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This work develops the cluster approach proposed by L.A. Bulavin and M.N. Malomuzh to the
description of the phase diagram for a two-dimensional Coulomb gas. We restrict ourselves
by the ensemble of the simplest clusters — dipole pairs. The effective interaction potential of
dipole pair conserving a two particle configuration integral is constructed. In order to reflect
more completely the long-range interaction in the system, the third virial coefficient is taken
into account. The phase diagram of the Coulomb gas is analyzed on the basis of the generalized
van der Waals equation of state, whose parameters are some functions of the temperature and
the density. The position of the critical point is determined in different approximations. It is
shown that this problem is essentially non perturbative.
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1. Introduction

The two-dimensional Coulomb gas is one of the in-
teresting objects in theoretical physics. It is a sys-
tem that consists of charged hard disks in the two-
dimensional space, which interact through a logarith-
mic law.

Figure 1 shows the phase diagram in the dimension-
less density 71 and dimensionless temperature 7' coor-
dinates obtained in work [1] by a computer simulation
using the scaling Monte Carlo method. The main el-
ements in this diagram are the insulator/conductor
transition line (1) and the “vapor-liquid” coexistence
curve (2), as well as the critical point.

The “vapor-liquid” coexistence curve separates two
phases: an insulator and a plasma with low and high
densities, respectively.

The insulator/conductor transition line separates
two phases. The first phase called a dielectric consists
of electrically neutral clusters. Due to the Coulomb
interaction, the discs with opposite charges attract
and form dipole pairs, quadrupole and hexagonal
clusters, and higher order clusters. The second phase
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is conductive. This can be explained by the fact that
the interaction between particles in different clusters
becomes significant, as the density increases, and the
clusters become unstable. They start to decay into
cations and anions consisting of clusters of lower or-
der than those, which exist in the dielectric phase. To
describe such a transition, the approach based on the
isomorphism of a Coulomb gas and the xy model
of magnetic [2, 3] can be used. In the area of high
densities, the system can be considered as an ideal
plasma [4, 5].

In the investigation of that part of the diagram,
where clusters are stable, the significant progress had
been achieved in works [6-8], where the interaction
potentials for dipole pairs and quadrupoles were con-
structed. The rotating clusters were approximately
considered to be hard disks, and the interaction po-
tentials were averaged, accordingly. Next, the authors
constructed the equation of state of the system. On
this basis, they determined a binodal and a spin-
odal and found the position of the critical point,
which is close to the results of computer experi-
ments. However, the potentials of the dipole-dipole,
dipole-quadrupole, and quadrupole-quadrupole inter-
actions were not completely satisfactory. The main
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problem is that the effective potentials were con-
structed by averaging the real interaction potential
on a circle of unit radius. As a result, the obtained
configuration integral differs from the real one.

The goal of this paper is to improve the con-
structive approach developed by L.A.Bulavin and
M.N. Malomuzh within the cluster approach [6-8]. In
our work, the main attention will be paid to the de-
termination of the critical point. In connection with
this, we note that the critical point (CP) is out of
the dielectric phase considered by us as an ensem-
ble of dipole pairs. However, the density of disin-
tegrated pairs near the CP is relatively small (see
[1,4]). Therefore, we conclude that the phase transi-
tion in a vicinity of the CP can be satisfactorily de-
scribed with the help of the ensemble of electroneutral
dipole pairs. The additional influence of quadrupoles
and clusters of higher order will be investigated se-
parately.

We are planning to construct the effective interac-
tion potential of dipole pairs, which conserves the
configuration integral in the two-particle approxima-
tion. This will be done in two ways: 1) using pertur-
bation theory (approach used in works [6-8]); 2) via
integration. We will construct a generalized van der
Waals equation in the dipole approximation based on
the virial expansion and study the temperature and
density dependences of its coefficients. We will also
show the importance of the consideration of interac-
tions through the third particle. Eventually, the po-
sition of the critical point will be found.

2. Free Energy of the System of Dipole Pairs

Consider the system consisting of dipole pairs. Its free
energy has the standard structure [9]:

F= Ed —Tln Qconfv (1)

where Fiq is a free energy of an ideal gas, Qcont IS a
configuration integral.

Here, we use the following approximation: rotating
dipole pairs are replaced by effective disks. We sup-
pose that such discs are impenetrable, so the repulsive
potential is close to the hard sphere potential ®yg:

00, T < 04,
(DHS (sz) {07 ri; > o4,

where r;; is the distance between the centers of effec-
tive discs, o4 = 20 is the diameter of an effective disc,
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Fig. 1. Phase diagram of a two-dimensional Coulomb gas

and o is the diameter of a charged disk. In addition,
the effective discs attract each other. The attractive
potential ®, (r;;) is the averaged potential U;; of in-
teraction of two dipoles:

d2 e;r;;)e;r;;
Uij = ) (eiej - 2(3)2(33)>, (2)

ij T3

where d = qog is the dipole moment, and e; and
e; are unit vectors defining the orientation of the
dipoles. We will describe ®, in more details in what
follows.

