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An expression for the entropy production in the case of facilitated diffusion in a Scatchard–
Hamer binary solution has been obtained. The presence of a stabilizing effect for the entropy
production with respect to the concentration gradient is shown. The entropy-driven contribu-
tions to the variation of thermodynamic potentials at the mixing are demonstrated to play the
dominant role for the entropy production in the system.
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The determination of the entropy production in con-
fined systems – such as biological membranes [1],
in which chemical reactions and diffusion processes
may occur (the phenomenon of facilitated diffusion),
meso- and nanoobjects, and so forth – is one of the
challenging problems in the thermodynamics of ir-
reversible processes regarded as a field theory. This
work aims at determining the entropy production
function for a Scatchard–Hamer solution, i.e. for
the solution containing at least one polar compo-
nent [2], with partially miscible solutions being an
example.

In work [3], the general case of entropy producti-
on by the diffusion process in the absence of exter-
nal fields was considered, making allowance for che-
mical reactions and the gradients of a chemical po-
tential. General expressions were obtained, which al-
lowed the flows of diffusing substances and the en-
tropy production in such a nonequilibrium system to
be calculated.

In the case of a binary solution, when, inside a
plane-parallel membrane, there are only a substratum
diffusing through the membrane and a carrier that
cannot go beyond the membrane boundaries (the cor-
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responding thermodynamic variables are marked by
subscripts 1 and 2, respectively), a system of equa-
tions for the stationary case was obtained, which al-
lows the substratum flow 𝐽1 to be calculated,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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(1)

where 𝑘 is the Boltzmann constant, 𝐿1 the diagonal
element in the matrix of phenomenological kinetic co-
efficients (the absence of nonzero nondiagonal matrix
elements 𝐾𝑘𝑖 stems from the absence of vector cross-
effects), 𝑣10 and 𝑣20 are the volumes of correspond-
ing pure substances in the solution per particle, 𝛾1
and 𝛾2 are the activity coefficients of the substratum
and the carrier, respectively, 𝑝 is the pressure, and
𝑇 is the temperature. In the case concerned, the car-
rier is responsible for the so-called facilitated diffu-
sion [4], a process in which the substratum combines
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with the “carrier”, and the “substratum–carrier” com-
plex transfers the substratum through the membrane
(in this case, its flow 𝐽2 = 0). The system of equa-
tions (1) is supplemented with the boundary condi-
tions,

{︂
𝑥1(𝑧 = 0) = 𝑥0,

𝑥1(𝑥 = 𝑙) = 𝑥𝑙.
(2)

The corresponding entropy production is deter-
mined by the expression

𝜎 = 𝐿1(2𝑘)
2
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To calculate the substance flow and the entropy
production with the help of expressions (1) and (3),
it is necessary to specify the dependence of the chem-
ical potential of a solution component on the pres-
sure, temperature, and concentration. In this work,
we consider the entropy production in the framework
of the proposed approach and the empirical model
of Scatchard–Hamer solution, the activity coefficients
for which look like [5]
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where 𝐶(𝑇, 𝑝) and 𝐷(𝑇, 𝑝) are dimensionless quan-
tities depending only on solution’s temperature and
pressure and characterizing the interaction between
the particles of different components. In this case,
the system of equations (1) can be rewritten in
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(5)

The system of equations (5) together with the
boundary conditions (2) completely describes the dif-
fusion process in the membrane system if the binary
solution is described by the Scatchard–Hamer model.
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Fig. 1. Dependences of the normalized flow − 𝑙
2𝑘𝐿1

𝐽1 on the
difference 𝑥0 − 𝑥 in the Scatchard–Hamer solution model for
various ratios 𝑣10

