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FOURTH-ORDER DIFFERENTIAL
EQUATION FOR A TWO-STAGE ABSORBING
MARKOV CHAIN WITH A STOCHASTIC
FORWARD TRANSITION PROBABILITY

The problem of averaging the kinetics of a two-stage absorbing Markov chain over random
fluctuations in its forward transition probability approximated by the symmetric dichotomous
stochastic process is solved exactly. It is shown that the temporal behavior of the population
of chain’s transient state obeys a fourth-order differential equation with the tetra-exponential
form of a solution given the finite frequency and mean amplitude of fluctuations. In the limit
of frequent fluctuations, this tetra-exponential solution reduces to a simple bi-exponential form
typical of the deterministic two-stage decay process lacking fluctuations in its transition proba-
bility. Rather, in the limit of rare fluctuations, the tetra-exponential solution, while simplifying
to the tri- and bi-exponential solutions, becomes specific both for the low amplitude and the res-
onance amplitude fluctuations, respectively. Furthermore, there is a stochastic resonance point,
where the forward transition probability is in resonance with the mean fluctuation amplitude,
whereas the backward transition probability, decay transition probability, and fluctuation fre-
quency are negligibly small. In result, the stochastic immobilization of the two-stage absorbing
Markov chain in its initial state occurs at this point.
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1. Introduction

In physics, information on the dynamic and kinetic
characteristics of a system of interest, such as its
energy spectrum and probabilities of transitions be-
tween the different energy levels, is usually obtained
from different measurement techniques. One common
type of such techniques is the measurement of the de-
cay (or, generally, rise and decay) kinetics of popula-
tion of system’s states in response to sudden changes
in the external conditions controlled during exper-
iments. In many cases, however, the desired infor-
mation acquired from these measurements is incom-
plete, inadequate, and therefore impractical in per-
fectly identifying not only the energy spectrum of the
system, but also the number of its energy levels, nor
even to mention a kinetic model specifying a plausi-
ble chain of transformations of the levels with certain
transition probabilities. For example, it is known that
the kinetics of a two-stage model corresponds well
to the bi-exponential representation [1], though there
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are a lot of instances for kinetic data patterns requir-
ing the tri-, tetra-, and more exponential representa-
tions [2—4]. In these cases, because a larger number
of parameters must be introduced to simulate multi-
exponential processes, one hardly expects that using
the double exponential representation with a few in-
dependent parameters provides a complete knowledge
of the system. To overcome a choice of opportunities
in a consideration of the multiexponential kinetics,
one can choose between two alternative ways of de-
scription.

The first way is to begin with a simple two-state
model of the system in question and then endow it
with novel degrees of freedom in the form of adding
the new states hidden for a direct observation but in-
terconverting between each other with the additional
transition probabilities according to a more complex,
but more realistic multistate desired model. This al-
lows one to depict the model as a kind of kinetic di-
agram or flow chart, being the underlying Markov
chain of the evolution process [5]. However, striving
for a better description of the system leads to increas-
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ing the number of its states, which makes the problem
of finding a solution for all multiple states hard. In
spite of this, using the first way of description is typ-
ical of considering the different spontaneous and in-
duced kinetic phenomena in condensed phase systems
(see, e.g. [6-10] and references therein).

On the contrary, the second way of description
starts from the microscopic formulation of the prob-
lem, by associating each system’s state with a sin-
gle energy level, being distinct from those of other
states. The time evolution of these states is gov-
erned by a set of kinetic balance equations for pop-
ulations, whose every steady-state pair, when mul-
tiplied by corresponding interstate transition proba-
bilities, obeys the condition of detailed balance. Of
course, for a large number of kinetic equations, find-
ing their solution comprises the hard-to-solve prob-
lem too, also known as the number-of-states prob-
lem [11,12]. However, there are often the cases where
one can use the two-compartment system’s repre-
sentations such as those of two-level atoms and
the one-electron spin-1/2 systems [13] or in the
frame of pharmacokinetics/pharmacodynamics mod-
eling [14]. In these cases, the condition of local equi-
librium for the populations of states is supposed to
be established fast within each compartment, while
the probabilities of transitions between two compart-
ments, as well as those of their decay, are regarded
low. In result, one can arrive at a two-level system
with degenerate energy levels [15], whose degeneracy
corresponding thus to compartment’s dimensionality
is let to be a stochastic variable with a capability to
randomly fluctuate around its mean with average am-
plitude and frequency. Nonetheless, it is noteworthy
to say that using this way of description is untypical
and does not provide any strict analytical results hith-
erto even for a simplest two-level decay model (but
see Ref. [16], where a single-stage reversible reaction
with a one fluctuating rate constant was considered).

The present paper aims at combining the both
aforementioned ways of description of the multiexpo-
nential processes in one microscopic approach. The
approach is based on the density matrix formalism
of the Liouville-von Neumann equation for the evo-
lution of a finite state nonequilibrium system cou-
pled weakly to the infinite state equilibrium envi-
ronment. This formalism is shown to be well ap-
propriate to describe microscopic fluctuations in the
position of energy levels of the system caused by
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stochastic forces acting from the environment [17-
20]. However, mapping the Liouville-von Neumann
equation to a master equation for kinetically bal-
anced state populations and representing this equa-
tion as a linear absorbing Markov chain with the vari-
able number of states in the leading order approxima-
tion [21] provide a description of macroscopic fluctu-
ations too. As distinct from their microscopic coun-
terparts, macroscopic fluctuations are associated not
with fluctuations in the energy levels of the system
but with stochastization of its level number, corre-
sponding likely to fluctuations in its entropy, pro-
vided that local equilibrium conditions for the er-
godic sets of Markov chain states are applied prop-
erly. Exactly how to perform the account of micro-
scopic and macroscopic fluctuations most accurately
constitutes the subject, to which Sections 2 and 3 of
this paper are devoted. In Section 4, the reduced two-
stage absorbing Markov chain with the stochastic for-
ward transition probability is considered in detail. It
is shown, to the best of our knowledge for the first
time, that the temporal behavior of a transient-state
population of the so-defined Markov chain obeys a
fourth-order differential equation with constant pos-
itive coefficients. The limiting behavior of the tetra-
exponential solution to this fourth-order problem in
different important cases of stochastic fluctuations in-
cluding the frequent and rare fluctuations, as well
as a stochastic resonance point, is described in Sec-
tion 5. Finally, in Section 6, the results obtained are
discussed and concluded.