Thus, the interaction potential of two effective discs
has the structure:

D (ri;) = Pus (1) + Pa (745)- (3)

Introducing the function f(r;;) =exp(—B8®q(ri;)),
the configuration integral can be represented in the
form of a virial expansion:

Qconf = SLN /exp <_ B Z (I)HS(Tij)> X

N 1<i<j<N
><<1+ o S+
1<i<j<N
+ D fly) Y f(rkz)+...>dsN. (4)
1<i<j<N  j<k<I<N
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It is easy to see that the contribution of hard
spheres to Qconf is given by

Qus = SLN/GXP (-ﬁ Z q’HS(Hj)) dSn =

& 1<i<j<N
- (1 - ndSexc)N7 (5)

where ng = % is the density of dipoles, and Sy =
= 25y = 2mwo“ is the excluded volume per particle.
The contribution linear in f to Qcont is

2
QY = SQHS% (1- ndsexc)/f (r12) gus (r12) dS,

o Sn_sexp(=B Y ®us(rij))dSn—2 .
Sy exp(=B 2 ®us(rij))dSn
the pair correlation function of hard disks.

The contribution quadratic in f to Qconr can be
represented similarly as

where gpg (r12) = S

3

QUY) = 5Qus - 1

- ndSexc) X
1
X (S/f(rlz)f(ﬁs)ggéz’?))d&Jf
5
n
+S§(1 - ndsccx)/f(r12) f(T34)91({15’,2’3’4)d52>,
2

where ggs,zg,)

(1,2,3,4)
9us

is the triple correlation function, and

is the four-correlation function.
In the approximation quadratic in f, the free en-
ergy takes the form

F=_-NT (1n C L) —In(1 - ngSece) —
n

g(l - ndSCXC)Il [f12]

(™)

n
6

(1 = ngSexc) 2 [f12, f23]>, (6)

where

L[ f12] Z/flngs(Tu)dS,
Ir[f12, fa3] = /ggs’z’g)flzfmdsz-

2

(7)

In this paper, we assume that the double and triple
correlation functions are approximately equal to 1 on
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the basis that the system under study is sufficiently
rarefied.

Using the standard formula P = —%¢ gf , we ob-
tain the equation
ndT 2
= — an 8
1 _ bnd d> ( )

which has the same form as the van der Waals equa-
tion. Here, b = 2702, a = ag + as,

oo

a5 (T) = —x / B, (r) rdr,

od
[e’e}

,7r/<I>a (r)rdr <4So+ (9)

od
o0

1T D, (r) rdr) Ng.

Od

The function as(7') is a standard coefficient of the
van der Waals equation (unlike the classical case,
it depends on the temperature). The emergence of
as (T, ng) is a result of taking the third virial coef-
ficient into account.

3. Effective Interaction
Potential of Dipole Pairs

Let us construct an effective potential. For this goal,
we will use the condition that it conserves the form of
the configuration integral in the two-particle approx-
imation:

Q2 /d51/d52/da1/da2 —BUrz —
/ ds; / dSse PP,

From whence, it follows that e~ #®« satisfies the equa-
tion

e PP = (e7Plr2)y (10)

where the angular brackets are determined by the re-
lation

/ doy dag
Yo =

The bare interaction energy U;s of two dipole pairs
as a function of the angles oy and as has structure

(11)

d2
——5cos (a1 + ),
12
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where o7 and as are the angles between the dipole
moments di, do and the vector rys.

Due to the cosine in the exponent, the integration
in formula (11) leads to the modified Bessel function
of the first kind Iy (z):

- ~ 111
,(F12) = —ToT'In (IO (47;7:2))7
12

where 719 = %, T = Tlo, and Ty is the character-
istic temperature, at which a dipole pair decays into
charged discs.

Let us compare our results to the results obtained
in works [6-8]. To do that along with the exact po-
tential @, (712), we will find the effective potential
with help of perturbation theory.

The average value can be found within perturba-
tion theory by expanding the expression on the right-
hand side of (10) in a series and then rewriting it in
the form of an exponential function. Thus, the effec-
tive potential can be expressed through the average
values of interaction energy:

(12)

(I)a = Z(I)z(zl)7 (13)
i=0

where .

o) = 2 B(U)o,

(1)__141 4\ 77272

¢, = 86 3<U12>0 (Uia)o )

P = —%BG (115<U162>0 — (U,) (Uiz)o — 2<U122>§)>,

The potential ®5M) used in works [6-8] is an ana-

log of the main contribution <I)((10):

OBM) — 99(0),

The coefficient 2, which appears due to the con-
servation of the configuration integral, significantly
changes not only the potential, but also the virial co-
efficients and the van der Waals equation.

