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INFLUENCE OF ELECTRON-DEFORMATION EFFECTS
ON THE ELECTRON STRUCTURE OF QUANTUM DOTS
IN STRESSED NANOHETEROSYSTEMSPACS 73.21.La, 79.60.Jv

In the framework of the self-consistent electron-deformation model, the theory describing the
formation of the quantum potential band profile and the energy levels of an electron and a
hole in a stressed nanoheterosystem with coherently-strained quantum dots has been developed,
and their dependences on the degree of doping of the nanoheterosystem matrix and the quan-
tum dot surface concentration have been analyzed. The character of the quantum potential
in the nanoheterosystem is shown to be governed not only by the mechanical component of
the electron-deformation potential, but also by the energy of electrostatic interaction between
charges in a vicinity of the quantum dot–matrix interface, where the latter induces additional
quasi-triangular potential barriers and wells.
K e yw o r d s: quantum dots, deformation, electron-deformation potential.

1. Introduction
Intensive researches of quasi-zero-dimensional semi-
conductor structures are stimulated by both the dis-
covery of a number of essentially new fundamen-
tal phenomena and the wide opportunities of their
application [1–3]. Quasi-zero-dimensional structures,
quantum dots (QDs), with sizes 𝑎 ∼ 1÷102 nm are
characterized by the confinement of charge carriers in
all three space directions [4] and the emergence of the
size quantization effect in their energy spectrum, at
which the modification of the electronic properties of
materials is the most pronounced. The discreteness in
the energy spectrum of electrons and holes in QDs is
used for the creation of optical nanolasers and other
devices with a high thermal stability of the lasing
frequency.

The optical and electronic properties of quasi-zero-
dimensional structures are governed, to a great ex-
tent, by the energy spectrum of spatially confined
electrons and holes, which was calculated both mak-
ing no allowance for the mechanical component of a
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deformation [5, 6] and making allowance for it in the
framework of a rectangular quantizing potential [7–
11]. The corresponding models considered the influ-
ence of a self-consistent deformation of the crystal
matrix and QDs, the Laplace pressure at the QD-
matrix interface, the finite size of the surrounding
matrix, and the dependence of the parameter de-
scribing the mismatch between the contacting lat-
tices at their heterointerface on the dimensions of a
QD and the matrix. However, in those works, no al-
lowance was made for the influence of the electron-
deformation interaction. Hence, there emerges the
necessity to develop a new theoretical model for a
stressed nanoheterostructure with QDs and to con-
sider a renormalization of the QD energy spectrum
under the influence of the self-consistent electron-de-
formation interaction [12].

The difference between the lattice parameters of
InAs and GaAs is considerable. In particular, the
parameter mismatch amounts to 𝑓 = 7% in the
InAs/GaAs (001) nanoheterosystem with an array of
QDs (InAs) and to 𝑓 = 4% for CdTe/ZnTe. There-
fore, the mechanical stresses that arise in a hetero-
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system with QDs substantially affect the structure
of allowed bands and their discontinuity. In the case
of coherently stressed QDs, provided that there are
fields of elastic non-uniform stresses in their vicinity,
and taking a self-consistent electron-deformation cou-
pling into consideration, there emerges, besides the
mechanical component of the deformation parameter,
an electron-deformation one, which distinctly mani-
fests itself in the formation of a quantizing potential
at significant concentrations of conduction electrons
(𝑛0 ≤ 1018 cm−3) in the nanoheterosystem matrix,
which gives rise ultimately to variations in the po-
sitions of energy levels localized in a quantum dot.
Therefore, in order to predictively control the spec-
tral characteristics of nanooptoelectronic devices cre-
ated on the basis of stressed nanoheterosystems with
QDs (InAs/GaAs with InAs QDs and CdTe/ZnTe
with CdTe QDs), it is necessary to know the reg-
ularities in modifications of the QD electron struc-
ture depending on the QD size, 𝑅0, the average con-
centration of conduction electrons in the nanohete-
rosystem matrix, 𝑛0, and the surface concentration
of quantum dots, 𝑁QD. In this case, by changing
the electron-deformation parameters – namely, the
concentration of conduction electrons, 𝑛0, the de-
formation potentials of the conduction and valence
bands, and technological parameters (the surface con-
centration of quantum dots, 𝑁QD) – it is possible
to retune the frequency of recombination radiation
emitted at the electron transition from the local-
ized electron level onto the hole one in a QD. In
this connection, the problem concerning the influence
of the self-consistent electron-deformation interaction
on the electron structure of QDs in stressed nanohe-
terostructures becomes challenging.

This work aimed at calculating, in the framework of
the model of self-consistent electron-deformation cou-
pling, the spectrum of charge carriers in QDs renor-
malized by both the electron-deformation and electro-
static potentials at various concentrations of conduc-
tion electrons 𝑛0 in the nanoheterosystem matrix and
various surface concentrations of quantum dots 𝑁QD.