2. Model of Microscopic Fluctuations

To construct a model of fluctuations in the positions
of microscopic energy levels, let us consider a finite
quantum dynamical system composed of the N+1 dif-
ferent states with the energies F; |i = 0,1,..., N) and
interactions between states V;; (i # j) found in the
adiabatic approximation. Let this system be weakly
coupled to its environment represented as an infinite
sum of non-interacting harmonic oscillators (normal
modes wy) equilibrated with the ambient temperature
T according to the Bose distribution for the vibra-
tion numbers ny = [exp(wy/kpT) —1]71, where kg is
the Boltzmann constant (we set i = 1). Let this cou-
pling be a nonadiabatic coupling of the environmental
phonons to relaxation transitions between the states
of the system [22], such that the singular perturba-
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tions of a generator of its unitary (adiabatic) dynam-
ics are induced with the stochastic force parameters
Kix(t) = KE?\) + ka(t) involving regular mgg) and ran-
dom k) (t) parts. This creates the possibility for the
system being in its different states |i) to absorb or
emit environmental phonons of various energies w) in-
stantaneously, but at random times ¢, so that emitted
phonons are carried away by their time-invariant en-
vironment dynamics and never come back again. Fur-
thermore, this allows for the system to transit from
one state to the other, but with holding the condi-
tion of energy balance for each transition difference
AE;; = E; — E;, by accompanying it with the simul-
taneous process of creation or annihilation in the en-
vironment of the corresponding phonon of the energy
wy = |AE;j|. Then the stochastic Hamiltonian of the
whole system “nonequilibrium system -+ equilibrium
environment + their interaction” is decomposed into
three parts

H(t) :Hs—l—HB-l-Hint(t). (1)

The first part represents the Hamiltonian of a
nonequilibrium system

Hs = Y i) |+va — 8 li) (. (2)

The second part is the Hamiltonian of a heat bath
representing the equilibrium environment

Hp =Y (B +1/2). (3)
A

Both parts relate to the deterministic dynamical be-
haviors. Thus, the matrix elements V;; in (2) define
the dynamics of system’s states, whose improper en-
ergies F; are found in isolation with the environment,
while 8 and S, in (3) stand for the operators of
creation and annihilation of phonons being the vi-
brational eigenstates of harmonic excitations of the
environment itself. In the Fock space representation,
the latter corresponds to the second quantization of a
field of non-interacting bosons obeying the canonical
commutation relations [ﬁj,,@u} = —0y, for an infi-
nite sum of discrete normal modes constrained by a
non-degeneracy condition for their energies wy # w,
(A # u) [22,23]. Rather, the third part of (1) is the

time-dependent interaction Hamiltonian

1nt ZZKJZ}\ ﬂ)\ +ﬂ)\)‘ >< | (4)
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It relates to the indeterministic effects in the dy-
namics, involving the time-dependent force k) (t) =
= KEE\) + kA (t) with the stochastic addition xy(¢). The
latter can be intrinsic in the system, e.g., by the chao-
tization of its trajectories, or imposed extrinsically
due to some random, but zero in mean, environmen-
tal fluctuations, whose average characteristics are in-
dependent of state |i).

If the overlapping between system’s states de-
fined by matrix elements V;; is weak, it is pos-
sible to diagonalize the time-dependent Hamilto-
nian H(t) (1). This can be done, e.g., by expand-
ing the first term on the right-hand side of (2) (the
non-eigenenergy term) in the displacements of the
phonon operators (3 — B3) so that the linear (one-
phonon) or nonlinear (multiphonon) terms are con-
sidered as perturbations induced by the environment
in the system. The non-perturbative transforma-
tion [24] uses the time-dependent unitary matrix U, =
= exp(3, wi (B)li)i]), where w(t) = 3", gir () (35 —
— B) is the displacement operator of the i-th state,
and ¢;z(t) = kin(t)/wx is a dimensionless cou-
pling. This allows us to perform the second quantiza-
tion of the phonon field (3) being under the influence
of system’s deterministic dynamics (2). Thus, multi-
plying (1) from the left by U; and from the right by
U;", we get exactly

H(t) = Ho(t) + Hg + V. (5)

Here, in contrast to (4), the transformed interaction
Hamiltonian is time-independent

V= Z — 0i;)Vij exp(uld)) i) (j] (6)

with u(o) > gg)z\(ﬁj — Bx) being the operator of
phonon displacements that depends on the determin-
istic couplings only gg)/)\ = [/-cz(.g) (0)] /wy. However,

the transformed Hamiltonian of the system
=Y Ei(t)]i)(i] (7)
i

is stochastic due to the refining of the transformed en-
ergy levels by fluctuating time-dependent terms pro-
portional to the reduced random forces |r;x(t)|?/wx
as follows:

Ei(t) = E; =) [[rin(t)*/wa]. (®)
y
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At the same time, Hamiltonian (7) becomes diag-
onal, though with respect to “phonon-dressed” sys-
tem’s states. So, from this point on, the notations for
“phonon-dressed” states in (7) and “bare” states in (2),
(4) as well as for “shifted” and “unshifted” phonon op-
erators in (3), (5) are regarded the same for brevity so
that states |i) and the Hamiltonian Hp are not modi-
fied in the following. Furthermore, the quadratic fluc-
tuations in the microscopic energy levels (8) reduce
to a linear dependence of the energy-level differences

AEU( ) AElj - 2291])\/{)‘ (9)

on the stochastlc force Ii>\( ), with AEij = AE;; —
_22/\91 g”)\w,\ and gm = [Iiz(-g) + /i;(;\)]/&u,\, be-
ing the relatwe mean-field energy-level shifts and the
average dimensionless couplings, both deterministic,
respectively. This result justifies an analogous linear
addition of stochastic terms to the eigenenergies of
quantum states due to the presence of random fields
that has been done previously as an ad hoc assump-
tion in a number of papers (see, e.g., [17-21,25-28]).

As we see, the model for the description of mi-
croscopic fluctuations in the system devised above
is very advantageous in that it provides the re-
duced energy-level differences (9) with strictly lin-
ear stochastic components in the adiabatic approxi-
mation. If the stochastic process underlying these
components occurs much faster than nonadiabatic
transitions between the different energy levels that
comprises the common Markovian approximation for
condensed-phase systems [22, 25|, then this allows
us to describe the transition dynamics of the sys-
tem, by using the usual rate constant formalism of
the coarse-grained master equation [23]. Moreover,
due to microscopic fluctuations in the energy levels,
the process of their relaxation becomes irreversible
because of the memoryless exchange of phonons
between the system and the environment. In re-
sult, in the weak system-environment coupling limit,
the density matrix p(t) = po(t)ps of the whole
system is factorized by the density matrix pp =
= exp(—Hgp/ksT)/trp exp(—Hp/kpT) of the equilib-
rium environment and the density matrix po(t) =
= trgp(t) of the nonequilibrium system (trace is
taken over all environmental phonons). In turn, this
reduces the stochastic Liouville-von Neumann quan-
tum evolution equation

p(t) = —iL(t)p(t)
352

(10)

with L(t) = [H(t),...] being the corresponding
stochastic Liouville superoperator related to the
stochastic Hamiltonian (5) to the master kinetic equa-

tlon
pi(t) = —p;(t Z Wiy + Z Py
J'#J J'#i
for the stochastically averaged (denoted as ({...)))
population of the jth microscopic state of the system

pi(t) = (LGS @)1 1),

where p(()d) (t)
of po(t) with T, being the diagonalization operator.
Here,

Wij =21 IxginalP[nadjim + (14 na)Aja] - (13)

A

determines the probability of the stochastic transi-
tion in the system from level j to level j' with the
corresponding Lorentzian Ajjix = v {7[7}; + (wx +

+AE; )
= 7y = —lim{ L In{{expli [ dtZAgjj/WA(t)m}

T—>00
are the nonadiabatic relaxation coupling and adia-

batic stochastic broadening parameters, respectively
(see, e.g., [17,21,25] for more details).

WJ’J (11)

(12)

= poo(t) are the diagonal elements

, where x;j\ = V]J/g( )A and vy =

3. Model of Macroscopic Fluctuations

The master equation (11) in the form of the balance
of populations of microscopically fluctuating energy
levels derived in the previous section is essentially
a kinetic equation local in time. It consistently fol-
lows from the microscopic formulation of the prob-
lem conditioned by three assumptions: (i) The sys-
tem couples to the environment by exchanging the
energy of vibration excitations (phonons); (ii) The
system-environment coupling is weak so that the most
relevant physical variables can be represented by the
local-in-time populations of system’s states, while the
nonlocal correlations and coherences of states are re-
garded non-relevant variables effectively condensed in
the local-in-time probabilities of transitions between
the states; (iii) There exists a hierarchy of charac-
teristic times such that it takes much more time to
transit the system from its one state to another than
to retain the memory in the environment on the en-
ergy differences and relative phases involved in any
state-to-state transition. As such, in the system with
N + 1 states, there can be N(N + 1)/2 probabili-
ties of transitions between states with only 2NV — 1
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of them be linearly independent [29]. Therefore, this
system can formally be projected onto the equivalent
N-stage absorbing Markov chain as follows:

Wﬂgl @ @
N} o IN = 1hel2) 1) o). (14)
WN-1n Wi2 Woi

Here, 2N — 1 leading order transition probabilities
{Wjj/} = {WNN—l, WN—lN, veey Wzl, ng, W10} are
considered as independent variables, while the re-
maining transition probability Wy; of not well re-
solved system’s recovery from the absorbing state |0)
to its nearest neighboring state |1) is regarded negli-
gible

Wor <K Wyn-1, Wn_1n, ..., War, Wia, Wig. (15)

In this context, the master equation (11), if taken in
its generalized matrix form

I'(t) =K -T(t), (16)

where T'(t) = col (po(t),...,pn(t)) are system’s state
vectors, and K is a transition probability matrix
with the components K;;; = Wj;» — §;;r ZZNZO Wij,
directly corresponds to the Liouville-von Neumann
equation (10) written in the vector-state representa-
tion for the diagonal elements of the density matrix
and employing the imaginary transformation of the
time ¢ — 4t. This is almost analogous to mapping
the reversible quantum evolution equation onto the
stochastic diffusion equation used in the Monte Carlo
methods for irreversibly guiding the system toward
its ground state over time [30]. More formally, the
master equation is seen as a series of the four projec-
tions provided in the Liouville-von Neumann equa-
tion for the imaginary time in the following order:
(i) onto the space of diagonal elements of the density
matrix; (ii) onto the ensemble-averaged population
space of energy levels; (iii) onto the population space
stochastically averaged over the microscopic energy-
level fluctuations; and (iv) onto the transition prob-
ability space generating a complete set of system’s
independent parameters.

