As aresult, formula (27) for the partial wave Coulomb
transition matrices (with { =0,1,2,...) in the case of
repulsive interaction at v = 1 (which corresponds to
the energy E = E) reads

Wr1
Tq1q2 /del (251 = 1+cosw) y

r o _
tl (k,k‘ bl) ]{k/ 2’[’]1

wo1

w
X {cot§ —7mecosw+wceosw + (p1 — 1) sinw —

—2sinw In (sin %)}, (31)
where, in accordance with Eq. (7),
pr=1-—2In2. (32)

The quantities &1, 71, wo1, and wy1 in Eq. (31) are
determined by the expressions for &, 7, wg, and wy,
respectively, in accordance with their definitions (23)
and (25) and calculated at the point kK = k;:

(= k3K + k%)

GRS

2K3kkK
(k2 + K2) (K + K2)’
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m =

wo1 = 2arcsin/&1 — 01,
wyr1 = 2arcsin /&, + n1-

Note that the first term in the braces in the general
expression (31) for the partial wave Coulomb transi-
tion matrix corresponds to the Born approximation:

(33)

PO (k, K —by) = vi(k, k') =

_ 2mq1ge O (k‘2 + k’2>

kk' 2kk! (34)

Here, the function @;(x) is the Legendre function of
the second kind [18]:

Qula) = 3R (257 - Wi (o), )
where

l
W) =0, Wia(@) =3 1 Pia() P (o),

Owing to the orthogonality of the Legendre poly-
nomials,

F 2, — 1 4 cos

/dw sinw P <£1 +cos w) =
2m

wo

= 2m /dﬁ sin 6 Py(cos 8) = 4n1 40, (36)
0

the fourth term in Eq. (31) — it contains sin w — makes
contribution different from zero only for the partial s-
wave Coulomb ¢t-matrix.

In the simplest case with [ = 0, by integrating over
w in expression (31), we obtain the following formula
for the partial s-wave Coulomb transition matrix for
two likely charged particles (for giga > 0):

s
th (k. K's Ey) = “L L {4<p1 ~ Dm - (26 - 1) x

x In <§1+771) —2mIn (& —n7) —

1— "

—[(7m — wy1) sinwyry — (7 — wo1) sin w01]}. (37)

Note that, in the case of attractive Coulomb interac-
tion (at g1g2 < 0), the corresponding partial s-wave

267



V.F. Kharchenko

Coulomb transition matrix has a pole-like singularity
at the energy F = F1, because it contains cot y7.

Analogously, using formula (30) and integrating
over w in expression (31), we obtain the following
formulas for the partial p- and d-wave Coulomb tran-
sition matrices in the case of repulsive interaction be-
tween the particles (at g1ga > 0):

4142
—1 =
kk' {

+ 1
x In <§1 nl) + g (Wr = wor) (27 — wr1 — wor) +
§&1—m 8

tr (kK —by) =

1
m[(ff —& —n) x

(281 — 1)[(7m — wr1) sinwgy — (T — wo1) sinwp1 ] +

Tq14G2 1 3
~h) = kE’ { Ul <1+2>

K
1 9, 1 2) (51 + 771>
— = + o) In (>—) +
77% |:( 517]1 2771 51 —m

( 51 - *fl - 577% 32> [( le)Sinwwl —

— (7 —wp1) sinwoer] + 1—6(251 —1)[(7m — wy1) sin 2w,1 —

— Wy1) Sin 3wy —

. 1
— (7 — wo1) sin 2wp1] + 3—2[(7

(o) sin o] (39)

Making allowance for the relations

coswy1 + coswpr = —2(2& — 1),

COSWyr1 — COSwWo1 = —4n,

which follow from Eq. (26), and the expressions
(T — wx1) 8in 2w,y — (T — wo1) sin 2wgy =