2. Model of a Stressed Nanoheterosystem
with Spherically Symmetric Quantum Dots

In this work, we consider InAs/GaAs (CdTe/ZnTe)
nanoheterosystems with ordered arrays of strained
quantum dots without definite crystallographic orien-

Fig. 1. Model of a spherically symmetric stressed quantum
dot

tation, in particular, quantum dots with shapes that
can be approximately regarded as spherically sym-
metric. For example, in the InAs/GaAs (001) hetero-
system, such QDs are formed if the thickness of the
grown InAs layer is about 2 monolayers [13,14]. The-
refore, in what follows, the contribution made by
island edges to the energy of elastic relaxation is
neglected.

The ordered arrangement of stressed quantum dots
on the crystalline matrix surface results from the elas-
tic interaction between islands that arises owing to
a mismatch between the InAs and GaAs lattice pa-
rameters. To reduce the problem with a considerable
number of QDs to a problem with a single QD, the
following approximation was made: the energy of pair
elastic interaction between QDs is substituted by the
energy of interaction between every QD and the av-
eraged elastic deformation field created by all other
QDs, 𝜎ef (𝑁 − 1).

The lattice constant in the grown InAs material
(𝑎1 = 6.08 Å) is larger than that in the GaAs ma-
trix (𝑎2 = 5.65 Å). Therefore, during the heteroepi-
taxial growth within the limits of the pseudomorphic
growth of InAs on the GaAs layer, the InAs material
undergoes a compressive deformation, and the GaAs
matrix a stretching one. The formation of a stressed
spherical nanoheterosystem takes place as follows: a
spherical quantum dot of radius 𝑅0 is regarded as
an elastic spherical dilatational microinclusion (the
solid thin curve in Fig. 1) located in a spherical cav-
ity (the dotted curve in Fig. 1) in the GaAs matrix.
The cavity volume is smaller than that of the mi-
croinclusion by Δ𝑉 . Therefore, in order to insert the
spherical microinclusion into the cavity, the former
must be radially compressed by 𝑢(1)𝑟 , the radial com-
ponent of the vector of mechanical displacement in
the QD material, and the surrounding GaAs matrix
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must be radially stretched by 𝑢(2)𝑟 , the radial compo-
nent of the vector of mechanical displacement in the
matrix material. The result of the simultaneous ac-
tion of deformations in the contacting nanomaterials
is described by the volume variation Δ𝑉 = 4𝜋𝑓𝑅0

3

and the parameter of lattice mismatch between the
contacting materials 𝑓 = 𝑎(1)−𝑎(2)

𝑎(1) ≈ 7%.
Under the action of a non-uniform compressive

deformation in the InAs (CdTe) QD material and
a non-uniform stretching deformation in the GaAs
(ZnTe) nanoheterosystem matrix, the band structure
of the stressed nanoheterosystem with QDs locally
changes. This modification, being a result of the self-
consistent electron-deformation coupling, gives rise to
a redistribution of electrons in a vicinity of the quan-
tum dot–matrix stressed interface. Accordingly, there
emerges a non-uniform electrostatic potential both
in the mechanically stressed QD and in the matrix,
i.e. there appears an 𝑛+ − 𝑛 junction (the electron-
deformation dipole Pel.−def.) [15].

3. Profile and Depth of Quantizing
Potential for a Stressed Nanoheterosystem
with Quantum Dots with regard for
Self-Consistent Electron-Deformation
Interaction

The profile and the depth of a potential well for an
electron in the stressed nanoheterosystem with QDs
with regard for the contributions made by the elec-
trostatic energy, −𝑒𝜑(𝑖) (𝑟), as well as the mechani-
cal, 𝜀(𝑖)mech. (𝑟), and electron-deformation, 𝜀(𝑖)el.−def. (𝑟),
components of the QD and matrix material deforma-
tions, are described by the following relation:

Δ𝑉𝑐(𝑟) = Δ𝐸𝑐 (0) + 𝑎(2)𝑐

(︀
𝜀
(2)
mech. (𝑟)+

+ 𝜀
(2)
el.−def. (𝑟)

)︀
− 𝑎(1)𝑐

(︀
𝜀
(1)
mech. (𝑟)+

+ 𝜀
(1)
el.−def. (𝑟)

)︀
− 𝑒(𝜑(2)(𝑟)− 𝜑(1) (𝑟)), (1)

𝑖 =

{︂
1 ≡ InAs,

2 ≡ GaAs,

0 ≤ 𝑟 ≤ 𝑅0,

𝑅0 ≤ 𝑟 ≤ 𝑅1,

where 𝑅0 is the quantum dot radius, 𝑅1 the matrix
radius, Δ𝐸𝑐 (0) the potential well depth for the elec-
tron in the InAs quantum dot in the non-deformed
InAs/GaAs heterostructure, and 𝑎