The representation above is advantageous in that
it allows us to describe the population kinetics of
microscopically fluctuating energy levels of the sys-
tem without clarifying what its mean-field energy-
level differences AE;;/, adiabatic stochastic broad-
ening 7,7, as well as nonadiabatic x;;» and adia-

batic 11;.(;\) system-environment couplings, all enter-
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ing the stochastically averaged microscopic transi-
tion probabilities W, (13), exactly are, given the
vibrational modes w) and temperature of the environ-
ment. Instead, we are interested in which transition
probability taken from the reduced space {W;;/} (15)
influences the time evolution of the populations of en-
ergy levels so strongly that we can consider the act
of populating these levels as well controllable. Thus,
having a linear (N + 1)-state absorbing Markov chain
(14) with the transition probabilities (15), which form
a set of 2N — 1 independent parameters chosen ar-
bitrary, and one recovery transition probability put
among these parameters nearly zero in the absorbing
limit, we can employ such a kind of representation
as an ad hoc simulation approach to very different
kinetic processes (see, e.g. [21,30]).

Another advantage of representation (14) is that
it can also provide a description of macroscopic fluc-
tuations in the system. In doing so, it is sufficient
to assume that, in general, the number N of tran-
sient states in the absorbing Markov chain is not
fixed in advance but rather well adjusted as the time-
dependent parameter having its own dynamics de-
termined by the phase transitions in the environment
or conformational transformations of the environmen-
tal macromolecules. For example, if number N cor-
responds to the number of contacts of a single lig-
and species with the different solvent molecules in
micro- or nanovolumes of the well-stirred bulk solu-
tion, then this number can be a function of the time
N(t) that must follow all the changes in a local con-
figuration of solvent molecules with the solute. Thus,
since the folding-unfolding kinetics of most simple
protein macromolecules is well fitted typically as an
all-or-none two-state process [31], there is a valid pos-
sibility of allowing for the number N(¢) to perform
statistically independent stochastic displacements in
time between its maximum Np,.x and minimum Ny,
values presenting a discrete (dichotomous) random
process. The latter occurs because of sudden changes
in the instantaneous local configurations of solvent
molecules happened by virtue of the conformational
transformations of some protein molecule present in
the bulk [32]. This protein does not directly influ-
ence the two-stage absorbing Markov chain as such
but, causing random changes in the number of sol-
vent molecules readily accessible for the forward chain
reaction, indirectly affects its transition probabil-
ity. Adapting that situation to the absorbing Markov
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chain (14) infers a simplification of relations (15) as
follows:

WhN-1 =Wn_in = ... = W3y = Waz = W;

(17)
W > Way, Wia, Wig;  Wo1 = 0.

In these relations, all transient states in (14) but
state |1) are supposed nearly equipopulated at ev-
ery time instant and quasidegenerate in their energy
with matching them to the same levels of py(t) =
=p;=3,.. n(t) and By = Fj_3 . n, respectively. The-
refore, for such a joint sequence of those states, being
in fact the ergodically mixed ones, we can introduce
their aggregated population

P2y (t) = p2(t)[N(t) — 1]

and then combine all of these states in a single effec-
tive state |{2}) represented by

(18)

w w

INY L IN = 1)..]3) — [2) & [{2)). (19)
w w

Consequently, taking (18) and (19) into account in
the master equation (11) in approximation (17) trans-
forms a complex linear absorbing Markov chain prob-
lem (14) to a much simpler problem of the two-stage
decay

ata(t) .

{2}) ;* 1) s, (20)

which is equipped, however, with the addition of a
stochastic process to its forward transition probabil-
ity. Henceforth, to shorten the description, the fol-
lowing notations are used:

ata(t) = Wo [Nt)—1]"Y b=Wia; k=W (21)

Here, a(t) is a symmetric dichotomous stochastic pro-
cess that has a zero mean a(t) = 0 and is exponen-
tially correlated as a(0)a(t) = exp(—2vt) (an over-
bar designates a stochastic averaging over the macro-
scopic fluctuations). It performs random jumps be-
tween the discrete values +¢ at the mean frequency

v to obey the exact equalities [33, 34]
[a®)]? = 0% a(t) = —2va(t). (22)

Given these equalities, as well as inequalities for the
mean stochastic amplitude ¢ < a¢ and the fluctuating
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number of states Npin < N(t) < Npax, it is appro-
priate to arrive at the inequality

Woy [ 1 1
= — < e
7 2 (Nmin ) “

W (1 1
N 2 (Nmin * Nmax>.