=2(26 - 1A —dm Ay,

(m — wx1) 8in 3wy — (T — wo1) sin 3wgy =

— [4(26 — 1) + 1602 — 1] A + 16(2& — mi Ay,
where

Ay = (7 — we1) Sinwg £ (1 — w1 ) sinwoy,
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formulas (38) and (39) for the partial p- and d-wave
components of the t-matrix can be written in simpler

forms:
4192
1
kK’ {

t1(k, k5 —by) =
&1+m 1
1 + = (w1 — wo1) (27 — w1 — wor) —
X H(é_l_’,71 8(w 1 oJOl)( s Wr1 UJOl)

1
m“ﬁ—&—ﬁw

1 .
— Z[(w — Wr1) SN Wy COSWo1 —

— (7 — wo1) COSwy1 sin wm]}}, (40)
r /. _ . Trqqu 7i % o
ty(k, k' —b1) = ok { m (51 + 2>
1 1 +
_2|:<:13_ & -t + 771>1 (61 T]1>+
m §1—
3
+ E(Qﬁl — 1) (wr1 — wo1) (2™ — wr1 — wo1) +
1 . .
+ 1 [(m — wr1) sSinwgy — (T — wo1) sinwer] —
1 .
— §(2§1 — D[(m — wg1) sinwgr coswor —
— (7'{' — wm) COS Wr1 sin wm]}}. (41)

For comparison, we present the formulas for the
corresponding partial transition matrices with [ = 1
and 2, which were obtained for the case of attractive
Coulomb interaction (g1g2 < 0) [18]:

1
1ok, k' —by) = “BR ye 3 " (&2 g —qp?
1(k, 1) Tk &1 m (61 — & —mp) <
+ 1
X In (21_21) —g(wﬂ—wol) (277'—0.)771—&]01)4-
1 .
+ Z[(T( — W) SN Wr COSWo1

— (7 — wo1) COS Wy Sin wol]}},

Tq1g2 [ 1 8 , 3
— (4 _2 _
Y, {771 < 51 561 771 + =

1 3 3.9 9, 1 2) (51 + 7)1)
— - =& — + = In —
o [( 1 251 &1 o' & —m

3
- T6(2f1 — 1) (Wa1 — wo1) (27 — wr1 —wo1) —

t5(k, k' —b1) =
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1

— = [(m — wg1) sinwyry — (T — wo1) sinwo] —
1 .

— §(2§1 — D[(m — wx1) Sinwgy coswor —

— (7 — wop1) COS w1 SIn wm]}}. (43)
In view of the sign difference for ¢iq2 in the co-
efficients before the braces in Eqgs. (40), (41) and
Egs. (42), (43), we obtain that the formulas for the
corresponding partial wave transition matrices differ
in the cases of attractive and repulsive Coulomb in-
teractions only by their first terms and the signs in
front of the second terms. The other terms are the
same.

5. Discussion and Conclusions

The off-shell Coulomb transition matrix is directly
connected with the Coulomb Green’s function and
includes all information about the system of inter-
acting particles. In the previous work [18], a possibil-
ity to derive an analytical expression for the off-shell
Coulomb transition matrix for two particles with the
use of the Fock method of stereographic projection
of the momentum space onto a four-dimensional unit
sphere was studied. In the case of attractive Coulomb
interaction between opposite charges (g1g2 < 0), sim-
ple analytical expressions for the partial p-, d-, and
f-wave transition matrices at the ground bound state
energy E = Eq, ie. t}(k,k'; Ey) with [ =1, 2, and 3,
were obtained.

Note that knowledge of the partial wave Coulomb
transition matrix ¢y (k, k¥’; E,,), the bound state wave
function, and its derivatives is necessary, in par-
ticular, when determining the electric 2*-pole po-

larizability «y (A = 1,2,3,...) of a two-particle
Coulomb bound system in the state with the energy
E=E, [20].