It is not difficult to see that the effective potential
is a series in the inverse distance to the fourth power:

17T, 1
OO () = — = D0 1
a (M2) 64 T 7y’

1 Ty 1 (14)

1) /~
<I>((1 ) (F12) = m%@a

eey
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Fig. 2. Comparative behavior of different contributions to
the interaction potential: 3 — <I>(<lo>, 1- <I>((lo> + @SJ), 4 — ®(BM)
2- 9,

where T = T% Series (14) coincides with a power
series expansion for the exact expression (12) for the
interparticle potential ®,.

As it should be, the behavior of tbflo) + (I>((12) and @,
for short distances differ considerably (see Fig. 2, whe-
re the potential ®BM) is also given for comparison).

Such behavior of &, and its different approxima-
tions is a precondition for the essential influence on

the values of second and third virial coefficients (see
below).

4. Equation of State

Let us model the equation of state (EoS) of the
Coulomb gas by that for the system of dipole pairs.
EoS (8) in the dimensionless form has structure

. g1

T (15)
1-— b'de

where P = %ZP7 fg = ngo2, b= 27, and a = AToaag'

We will calculate the coefficient a(T) = aq(T)+
+ a3(T, 7g) in two ways: using the exact effective po-
tential and that obtained with the help of perturba-
tion theory.

4.1. Behavior of the coefficient a
for the exact expression for the effective
potential

Let us estimate the relative value of the third virial
coefficient. The comparative behavior of the coeffi-
cients as and ag is shown in Fig. 3.
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Fig. 4. Temperature dependence of different contributions to
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Here, we assume that the density ng equals é (the
density coordinate of the critical point in the zeroth
approximation).

As we see from Fig. 3, the contribution of the inter-
action through the third particle is considerable for
all temperatures and, therefore, should be taken into
account.

4.2. Behavior of the coefficient a
for effective potentials found with the help
of perturbation theory

Let us approximate series (13) for the effective poten-
tial by two contributions:

y = a® 4+ &%1),
as = a +ad),

where indices (0) and (1) correspond to taking the
first <I>((lo) and second @gl) contributions into account.
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It is not difficult to see that

0) , w1
a(T) = 55 =

D) = g

2 24576 T3’ 16)

2~
O(f a1 1T
as (Tand)_ ] T (1 20487";2)’
2 ~

Wf oy T naf, 1 1
ag (T 7a) = = = 2048 72)°

The correction term in brackets in expression (16) for

aéo) is about ten times less than one (we assume that
the density ng equals 6%) The same is true for the
coefficient agl).

Note that, in works [6-8], the dependence of the
coefficient @ on the density was ignored.

It is worth to note that the use of perturbation
theory for finding the positions of the binodal and
the critical point is related to the convergency prob-
lem of the perturbation procedure. In the zeroth ap-
proximation for the interparticle potential ‘IL(ZO), we
get the quite satisfactory coordinates of the critical
point. However, the use of the more accurate poten-
tial @go) + @21) leads to such a shift of the critical
temperature, which is comparable with the critical
temperature in the zeroth approximation. In connec-
tion with this, let us consider the behavior of different
contributions of virial coefficients in more details.

The temperature dependences of different partial
contributions to the second and third virial coeffi-
cients are presented in Fig. 4. The comparative be-
havior of the second and third virial coefficients corre-
sponding to the exact potential and the approximate
one is shown in Fig. 5.

Curves (1) and (2) in Fig. 4 correspond to ones (1)
and (2) in Fig. 3 (They differ insignificantly at tem-
peratures less than 0.2). The correction terms agl)
and agl) are significant in the temperature range,
which the critical point temperature belongs to.

It is not difficult to see that the values of the
functions do(T) and &éo) (T) + &gl)(f), as well as of
as(T, &) and déo)(f, =)+ dél) (T, &), are very close
at temperatures higher than 0.2 (see Fig. 5). Howe-
ver, in the temperature range, that we are interested
in, they differ significantly.

The fact that the coefficients as and a3 are com-
patible (in the area of the critical point, the ratio
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Z—; approximately equals 0.5 and increases at higher
temperatures) makes it impossible to use perturba-
tion theory for refining the position of the critical
point obtained in the zeroth approximation. We use

numerical methods instead.
5. Position of the Critical Point

The position of the critical point is determined by the
system of equations:

op

— =0
6~ )
i (17)
0%pP _ 0
o2
The coordinates of the critical point in the zeroth
approximation (]50 = % - &(20)733> are:
Zbig
1
a® = — ~0.106,
3
(18)

o) 1

T, 675 0.068,
where n = 274 is the total density of ions in the
system equal to the density of dipoles multiplied by
2 (the number of particles in the dipole pair).