Note that a stochastic process «(t) involved in the
two-stage Markov chain (20) to represent random dis-
crete dichotomous fluctuations in its forward tran-
sition probability belongs to macroscopic fluctua-
tion processes. These fluctuations characterize the
stochastic behavior of the sequence of ergodically
mixed states (19) that are strictly in a local thermo-
dynamic equilibrium. With respect to fluctuations,
such a sequence exhibits immediate jumps between
two different realizations of the number of ergodic
states intrinsic in its two locally equilibrium configu-
rations at random times. A flight time of the jump
itself is extremely fast, being close to the macro-
scopic diffusion/encounter/scattering time, that is,
the time of the establishment of a local macroscopic
equilibrium with the highest physical speed [27, 28,
35, 36]. On the other hand, each such equilibrium
remains thermodynamically unchanged during every
elapsed time between two successive jumps. Formally,
for a sequence, this represents a single ergodic com-
partment, which avoids any memory effects. In this
regard, the macroscopic fluctuations differ signifi-
cantly from the microscopic ones, since the latter are
nonlocal in nature and operate not with the fluctu-
ating numbers of states in the locally equilibrium er-
godic sequences, but rather with the energy differ-
ences between different states in nonequilibrium se-
quences. This leads, in turn, to the non-Markovianity
of microscopically fluctuating kinetic systems (for a
discussion of non-Markovian effects in the condensed
phase systems, see, e.g. [20, 21, 27, 37-39]). At the
same time, this demands that, in the case of macro-
scopic fluctuations, we must solve the master equa-
tion involving the stochastic additions to determinis-
tic kinetic coefficients strictly exactly, without using
any approximations throughout the derivation of a
closed-form equation for the kinetics of stochastically
averaged populations. In the next section, we present
a straightforward way of how to solve this problem
analytically, which is the main goal of the paper.

(23)
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4. Stochastically Averaged
Differential Equation

Consider the temporal behavior of the two-stage ab-
sorbing Markov chain (20). According to the results
of Sections 2 and 3, it should obey the stochastic mas-
ter equation (11) conditioned by relations (17), (18),
(21)—(23). So, the problem reduces to finding a solu-
tion to a system of two linear stochastic differential
equations of the first order, which read as follows:

{P1(t) = —(b+k)p1(t) + [a + a(t)]pg2y ();
Py2y(t) = bp1(t) — [a + a(t)|pg2) (1)

To integrate these equations in a physically relevant
way implies to provide their averaging over a stochas-
tic process and then to solve the resulting equations
with respect to all unknown averages. Denoting, by
Py o(t) = p1,42y(t), the average population of states
|1,{2}) and considering the commutativity between
the averaging and differentiating operations, we get
the following averaged stochastic equations:

{1?1 () = =(b+ K)o () + aPa(t) + alb)pia) (B
Py(t) = bPy(t) — aPy(t) — a(t)pa (1).

Since these equations contain the unknown stochastic
correlation functional a(t)py2y (), they are not closed
with respect to average populations P o(t) and can-
not be solved without specifying the differential equa-
tion for a(t)pgoy(t). For the latter, however, we can
use the Shapiro—Loginov formula [33] for the differ-
entiation of exponentially correlated stochastic func-
tionals as follows:
api g3 (t) =api (o} +ap1 (2} = AP1 {2} —2VQD1 {2}
(26)

(24)

(25)

where the notation of time dependence (t) is

dropped for brevity. But using (26) for W{Q} af-
ter the differentiation of (25) leads to the unknown
apg2y. Multiplying the second equation in (24) by «
and averaging it with the use of (22) and (25), we get

{PQ = 7P1 — kpl,

c ) 27
appay = bapr—aPy—a(b+k)P+(a®—0?)P;. 27)

Then, applying the second differentiation to the
first equation in (25) with the use of (26) and (27)
yields

P+ (204 b4k +20) P + [a(b+ 2k) +
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+2v(b+ k)P, = bapy + [ala+2v) — o?|P.  (28)
As we see, in the two-stage absorbing Markov chain
(20), there emerge the unknown P, and one more
unknown stochastic correlation functional apy. After
the differentiation of (28), this leads to the following
third-order equation:

Pi+ 2a+b+k+2v)P + [(a+b)(a+2v)+

+ 2k(a+v) -0 Py +kla(a+2v)—0*| P, = bapy . (29)
According to (26), this equation is equivalent to
the emergence of another unknown functional ap;.
However, the latter may be considered as a nui-
sance. Indeed, if to use the first equation in (24) mul-

tiplied by « and then averaged, and the second equa-
tion in (25), we arrive at the auxiliary equation

apr=—(b+k)apr +aPy+a(b+k) P+ (0*—a?) Py. (30)

Differentiating (30) with regard for the first equation
in (27) gives the equation
apr +(b+k+2v)ap; =

aP + [a(a+ b+ k) — 0P + k(a® — 02)Py. (31)

Multiplying this equation by b and accounting, on its
left-hand side, for the left-hand part of (29), we de-
rive the fully closed fourth-order differential equation
for P;. In result, the sought solution to problem (20)
finally reads

E{2P1(t) + [2(a + b+ 2v) + k| P (t) +
+2[(a+b)(a+2v) + (k+2v)(a+v) — )P (1)} +
+ k{k[a(a+2v) — o?| + 2v][a(a+b+2v) — o]} Py (1) +

d |(d
difd 2) _
+o Kdt + 21/>D } Pi(t) =0, (32)
where
D@ =D®(a,b,v,0) = Cﬁ +2(a+b+l/)i+
T dt? dt
+(a+b)(a+b+2v) 0’ (33)

is the second-order differential operator acting on the
populations P o(t) of states |1,{2}) in (20) inter-
changeably with respect to the permutation a <> b
and independently of k.