In this work, the Fock method is applied in order
to derive partial wave two-particle transition matri-
ces in the case of repulsive Coulomb interaction (likely
charged particles, g1g2 > 0) at the energy E = FEj.
Rather simple analytical expressions are obtained for
the partial s-, p-, and d-wave transition matrices
at the ground bound state energy, i.e. t](k,k’; Eq)
with | = 0, 1, and 2 [formulas (37), (40), and (41),
respectively].

It is of interest that, in the case of particles with
likely charges, for which bound states do not exist

ISSN 2071-0194. Ukr. J. Phys. 2017. Vol. 62, No. 3

at all, the simplification of expressions for the partial
wave Coulomb ¢-matrices takes place at the discrete
energies that correspond to the spectrum of bound
states for oppositely charged particles.

It should be pointed out that a possibility to have a
simple analytical form for the partial wave Coulomb
t-matrix is associated with a possibility to carry out
the analytical integration over ¢ and w in expres-
sions (28) for z(w) and y,(w) and in expression (27)
for ¢;(k,k’; ). In particular, such integration can be
done at the energy values that are equal to the ener-
gies of the ground and excited bound states in the dis-
crete spectrum E,,, n = 1,2,3, ... [formula (12)]. The
procedure can be realized for the partial wave
Coulomb matrices ] (k, k'; E,,) that describe a system
with repulsive forces (with likely charged particles,
q1g2 > 0) at all n- and [-values. Analytical expres-
sions for the Coulomb transition matrices t{'(k, k'; E)
describing a system with attractive forces (with op-
positely charged particles, g1g2 < 0) can be obtained
only at n- and [-values that do not correspond to
bound states, when the corresponding transition ma-
trix has a pole-like singularity (at each n-value and
the orbital momentum values I < n—1). A pole singu-
larity arises, for instance, in the partial wave Coulomb
transition matrices t3(k,k'; E) at E = Ej, in the
t&(k,k'; E) and t¢(k,k'; E) matrices at E = Es, and
so forth.

Note that the partial wave Coulomb transition ma-
trix (27) acquires a simple analytical form not only
at the energy values corresponding to the discrete
spectrum of bound states [Eq. (12)], which is equiva-
lent, in accordance with Eq. (13), to integer values of
Coulomb parameter (6). Specifically, a similar simpli-
fication can also be obtained for the Coulomb param-
eter value v = %, which is equivalent to the negative
energy E = 4F;.

The work was supported by the National Academy
of Sciences of Ukraine (theme No. 0112U000054).
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Translated from Ukrainian by O.I. Voitenko
B.®. Xapuenro

PO3B’A3AHHA PIBHAHHA
JITIMAHA-IIIBIHT'EPA J1J14 TTAPIIIAJTLHOT
MATPHI]I ITEPEXO/AY 3 BIIIITOBXYBAJIBHOO
KVYJIOHIBCBKOIO B3BAEMO/IIEIO

Pezmowme

HocniizkeHo BUITaI0K, KOJIM MOXKJINBE aHAJIITUYIHE PO3B’ I3aHHST
inTerpanbHoro pisHsanHA Jlinmana-IlIBiHrepa jurs mapriass-
HOI IBOYACTUHKOBOI KYJIOHIBCHKOI MATPHIIl IIEPEXOLY I OTHO-
WMEHHO 3apsi/PKEeHUX YaCTUHOK IpHU Bijx'eMHill eHepril. 3a jo-
IIOMOTr010 (POKIBCHKOTO METO/1y CTepeorpadidHOro IpoeKTyBaH-
Hs1 IMIIYJIbCHOT'O IIPOCTOPY Ha YOTUPHUBUMIPHY OJMHUYHY chepy
OJIEP?KAHO AHAJITUYHI BUPA3U JJIsI S-, P- i d-XBUJIBOBUX IapIli-
aJIbHUX KYJIOHIBCHKUX MATPUIIh IIEPEXOMY JJIsi YACTUHOK 3 BiJI-
IITOBXYBaJbHOIO B3AEMO/II€I0 IIPU €HePril OCHOBHOI'O CTAaHY.
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