The value TC(O) is /2 times less than the critical
temperature obtained in [6-8] T2M = ﬁ for a sys-
tem consisting of dipole pairs. This is explained by
the fact that we use the twice less effective potential
(up to the first term), so there are differences in the
coefficients of the equation of state, and the critical
point coordinates are displaced. It should be noted
that it has much better agreement with the value
chomp = 0.056, obtained as a result of the computer
experiment [1].

The following table shows the coordinates of critical
points calculated, by using different approximations
for the coefficient a.

The consideration of the interaction through a
third particle, which is expressed in the addition of
the coefficient a3 (or (zg) in the case of perturbation
theory), increases the values of both density and tem-
perature. The coefficients with index (1), which cor-

)

respond to the (I>((11 term, do not affect the results

significantly.

6. Discussion of the Results Obtained

This work develops the cluster approach to the de-
scription of properties of a Coulomb gas, which was
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first proposed in works [6-8]. We limited ourselves by
the simplest clusters — dipole pairs.

We can use this assumption in a vicinity of the cri-
tical point despite the fact that it is out of the dielect-
ric phase. This is because the density of disintegrated
pairs is relatively small near the critical point.

We pay attention to the following factors unac-
counted in works [6-8]:

1. Exact definition of the average interaction po-
tential.

2. Account for the third virial coefficient, which is
very important in systems with long-range interac-
tions.

The effective potential is constructed in such a way
that it conserves a configuration integral in the two-
particle approximation. This is done in two ways:
1) via integration; 2) using perturbation theory (ap-
proach used in works [6-8]).

To find the position of the critical point, we use
a generalized van der Waals equation, whose coeffi-

Results of calculations
of the critical point coordinates

Accuracy T. e
Perturbation theory as" 0.068 | 0.106
as +ad! 0.075 | 0.106
a” +a” +a”  |o.101]0.138
as +al +a +af | 0.008 | 0.135
Exact o 0.061 | 0.106
ds + as 0.093 | 0.139
879



V.S. Ovechkin

cients depend significantly on the temperature and
the density.

The use of the effective potential that conserves
the configuration integral decreases the critical point
temperature in the zeroth approximation by v/2 times
compared to that obtained in works [6-8].

The use of a more accurate averaged interaction
potential and taking the interaction through a third
particle into account do not allow us to get values
close to the experimental ones. It is necessary to con-
sider the presence of quadrupole clusters in the sys-
tem. This is the topic of the next work.

The author would like to thank Professor N.P. Ma-
lomuzh for the formulation of a problem and the help
in its solution. I thank also Professor L.A. Bulavin for
the discussion of the results obtained.
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PIBHAHHA CTAHY
JABOBHUMIPHOT'O KYJIOHIBCBKOI'O I'A3Y

Peszmowme

Y pobori pO3BHHYTO KJIACTEPHUN IiJIXiJ, 3aIIPOIIOHOBAHMUI
JILA. Bynasiaum ta M.M. Majmomy2xeM njist onucy a3oBol Ii-
arpamMu JBOBUMIPHOI'O KyJIOHIBCBKOTO rasy. Mu obmerkyemocs
aHcaM0JyIeM HafmpocTimux KJiacrepiB — gumosbHux mnap. [lo-
OymoBano edeKTUBHUI IOTEHIaJ] B3a€MOZil JUIOJBLHUX Iap,
AKuil 30epirae KoOH@IrypamiiHuil iHTEerpaj y JBOYaCTUHKOBO-
My HaOmkeHHi. [y GlabIn TOBHONO BpaxyBaHHS JAJIbHBOI
B3a€MO/Iil B cHUCTeMi BpaxOBY€TbCs TPETiil BipiasibHuit Koedi-
mient. PazoBa aiarpama KyJIOHIBCBKOIO Ta3dy JIOCJIiIKYETbCS
Ha IiJcTaBi y3araJibHEHOI'O PDiBHsIHHs cTaHy Ban-nep-Baasbca,
rmapaMeTpu sIKoro € MyHKIISIMU TeMIIEpaTypPH Ta I'yCTHHU. Bu-
3HAYEHO IIOJIOYKEHHS KPUTUYIHOI TOUKY B PI3HUX HAO/IMKEHHSIX.
ITokazana He3aCTOCOBHICTH TeOpil 30ypeHb J0 JaHOl IpOobIeMU.
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