Equation (32) is a linear homogeneous ordinary dif-
ferential equation of the fourth order with constant
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positive coefficients. Its exact solution is found by
standard methods and has the form

Pi(t) = ch exp(A;t), (34)

where A; are the eigenvalues corresponding to the dif-
ferent exponential modes of evolution of the two-stage
absorbing Markov chain (20), and ¢; are the coeffi-
cients determined by the initial conditions. Since, due
to the Hurwitz theorem [40], the exponents \; are
nonpositive in the case of (32), (33), solution (34) is
Lyapunov-stable. Moreover, if all modes A; are differ-
ent, it is overcritically damped and is damped criti-
cally only with coincident A;. In general, even for the
simplest initial conditions

Pi(t=0)= P =0; PY = 0;

) (35)
PP = f; = const; P; = ¢; = const

and a trivial steady-state boundary condition P (t —
— 00) = Pf° = 0, the specific form of solution (34)
is very complicated and inappropriate for providing
the comprehensive analysis. However, for the limiting
cases considered in the following section, it can be
analyzed analytically.

5. Limiting Cases for Reversible
and Irreversible Processes

There are at least two cases of simplified stochastic
evolution of the two-stage absorbing Markov chain
(20) which are worth noting. The first important case
is the reversible one-stage stochastic process

ata(t)

1{2}) g* 1) (36)

with the normalized state’s populations pi(t)+
+pg23(t) = 1. This process corresponds to the case
k = 0 in (20), by leading to the stochastic master
equation

p1(t) = —=la+ b+ at)pi(t) + a + at). (37)

Averaging (37) and substituting the result for
a(t)pi(t) in (28) with Py(t) = 1 — Py(¢t) yield the
second-order equation

DA P (t) = F.
356

(38)

Here, | = a(a + b+ 2v) — o2 is the initial force that
acts on a stochastically averaged population P; (t) at-
tained at equilibrium to establish its stationary mean
value

P =[a(a+b+2v)—c?]/[(a+b)(a+b+2v)—0?]. (39)

An analogous stationary value for Ps(t) is Ps° =
=b(a+b+2v)/[(a+b)(a+b+2v)—0?]). The same re-
sult follows from the fourth-order equation (32), (33)
at k = 0 too, given the normalization condition. This
implies that the tetra-exponential evolution of (32)
is divided into two parts — the fully reversible part
(33), (38) governing the establishment of the local
equilibrium between the states provided the values
of their equilibrium populations are shifted and the
irreversible part, given in the braces in (32), respon-
sible for the decay of these populations to zero with
a decay transition probability proportional to k. For
the initial conditions PY = P = 0; PY = F} and the
stationary condition (39), solving (38) is trivial and
gives the bi-exponential solution

ala+b+2v) — o2 y
(a+b)(a+b+2v)—0o?

)\1 CXp(/\Qt) — /\2 CXp(/\lt)
- A=A ’

Pi(t) =

X |1

(40)

where A1 o = —(a + b+ v) F V2 + 02 are the two
nonpositive modes.

The second case corresponds to the entirely irre-
versible stochastic two-stage decay

2y Xy k|

Setting b = 0 in Eq. (28) and differentiating it with
the use of the first equation in (27) yield

(41)

Pi(t) + [2(a+v) + K] Pi(t) +

+[aa + 2k + 2v) 4 2kv — o2 Py (t) +

+ k[a(a + 2v) — o?]Py(t) = 0. (42)

According to (34), for the initial conditions

PP =P =0; PP =-P5[2(a+v)+k~'= fi = const,
(43)

where f; = a(a+2v)—0? is a spontaneous initial force
virtually acting on the population evolving in time
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Py (t) owing to fluctuations in the forward transition
probability, the emerging tri-exponential solution to
(42) reads

Pi(t) = la(a+20) = o”] | 13- e;{f)(?;f) ™
exp(Aqt) exp(Ast)

_|_

A2 =A)A2—=A3) (A3 —=A)(Az =) | (44)

This solution is overcritically damped with three non-
positive modes obeying the characteristic equation

N 2(a4v) + kA2 +
+ [a(a + 2k 4 2v) + 2kv — oA +

+[ala +2v) — 0%k = 0. (45)
In the limit of frequent stochastic fluctuations
2v > a,k,o, (46)

solution (44) becomes independent of the both
stochastic fluctuation parameters, ¢ and v, and,
hence, comprises essentially the deterministic expres-
sion of the bi-exponential form

Pi(t) = - - - lexp(—kt) — exp(—at)]. (47)
Expression (47) represents the well-known two-
exponential equation typical of the description of
the various deterministic two-stage decay processes
ranging from two-step kinetics [41, 42] to ligand-
controlled reactions [43] and the radioactive de-
cay [44]. Therefore, limit (46) can be considered as
a sufficient condition for the transformation of the
stochastic two-stage decay model (20) into its deter-
ministic counterpart lacking a stochastic process in
the forward transition probability. Nevertheless, the
same does not come into effect in the case of mak-
ing the stochastic amplitude small without setting
the stochastic frequency large. Indeed, solving (45)
with ¢ — 0, we obtain \y = —k;X\y = —a; A3 =
—(a 4 2v). Accounting for these modes in (44) leads
to the tri-exponential solution

Pi(t) = 2Vgla(a_:;fy_)k){exp[—(a + 2u)t] +
+ a2_”k {exp(—kt) - CH_ZZV/_keXp(—at)]} (48)

that shows the anomalous dependence on the stochas-
tic frequency v. Really, solution (48) reduces to the

ISSN 2071-0194. Ukr. J. Phys. 2017. Vol. 62, No. 4

common deterministic two-exponential equation (47)
in limit (46), as before. In the opposite limit of rare
stochastic fluctuations,

v a,k,o, (49)
it is described by the uncommon two-exponential
equation with a time-dependent coefficient

Pi(t) = [a/(a — k)]* {exp(—kt)

—[1+ (a — k)t] exp(—at)}. (50)
Solution (48) differs in its irreversible behavior from
that of the reversible solution (40): at ¢ = b = 0,
solution (40) reduces to the one-exponential behavior
Pyi(t) = 1 — exp(—at), which does not depend on v,
whereas solution (48) does depend on v and is tri-
exponential.