(1)
𝑐 and 𝑎

(2)
𝑐 are

the constants of the hydrostatic deformation poten-
tial in the conduction and valence bands, respec-
tively. The strain parameter for the 𝑖-th material in

the nanoheterostructure,

𝜀(𝑖) (𝑟) = Sp 𝜀
(𝑖)
mech. (𝑟) + Sp 𝜀

(𝑖)
el.−def. (𝑟) ,

where

Sp 𝜀
(𝑖)
mech. (𝑟) = 𝜀

(𝑖)
𝑟𝑟mech. + 𝜀

(𝑖)
𝜙𝜙mech. + 𝜀

(𝑖)
𝜃𝜃mech.,

is determined in terms of the atomic displacements
𝑢
(𝑖)
𝑟 . They can be found from the equilibrium equa-

tion, which, in the case of spherical symmetry, looks
like

𝑑2𝑢
(𝑖)
𝑟

𝑑𝑟2
+

2

𝑟

𝑑𝑢
(𝑖)
𝑟

𝑑𝑟
− 2

𝑟2
𝑢(𝑖)𝑟 = 𝐷(𝑖)𝑒

𝑑𝜑(𝑖)(𝑟)

𝑑𝑟
(2)

with the following boundary conditions [11, 16, 17]:⎧⎪⎪⎪⎨⎪⎪⎪⎩
4𝜋𝑅0

2
(︁
𝑢
(2)
𝑟

⃒⃒
𝑟=𝑅0

− 𝑢
(1)
𝑟

⃒⃒
𝑟=𝑅0

)︁
= Δ𝑉,

𝜎
(1)
𝑟𝑟

⃒⃒
𝑟=𝑅0

= 𝜎
(2)
𝑟𝑟

⃒⃒
𝑟=𝑅0

− 𝑃𝐿, 𝑃𝐿 = 2𝛼
𝑅0
,

𝜎
(2)
𝑟𝑟

⃒⃒
𝑟=𝑅1

= −𝜎𝑒𝑓 (𝑁 − 1)

(3)

(the left-hand side of the first equation in system (3)
is equal to the geometrical difference Δ𝑉 between the
volumes of the microinclusion and the cavity in the
GaAs matrix shown in Fig. 1),

𝐷(𝑖) =
(1 + 𝜈𝑖)(1− 2𝜈𝑖)

(𝑎𝑖)
3
𝐸𝑖(1− 𝜈𝑖)

,

𝑢
(𝑖)
𝑟 is the radial component of an atomic displace-

ment in the 𝑖-th semiconductor material, 𝑎𝑖 the lattice
parameter of the 𝑖-th material in the nanoheterostruc-
ture, 𝜈𝑖 and 𝐸𝑖 are Poisson’s ratios and the Young
moduli of the QD and surrounding matrix materials,
𝑒 is the electron charge, 𝑃𝐿 the Laplace pressure, 𝛼
the surface energy of a QD (InAs), 𝑓 the parameter
of lattice mismatch between the contacting materials,
and 𝜎

(𝑖)
𝑟𝑟 is the radial component of the mechanical

stress tensor for the 𝑖-th material [18].
The general solution of the inhomogeneous equa-

tion (2) is sought as a sum of the mechanical and
electron-deformation components of a displacement,

𝑢(𝑖)𝑟 (𝑟) = 𝑢
(𝑖)
𝑟mech.(𝑟) + 𝑢

(𝑖)
rel.−def.(𝑟), (4)

𝑢
(𝑖)
𝑟mech.(𝑟) = 𝐶

(𝑖)
1 𝑟 +

𝐶
(𝑖)
2

𝑟2
,
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𝑢
(𝑖)
rel.−def.(𝑟) =

𝐷(𝑖)𝑒

𝑟2

∫︁
𝑟
′2𝜑(𝑖)(𝑟)𝑑𝑟

′
. (5)

The field of mechanical displacements is determined
by the following components of the tensor of mechan-
ical strains in the QD and surrounding matrix mate-
rials:

𝜀
(1)
𝑟𝑟mech. = 𝜀

(1)
𝜙𝜙mech. = 𝜀

(1)
𝜃𝜃mech. = 𝐶

(1)
1 (6)

𝜀
(2)
𝑟𝑟mech. = 𝐶

(2)
1 − 2𝐶

(2)
2

𝑟3
,

𝜀
(2)
𝜙𝜙mech. = 𝜀

(2)
𝜃𝜃mech. = 𝐶

(2)
1 +

𝐶
(2)
2

𝑟3
.

(7)

The coefficients 𝐶(1)
1 , 𝐶(2)

1 , and 𝐶(2)
2 are found from

the solution of system (3) in view of expressions (4)–
(7) and (12), as well as expressions (20) and (21)
for the electrostatic potential 𝜑(𝑖) (𝑟). The mechan-
ical component of a uniform strain equals

𝜀
(𝑖)
mech. = 𝜀

(𝑖)
𝑟𝑟mech. + 𝜀

(𝑖)
𝜙𝜙mech. + 𝜀

(𝑖)
𝜃𝜃mech. = 3𝐶

(𝑖)
1 . (8)

The field of electron-deformation displacements is
described by the following components of the tensor
of electron strains:

𝜀
(𝑖)
𝑟𝑟el.−def.=𝐷

(𝑖)𝑒

(︂
2

𝑟3

∫︁
𝑟
′2𝜑(𝑖)(𝑟

′
)𝑑𝑟

′
−𝜑(𝑖)(𝑟

′
)

)︂
, (9)

𝜀
(𝑖)
𝜙𝜙el.−def. = 𝜀

(𝑖)
𝜃𝜃el.−def. =

= 𝐷(𝑖)𝑒

(︂
1

𝑟3

∫︁
𝑟
′2𝜑(𝑖)(𝑟

′
)𝑑𝑟

′
)

)︂
. (10)

The electron-deformation component of the uni-
form strain equals

𝜀
(𝑖)
el.−def. = 𝜀

(𝑖)
𝑟𝑟el.−def. + 𝜀

(𝑖)
𝜙𝜙el.−def. + 𝜀

(𝑖)
𝜃𝜃el.−def. =

= 𝐷(𝑖)𝑒𝜑(𝑖)(𝑟). (11)

The mechanical stresses 𝜎(1)
𝑟𝑟 and 𝜎(2)

𝑟𝑟 in the quan-
tum dot and matrix materials equal

𝜎(𝑖)
𝑟𝑟 =

𝐸𝑖

(1 + 𝜈𝑖) (1− 2𝜈𝑖)
×

×
[︁
(1− 𝜈𝑖) 𝜀

(𝑖)
𝑟𝑟 + 𝜈𝑖

(︁
𝜀(𝑖)𝜙𝜙 + 𝜀

(𝑖)
𝜃𝜃

)︁]︁
. (12)

The potential 𝜑(𝑖)(𝑟) is determined from the Pois-
son equation

Δ𝜑(𝑖)(𝑟) =
𝑒

𝜀
(𝑖)
𝑑 𝜀0

Δ𝑛(𝑖)(𝑟), (13)

where 𝜀(𝑖)𝑑 is the relative dielectric permittivity of the
𝑖-th material in the nanoheterosystem, Δ𝑛(𝑖)(𝑟) =
= 𝑛(𝑖)(𝑟) − 𝑛0 is a variation of the electron concen-
tration in a vicinity of the quantum dot–matrix het-
erointerface, which is determined in terms of the su-
perposition of the products of wave functions,

𝑛(𝑖)(𝑟) =
∑︁
𝑛

𝜓
*(𝑖)
𝑛 (𝑟)𝜓

(𝑖)
𝑛 (𝑟)

exp(𝛽(�̃�𝑛 − 𝜇𝑖)) + 1
. (14)

The wave functions are found from the Schrödinger
equation[︂
− ~2

2𝑚*(𝑖)Δ𝑟 +Δ𝑉𝑐 (𝑟)

]︂
𝜓(𝑖)
𝑛 (𝑟) = 𝐸𝑛𝜓

(𝑖)
𝑛 (𝑟) (15)

with the boundary conditions⎧⎪⎪⎨⎪⎪⎩
𝑅(1)

𝑛𝑙
(𝑟)
⃒⃒
𝑟=𝑅0

= 𝑅(2)
𝑛𝑙

(𝑟)
⃒⃒
𝑟=𝑅0

,

1

𝑚*(1)
𝑑𝑅(1)

𝑛𝑙
(𝑟)

𝑑𝑟

⃒⃒⃒⃒
𝑟=𝑅0

=
1

𝑚*(2)
𝑑𝑅(2)

𝑛𝑙
(𝑟)

𝑑𝑟

⃒⃒⃒⃒
𝑟=𝑅0

,
(16)

where 𝑚*(𝑖) is the effective electron mass in the
𝑖-th material, 𝐸𝑛 the energy of the 𝑛-th electron
level in the quantum well, Δ𝑉𝑐 (𝑟) the potential en-
ergy of electron (Eq. (1)), 𝑛0 and 𝑛(𝑖)(𝑟) are the
average concentration of conduction electrons and
the concentration of charge carriers in the strained
nanoheterostructure with the QD, and 𝜇𝑖 is the chem-
ical potential in the 𝑖-th material of nanoheterostruc-
ture, which is determined from the equation

1

Ω0

∫︁
𝑛(𝑟)𝑑𝑟 = 𝑛0, (17)

where Ω0 is the elementary cell volume.
The solution of the Schrödinger equation (15) in

the spherical coordinate system is sought in the form

𝜓
(𝑖)
𝑛𝑙𝑚 (𝑟, 𝜃, 𝜑) = 𝑅

(𝑖)
𝑛𝑙 (𝑟)𝑌

(𝑖)
𝑙𝑚 (𝜃, 𝜑),

where 𝑌 (𝑖)
𝑙𝑚 (𝜃, 𝜑) are the spherical Legendre functions.