The effect of low-frequency stochastic fluctuations
(49) is even more apparent, when, instead of tend-
ing to zero 0 — 0, the stochastic fluctuation ampli-
tude reaches its maximum such as ¢ = a. In this so-
called “infrequent fluctuation resonance amplitude”
limit, we have

vKo=a (51)
provided the stochastic frequency v to be independent
of the decay transition probability k, the order, in
which the turning of v to zero with respect to k is
made, appears to be of importance. Thus, for a finite
nonzero k in limit (49) of (48), the non-typical bi-
exponential solution is as follows:

Py (t) = [2a/(2a — k)] [exp(—kt) — exp(—2at)].  (52)
This solution is distinct from that of (40) for the
reversible process (36), as well as from the solu-
tions of (47) and (50) for the irreversible process
(41) with frequent (46) and rare (49) low-amplitude
fluctuations in its forward transition probability, re-
spectively. However, passing to the limit k/2a — 0
in (52) leads to the natural result Pi(t) = [1—
— exp(—2at)] == 1, by implying the eventual ulti-
mate absorption of system (41) in state |1) at a # 0.
On the contrary, taking firstly £k = 0 and then v =0
for (44) yields the solution Pj(t) = 1— [\ exp(Aat) —
Az exp(A1t)]/(AM1 — A2) with the modes Aj2
—(a +v) F Vv* +a® leading to Pi(t)](, /40
[1 — exp(—vt) + (v/2a) exp(—2at)] - 0 at

|
Il

1l
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v = 0. This signifies the immobilization of the two-
state system (41) conditioned by k£ = 0 in its initial
state |2) due to the presence of zero-frequency fluc-
tuations (v = 0), but resonant in amplitude (o = a)
in the forward transition probability. During the im-
mobilization, the system is pulled stochastically into
its initial state every time, as it is about the trans-
fer to another state. Indications for the stochastic
pulling effects are found in telecommunication fibers
and electron devices [45,46]. Other examples of simi-
lar stochastic resonance processes in macroscopic two-
state systems such as those displayed by a particle in
the two-well potential are the diffusion in crystals,
conformational transformations in macromolecules,
activated chemical reactions, etc. (see, e.g. [47] and
references therein).

So, for a randomly perturbed two-stage system in
the limit (51), we can say about the emergence of a
stochastic resonance point in it, where the eigenvalues
of its two principal modes coincide with one another
so that the direction of a preferential relaxation pro-
cess — forward or backward — is indeterminate, and
the resulting overall transition probability is zero,
given the appropriate initial conditions. Formally, a
stochastic resonance point corresponds to a consistent
zero-point implicit in the zeroth- and first-order time
derivative terms of the differential equation. With re-
spect to the bi-exponential equation (40) of the re-
versible one-stage model (36) and the tri-exponential
equation (44) of irreversible two-stage model (41),
both with the nonzero forward deterministic tran-
sition probability a > 0, setting the corresponding
terms to zero leads jointly to the identities

a(a+2v) +2b(a +v) — 0% = 0;
a(a+2k) +2v(a+ k) — o =0.

The union of these identities is compatible with only
a single stochastic resonance point

(53)

v=0; b=0; k=0 (54)

that is consistent with a zero point of the tetra-
exponential equation (32) for the irreversible two-
stage Markov chain (20) as well. Due to criterion of
matching the forward transition probability ¢ and
fluctuation amplitude o, this point comprises the nec-
essary stochastic resonance condition. On the other
hand, point (54) is a critical point. In its vicinity,
three additional sufficient conditions are realized to
allow for the overcritically damped tetra-exponential
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equation (32) to be damped critically in the bimodal
fashion (47), (50), (52). While a resonant coincidence
between a and o, three other parameters, namely, the
backward transition probability b, the decay transi-
tion probability k£, and the stochastic fluctuation fre-
quency v, turn out to be almost insignificant with
respect to a at that point. In this context, requiring
for the decay transition probability to be the first in
the turning to zero is equivalent to reducing the two-
stage absorbing Markov chain (20) to its reversible
one-stage counterpart (36), whose equilibrium pop-
ulations (39) obey the relations Pf° = 0; Ps° =1
for 0 = a,b = 0, and v = 0. From the physical
point of view, this directly corresponds to creating
the conditions of a stochastic immobilization for the
irreversible two-state system (20) in its initial state
|2), as is set forth above with applying firstly £ = 0
and then v — 0 for it.

6. Discussion and Conclusions

In the present paper, the nonequilibrium density ma-
trix approach is used to explicitly describe the tem-
poral behavior of populations of the two-stage ab-
sorbing Markov chain (20) subject to discrete macro-
scopic fluctuations in its forward transition probabil-
ity represented as a symmetric dichotomous stochas-
tic process, given the presence of microscopic fluctua-
tions (7) in the energy levels of chain’s states. The
equation for the kinetics of a transient-state pop-
ulation averaged over the stochastic process is de-
rived in a closed analytical form (32). It is shown
that the solution of this equation, which is tetra-
exponential (34) in the general case, reduces to its tri-
exponential (44), (48) and bi-exponential (40), (47),
(50), (52) forms for the corresponding irreversible
two-stage (41) and reversible one-stage (36) kinetic
models, respectively. Such reduction is accurate in
the full transition probability space for (20), but a
stochastic resonance point (54). At this point, the for-
ward transition probability a is resonantly coincident
with the stochastic amplitude o, while the backward
transition probability b, decay transition probability
k, and fluctuation frequency v are negligible with re-
spect to a. However, in a vicinity of the stochastic
resonance point, the order of vanishing k£ and v be-
comes important. Thus, if we set firstly k£ and then v
to zero, the irreversible two-stage Markov chain (41)
demonstrates the effect of stochastic immobilization
(39) in its initial state typical of the reversible one-
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stage Markov chain (36). Rather, if we do so in the
opposite order, firstly v = 0 and only then k — 0, the
attraction of the absorbing Markov chain to its final
state occurs.