In the case of spherical symmetry, the Poisson
equation (13) looks like

𝑑2𝜑(𝑖)

𝑑𝑟2
+

2

𝑟

𝑑𝜑(𝑖)

𝑑𝑟
=

𝑒

𝜀
(𝑖)
𝑑 𝜀0

(𝑛(𝑖)(𝑟)− 𝑛0). (18)

The distributions of the charge carrier concentra-
tions 𝑛(𝑖)(𝑟) in the quantum dot and in the matrix at
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𝑇 = 0 can be found by the formula

𝑛(𝑖)(𝑟) ≈
⃒⃒⃒
𝜓
(𝑖)
𝑛𝑙𝑚

⃒⃒⃒2𝑁QD

𝑎𝑖
×
[︂
erf

(︂√
2

Δ𝐸
𝐸1

)︂
+

+erf

(︂√
2

Δ𝐸
(𝜇− 𝐸1 − 𝜆

(𝑖)
0 − 𝑎(𝑖)𝑐 𝜀(𝑖)𝑟𝑟 )

)︂
+

+

√︂
8

𝜋

𝑒

Δ𝐸
e

−2(𝜇−𝐸1−𝜆
(𝑖)
0 −𝑎

(𝑖)
𝑐 𝜀

(𝑖)
𝑟𝑟 )

2

Δ𝐸2 𝑒𝜑(𝑖)(𝑟)

]︂
, (19)

where 𝑁QD is the surface concentration of quantum
dots, Δ𝐸 the Gaussian half-width, and 𝐸1 the en-
ergy of the first localized electron level in the quan-
tum well.

The solutions of the Poisson equation (18) in the
quantum dot and in the matrix with regard for ex-
pression (19) for the electron concentration were de-
termined, by using the averaged probability density⃒⃒
𝜓(𝑖)

⃒⃒2
. The following expressions were obtained:

𝜑(1)(𝑟) = 𝐴1

sinh
(︁√︁

1
𝑎1
𝑟
)︁

𝑟
− 𝑎1𝑏1, 0 ≤ 𝑟 ≤ 𝑅0, (20)

𝜑(2)(𝑟) = 𝐵1

exp
(︁
−
√︁

1
𝑎2
𝑟
)︁

𝑟
+𝐵2

exp
(︁√︁

1
𝑎2
𝑟
)︁

𝑟
−

− 𝑎2𝑏2 −
𝑑2
2𝑟

[︂
exp

(︂
−
√︂

1

𝑎2
𝑟

)︂
𝐸𝑖

(︂√︂
1

𝑎2
𝑟

)︂
+

+ exp

(︂√︂
1

𝑎2
𝑟

)︂
𝐸𝑖

(︂
−
√︂

1

𝑎2
𝑟

)︂]︂
, 𝑅0 ≤ 𝑟 ≤ 𝑅1, (21)

where

𝐸𝑖(𝑧) = −
∞∫︁

−𝑧

𝑡−1exp(−𝑡)𝑑𝑡,

1

𝑎1
=

𝑒2

𝜀
(1)
𝑑 𝜀0𝑎1

⃒⃒⃒
𝜓(1)

⃒⃒⃒2
𝑁QD

√︁
8
𝜋

Δ𝐸
×

× exp

(︃
−2(𝜇− 𝐸1 − 𝜆

(1)
0 − 𝑎

(1)
𝑐 𝐶

(1)
1 )2

Δ𝐸2

)︃
,

1

𝑎2
=

𝑒2

𝜀
(2)
𝑑 𝜀0𝑎2

⃒⃒⃒
𝜓(2)

⃒⃒⃒2
𝑁QD

√︁
8
𝜋

Δ𝐸
×

× exp

(︃
−2(𝜇− 𝐸1 − 𝜆

(2)
0 − 𝑎

(2)
𝑐 𝐶

(2)
1 )2

Δ𝐸2

)︃
,

𝑑2 =
2𝑎

(2)
𝑐 𝐶

(2)
2 𝑒

𝜀
(2)
𝑑 𝜀0𝑎2

⃒⃒⃒
𝜓(2)

⃒⃒⃒2
𝑁QD

√︁
8
𝜋

Δ𝐸
×

× exp

(︃
−2(𝜇− 𝐸1 − 𝜆

(2)
0 − 𝑎

(2)
𝑐 𝐶

(2)
1 )2

Δ𝐸2

)︃
,

𝑏1 =
𝑒

𝜀
(1)
𝑑 𝜀0𝑎1

⃒⃒⃒
𝜓(1)

⃒⃒⃒2
𝑁QD

[︂
erf

(︃√
2

Δ𝐸
𝐸1

)︃
+

+erf

(︃√
2

Δ𝐸
(𝜇− 𝐸1− 𝜆

(1)
0 − 𝑎(1)𝑐 𝐶

(1)
1 )

)︃
− 𝑎1𝑛0⃒⃒
𝜓(1)

⃒⃒2
𝑁QD

]︂
,

𝑏2 =
𝑒

𝜀
(2)
𝑑 𝜀0𝑎2

⃒⃒⃒
𝜓(2)

⃒⃒⃒2
𝑁QD

[︂
erf

(︃ √
2

Δ𝐸
𝐸1

)︃
+

+erf

(︃√
2

Δ𝐸
(𝜇− 𝐸1− 𝜆

(2)
0 − 𝑎(2)𝑐 𝐶

(2)
1 )

)︃
− 𝑎2𝑛0⃒⃒
𝜓(2)

⃒⃒2
𝑁QD

]︂
.

The coefficients 𝐴1, 𝐵1, and 𝐵2 in expressions (20)
and (21) are determined from the matching condi-
tions for the potentials 𝜑(1)(𝑟) and 𝜑(2)(𝑟) and for
the normal components of the electric displacement
vectors across the stressed heterointerface, as well as
from the electroneutrality condition:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜑(1)(𝑟)
⃒⃒
𝑟=𝑅0

= 𝜑(2)(𝑟)
⃒⃒
𝑟=𝑅0

,

𝜀(1)
𝑑𝜑(1)(𝑟)

𝑑𝑟

⃒⃒⃒⃒
𝑟=𝑅0

= 𝜀(2)
𝑑𝜑(2)(𝑟)

𝑑𝑟

⃒⃒⃒⃒
𝑟=𝑅0

,

𝑅0∫︁
0

𝑟2Δ𝑛(1)(𝑟)𝑑𝑟 +

𝑅1∫︁
𝑅0

𝑟2Δ𝑛(2)(𝑟)𝑑𝑟 = 0.

(22)

Substituting the expressions obtained for the com-
ponents of the mechanical and electron strain tensors
(6)–(11) and expressions (20) and (21) for the electro-
static potential into formula (1), we obtain a formula
for the potential energy of an electron in the stressed
nanoheterosystem with quantum dots that involves
the self-consistent electron-deformation interaction.

4. Results of Calculations
and Their Discussion

The quantizing potential depth and the electron en-
ergy spectrum were calculated for the InAs/GaAs
nanoheterosystem with the following parameters:
𝑅0 = 100 Å, 𝑅1 = 1000 Å, 𝑎

(1)
𝑐 = −5.08 eV,

𝑎
(2)
𝑐 = −7.17 eV, 𝑎1 = 6.08 Å, 𝑎2 = 5.65 Å,
𝑚(1) = 0.057𝑚0, 𝑚(2) = 0.065𝑚0, 𝛼 = 0.657 N/m,
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𝑛0 = 1017÷1018 cm−3, 𝑁QD = 5.5 × 1010 cm−2, and
Δ𝐸𝑐(0) = 0.83 eV. The energy in the potential well
and that of energy levels are reckoned from the top
of the electron-deformation potential well bottom.

In Fig. 2, the results of numerical calculations for
the dependence of the potential well depth Δ𝑉𝑐(r)
for an electron in the stressed QD on the quantum
dot size are depicted. The contributions made by
the electrostatic energy and the energy associated
with a deformation of the QD and matrix materi-
als are taken into account. One can see that, if the
QD size 𝑅0 grows, the depth of the electron quantiz-
ing potential increases monotonically, irrespective of
whether the mechanical component of the electron-
deformation potential is taken into account alone or
together with the electrostatic potential. In particu-
lar, at the concentration of conduction electrons in
the nanoheterosystem matrix 𝑛0 = 1017 cm−3 and
the surface concentration of quantum dots 𝑁QD =
= 5.5× 1010 cm−2, the potential well depth amounts
to 0.652 and 0.69 eV for 𝑅0 = 30 Å and 100 Å, respec-
tively, if both the electron-deformation and electro-
static potentials are taken into account; in the other
case, to 0.67eV and 0.692 eV, respectively. The reduc-
tion of the quantizing potential depth (Fig. 2, solid
curve 2 ) with respect to the potential depth (Fig. 2,
dotted curve 1 ) is associated with the contribution
of the electrostatic energy and the action of an addi-
tional compression on the QD material that arises ow-
ing to the self-consistent electron-deformation compo-
nent of the potential, 𝜀(𝑖)el.−def.(𝑟). It depends on the
quantum dot size 𝑅0, the degree of conduction band
filling in the matrix, 𝑛0, and the surface concentration
of quantum dots, 𝑁QD.