One reason for this discrepancy is that the two-
state decaying system (20) becomes nonergodic at a
very low, but finite k, since the first equation for the
populations of states in (27) breaks down the nor-
malization condition of these populations typical of
the two-state reversible system (36). Moreover, dif-
ferent types of stochastic motion in the two-state sys-
tem (20) can appear. In general, one indicates the
relaxation motion, which reversibly takes the sys-
tem toward its stationary state with the forward a
and backward b rates, whose decaying motion irre-
versibly degrades it away this state with the rate
k, and the fluctuation motion. The role of the latter
is two-fold. First, it stochastically changes the posi-
tion of the microscopic energy levels of system (7)-
(9). In the Markovian approximation, this leads to
the energy level broadening with the width propor-
tional to the intensity of those intrinsic microscopic
fluctuations (13). Second, it randomly perturbs sys-
tem’s conventional rate constants by means of extrin-
sic macroscopic fluctuations, whose mean amplitudes
and frequencies are comparable with the determinis-
tic rates. In the two-state system (20), all types of
motion can be in the distinction between using them
for the description of a temporal behavior of popu-
lations. Especially, such a distinction is apparent in
the case of resonant and rare fluctuations, i.e. in a
vicinity of the stochastic resonance point. The latter
is typical of many nonstationary nonequilibrium sys-
tems such as analog electrical circuits [48], bistable
optical devices [49], and bistable macromolecular re-
actions [50]. Therefore, in terms of its temporal be-
havior, the simple two-state decaying system (20) can
be considered as the first approximation to the kinet-
ics of those more complex systems, which reveal the
lack of both the detailed balance condition for their
relaxation rates and the normalization condition for
populations and demonstrate the breaking of symme-
try between relaxation and fluctuation phenomena,
which is particularly seen under the stochastic reso-
nance conditions [48].
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B.I. Tecaenxo

JINOEPEHIIAJIBHE PIBHAHHSA YETBEPTOI'O
TMOPAAKY JIJ1d IBOCTAAIMHOI'O ABCOPBYIOYOTO
JIAHIIIOTA MAPKOBA I3 CTOXACTUYHOIO
MNMOBIPHICTIO ITPAMOTO ITEPEXO/Y

Pesmowme

Hatano ToyHoro poss’sizky mpobjiemi ycepegHeHHsSI KiHETHKH
ABOCTaJiHOrO abcopOyrdoro JaHmpora MapkoBa 3a BUIIA-
KOBUMHU DIIYyKTyalisiMi HMOBIPHOCTI IIPSIMOTO IEPEXOLY, IO
ANPOKCUMYETHCS CUMETPUYIHUM JIUXOTOMIYHUM CTOXACTUYHUM
nporecoM. [Tokazano, 1110 YacoBa MOBEJiHKA 3aCEJIEHOCTI Iepe-

ISSN 2071-0194. Ukr. J. Phys. 2017. Vol. 62, No. 4

XiJHOTO CTaHy JIAHIIOTa 33/I0BOJIbHSIE JudepeHIiaibHe DiBHIH-
Hsl YETBEPTOrO HOPSJKY, Uil PO3B’SI30K Ma€ IOTHPUEKCIIOHEH-
HifHUH BUIVISA 3a CKIHYEHUX JaCTOTU Ta CEPEIHBOI aMILIITyIn
durykTyariit. ¥ rpanuili yactux QIIyKTyalii meil 490TupueKcIo-
HEHI[INHUN PO3B’SI30K 3BOAUTHCS 4O IIPOCTOrO TBOEKCIIOHEHITi -
HOI'O BUIVISIIY, 1[0 € TUIIOBUM /Il IETEPMIHICTUYHOrO IIPOLECy
JBOCTAIfiHOrO 3aracaHHsI, IKOMY Opakye (uiyKTyamiit y fimo-
BipaocTi nepexozny. IIpore y rpamumni pinkux diykryamiit go-
TUPHUEKCIIOHEHIINHNI PO3B’S30K, X04a i HabOyBa€ CIIPOIIEHOrO
BUIVISILY TPH- UM ABOEKCIIOHEHI[IHHOIrO PO3B 3Ky, CTa€ IepeBa-
2KHO crerudivyHUM y BiIHOIIEHH] K JO HU3BKO aMILIITY/IHUX,
Tak 1 0 Pe30HaHCHO aMIUITyAHuX uIyKTyamniii. Binbmre Toro,
iCHy€ TOYKa CTOXaCTHYHOIO DPE30HAHCY, Jle¢ HMOBIpHICTH Ips-
MOrO HEPEXO/1y 36ira€ThbCs 3 CEPEIHBOI0 AMILIITY/I0I0 (DIIyKTY-
ariif, Toxi sIK HMOBIPHOCTI 3aracaHHsI 1 3BOPOTHOTO II€PEXOLY,
a TakoXK 4JacToTra IIyKTyalliil € He3HaYHUMU. 1K pe3yJsbTaT, B
il ToYI 3MICHIOETHCS CTOXacCTUYHA IMOOIIizalist JBOCTA Tili-
HOro abcopbyrodoro Jianmpora MapkoBa y HOro rno4aTkOBOMY
cTaHi.
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