In Figs. 3 and 4, the profiles and the depths
of the quantizing potential for electrons in the
InAs/GaAs nanoheterosystem with InAs quantum
dots are shown for various concentrations of con-
duction electrons (𝑛0 = 1017 and 1018 cm−3) in
the GaAs matrix with the surface QD concentra-
tion 𝑁QD = 5.5× 1010 cm−2. One can see that the
electron-deformation component of the strain poten-
tial 𝜀(𝑖)el.−def.(𝑟) and the electrostatic energy −𝑒𝜑(𝑖)(r)
give rise to the energy shifts of the edges of allowed
bands, Δ𝐸

(𝑖)
𝑐 = 𝑎

(𝑖)
𝑐 𝜀(𝑖)(𝑟) − 𝑒𝜑(𝑖)(𝑟). In particular,

at 𝑅0 = 100 Å, 𝑛0 = 1017 cm−3, and 𝑁QD = 5.5×
×1010 cm−2, the quantum well bottom becomes non-
uniformly shifted (“buckled”) toward higher energies
by about 45 meV with respect to the deformed bot-

Fig. 2. Dependences of the potential well depth for elec-
trons in a stressed spherical QDs on its radius 𝑅0 at 𝑁QD =

= 5.5 × 1010 cm−2 and 𝑛0 = 1017 cm−3 with regard for only
the mechanical component of the electron-deformation poten-
tial (1, dotted curve) and both the electron-deformation and
electrostatic potentials (2, solid curve)

Fig. 3. Profiles of the quantizing potential in the InAs/GaAs
nanoheterosystem with an InAs quantum dot of the radius
𝑅0 = 100 Å and the electron concentration 𝑛0 = 1017 cm−3

that are formed (a) owing to the break Δ𝐸𝑐(0) of the conduc-
tion band only, (b, dotted curve) owing to the break Δ𝐸𝑐(0)

of the conduction band and the mechanical component of
the strain potential, and (b, solid curve) owing to the break
Δ𝐸𝑐(0) of the conduction band, the mechanical and electron-
deformation components of the strain potential, and the con-
tribution of the electrostatic energy

Fig. 4. The same as in Fig. 3, but for 𝑛0 = 1018 cm−3
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Fig. 5. Dependences of the electron ground state energy 𝐸𝑒
00

on the size of InAs quantum dots at 𝑁QD = 5.5 × 1010 cm−2

and 𝑛0 = 1017 cm−3 with regard for only the mechanical com-
ponent of the electron-deformation potential (1, dotted curve)
and both the electron-deformation and electrostatic potentials
(2, solid curve)

Fig. 6. The same as in Fig. 5, but for the electron excited
state energy 𝐸𝑒

01

tom of the conduction band, which results from the
mechanical deformation of the QD material, whereas
the edges of allowed bands in the matrix become
shifted toward lower energies by about 70 meV. If
the average concentration of conduction electrons is
an order of magnitude higher (𝑛0 = 1018 cm−3), the
electron-deformation component of the strain poten-
tial gives rise to the decrease of allowed band edges
in the matrix by 130 meV.

The electron energy spectra were calculated nu-
merically, by using the shooting method [19] on
the basis of the solution of the Schrödinger equa-
tion (15) with the quantizing potential (1) formed

by both the mechanical and electron components of
the electron-deformation potential, 𝑎

(𝑖)
𝑐 (𝜀

(𝑖)
mech.(𝑟)+

+ 𝜀
(𝑖)
el.−def.(𝑟)), and the energy of electrostatic in-

teraction between charges, −𝑒𝜑(𝑖)(𝑟), in a vicin-
ity of the QD-matrix interface, which emerges ow-
ing to a redistribution of electrons induced by a
non-uniform deformation of the QD and matrix
materials.

In Figs. 5 and 6, the results of numerical calcula-
tions for the dependence of the electron energy in the
ground and excited states on the InAs QD size 𝑅0

at 𝑛0 = 1017 cm−3 and 𝑁QD = 5.5 × 1010 cm−2 are
depicted. The comparison of curves 1 and 2 in Figs. 5
and 6 demonstrates that the electron-deformation
component of the strain potential, 𝜀(𝑖)el.−def.( 𝑟), and
the electrostatic energy −𝑒𝜑(𝑖)(𝑟) give rise to a non-
monotonic decrease of the electron energies in the
ground and excited states with respect to the electron
energy calculated taking only the mechanical compo-
nent of the electron-deformation potential 𝜀(𝑖)mech.( 𝑟)

into account in the interval of QD sizes 30 Å ≤
≤ 𝑅0 ≤ 100 Å. In particular, the reduction of the
energies of the ground and excited electron states
is less pronounced (by 6 meV) in the QD size in-
terval 30 Å ≤ 𝑅0 ≤ 40 Å than in the interval
60 Å ≤ 𝑅0 ≤ 100 Å (by 8–16 meV). Such a be-
havior of the electron energy levels in a QD de-
pending on the QD size 𝑅0 can be explained as
follows. At larger 𝑅0 (the QD becomes more mas-
sive), the influences of the surface (the Laplace
pressure) and the uniform mechanical deformation
of the crystal lattice in the QD material become
weaker. As a result, the potential well depth in-
creases. On the other hand, the electrostatic en-
ergy component of the quantizing potential stimu-
lates the elevation of the conduction band bottom
in the QD with respect to the mechanical compo-
nent of the electron-deformation potential at 𝑛0 =
= 1017 cm−3 or its decrease at 𝑛0 = 1018 cm−3 (see
Figs. 2 and 3).

As the average concentration of conduction elec-
trons in the matrix material increases by an order of
magnitude (to 𝑛0 = 1018 cm−3), the electron energy
levels in the QD calculated with regard for the to-
tal electron-deformation and electrostatic potentials
grow by 7 meV at 𝑅 = 100 Å, which is associ-
ated with an additional redistribution of electrons
in the nanoheterosystem between the QD and the
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matrix. In addition, the increase of the surface QD
concentration within the interval 3 × 1010 cm−2 ≤
≤ 𝑁QD ≤ 5.5 × 1010 cm−2 provided the fixed av-
erage concentration of conduction electrons in the
GaAs matrix, 𝑛0 = 1018 cm−3, results in a low-
ering of the electron energy levels in the QD, be-
cause the electron component of a strain increases
with the average concentration of conduction elec-
trons and additionally compresses the matrix and
QD materials. As a result, the quantizing poten-
tial depth diminishes, and the electron energy lev-
els become lower, respectively. In particular, at 𝑅 =
= 100 Å, the energies of the ground and ex-
cited electron states in the QD amount to 44 and
98 meV, respectively, if 𝑁QD = 3 × 1010 cm−2, and
to 37 and 88 meV, respectively, if 𝑁QD = 5.5×
× 1010 cm−2.

Hence, knowing the dependence of the energy level
positions (renormalized by the electron-deformation
and electrostatic potentials) in the QD on the quan-
tum dot size 𝑅0, the average concentration 𝑛0 of
conduction electrons in the nanoheterosystem ma-
trix, and the surface concentration 𝑁QD of quantum
dots, it is possible to make a predictive control over
the spectral characteristics of nanooptoelectronic de-
vices (resonance tunnel diodes) created on the basis
of stressed nanoheterosystems with QDs (InAs/GaAs
with InAs QDs).

5. Conclusions

1. In the framework of the proposed model, the influ-
ence of the mechanical and electron-deformation com-
ponents of the strain potential and the energy of elec-
trostatic interaction of charges at the QD-matrix in-
terface on the character of the quantizing potential in
the stressed InAs/GaAs nanoheterosystem with InAs
quantum dots is studied.

2. It is shown that the account for the elec-
tron component of the electron-deformation poten-
tial, 𝑎(𝑖)𝑐 𝜀

(𝑖)
el.−def. (𝑟), and the energy of electrostatic

interaction between charges, −𝑒𝜑(𝑖) (𝑟), gives rise to
the formation of additional quasitriangular barriers
and quasitriangular potential wells in the quantiz-
ing potential, with their energy heights depending
on both the concentration 𝑛0 of conduction electrons
in the matrix of the stressed nanoheterosystem and
the surface concentration 𝑁QD of QDs. Such stressed
nanoheterosystems with QDs with the modified quan-

tizing potential can be used as elements for the cre-
ation of resonance tunnel diodes, the transport prop-
erties of which can be controlled by varying the ma-
trix doping level 𝑛0 and the surface quantum dot con-
centration 𝑁QD.

3. The electron component of electron-deformation
potential and the component of electrostatic energy
associated with the deformation in the QD and ma-
trix materials are shown to lower the energies of the
ground and excited electron states in QDs with the
size 𝑅 = 100 Å by 16 and 21 meV, respectively.
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Р.М.Пелещак, Н.Я.Кулик

ВПЛИВ ЕЛЕКТРОН-ДЕФОРМАЦIЙНИХ ЕФЕКТIВ
НА ЕЛЕКТРОННУ СТРУКТУРУ КВАНТОВИХ ТОЧОК
У НАПРУЖЕНИХ НАНОГЕТЕРОСТРУКТУРАХ

Р е з ю м е

В межах самоузгодженої електрон-деформацiйної моделi
побудовано теорiю формування зонного профiлю кванту-
ючого потенцiалу та енергетичних рiвнiв електрона та дiр-

ки у напруженiй наногетеросистемi з когерентно-напруже-
ними квантовими точками залежно вiд ступеня легуван-
ня n матрицi наногетеросистеми та їх поверхневої густини.
Показано, що характер квантуючого потенцiалу наногете-
росистеми визначається не тiльки механiчною складовою
електрон-деформацiйного потенцiалу, а також енергiєю еле-
ктростатичної взаємодiї зарядiв в околi межi квантова то-
чка – матриця, що приводять до утворення додаткових ква-
зiтрикутних бар’єрiв та квазiтрикутних потенцiальних ям
поблизу межi квантова точка – матриця.
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