𝑣20
= 0.01 (1 ) and 0.5 (2 ). 𝑇 = 300 K, 𝑣10 =

= 3.8 × 10−29 m3, 𝐶 = 2, 𝐷 = 0.5. At the right membrane
boundary, 𝑥𝑙 = 5× 10−1

Fig. 2. The same as in Fig. 1, but for various 𝐶- and 𝐷-
values: (1 ) 𝐶 = 2, 𝐷 = 0.5; (2 ) 𝐶 = 4, 𝐷 = 1. 𝑇 = 300 K,
𝑣10
𝑣20

= 0.01, 𝑣10 = 0.8 × 10−29 m3. At the right membrane
boundary, 𝑥𝑙 = 5× 10−3

Integrating the first equation of system (5) together
with boundary conditions (2), we obtain the expres-
sion for the stationary flow 𝐽1,

− 𝑙
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⃒⃒⃒⃒
𝑥𝑙 −𝑋𝑙

𝑥0 −𝑋𝑙

⃒⃒⃒⃒
+

Fig. 3. Dependences of the normalized entropy production
𝑙2

(2𝑘)2𝐿1
𝜎 on the difference 𝑥0 − 𝑥 in the Scatchard–Hamer

solution model for various ratios 𝑣10
𝑣20

= 0.01 (1 ) and 0.5
(2 ). 𝑇 = 300 K, 𝑣10 = 3.8×10−29 m3, 𝐶 = 2, 𝐷 = 0.5. At the
right membrane boundary, 𝑥𝑙 = 5× 10−1
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where the constants 𝐴, 𝐵, 𝐸, 𝐹 , 𝐺, 𝐻, 𝐾, 𝑅, 𝑋1,
𝑋2, 𝑋3, 𝑋4, and 𝑋5 are expressed in terms of the
parameters for the solution and pure substance (𝐶,
𝑃 , 𝜕𝐶

𝜕𝑝 , 𝜕𝐷
𝜕𝑝 , 𝑣10, and 𝑣20). Expression (6) obtained

for the stationary diffusion flow allows one, with the
help of formula (3), to obtain an expression for the
entropy production in the case concerned.

In Fig. 1, the dependences of the normalized sub-
stance flow diffusing through the membrane on the
concentration difference between the boundaries of
the system, 𝑥0 − 𝑥𝑙, are depicted for various ratios
between the partial volumes of solution components
and fixed 𝐶- and 𝐷-values. Figure 2 demonstrates
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the same dependences but for various 𝐶- and 𝐷-
values. Figure 3 exhibits the dependences of the nor-
malized entropy production on the concentration dif-
ference between system’s boundaries 𝑥0 − 𝑥𝑙 for vari-
ous ratios between the partial volumes of components
of the solution calculated for two different 𝑥𝑙-values
and fixed 𝐶- and 𝐷-values. At last, Fig. 4 shows the
dependences of the entropy production on the differ-
ence 𝑥0 − 𝑥𝑙 for various 𝐶- and 𝐷-values.

The analysis of the presented results testifies that
an almost linear dependence of the flow 𝐽1 and an
almost quadratic dependence of the entropy produc-
tion 𝜎 are observed at small values of the difference
𝑥0−𝑥𝑙. However, as the parameter 𝑥0−𝑥𝑙 grows fur-
ther, the dependence 𝐽1(𝑥0 − 𝑥𝑙) substantially devi-
ates from a linear one, and the dependence 𝜎(𝑥0−𝑥𝑙)
from the quadratic one. Moreover, a stabilizing ef-
fect is observed here: the flow and the entropy pro-
duction start to weakly depend on the concentra-
tion difference between system’s boundaries. The de-
picted results testify that, if the ratio between the
partial volumes of the diffusing substance and the
solvent decreases, an insignificant enhancement of
the stabilizing effect is observed, as the concentra-
tion difference between the membrane boundaries in-
creases. The same effect is also observed if only the
entropy-driven terms are taken into account, i.e. in
the case of the perfect solution [6].

Making allowance for the energy contributions to
thermodynamic potentials at the mixing in the frame-
work of the Scatchard–Hamer solution model enables
the presence of inverse chemical reactions, which are
the specific feature of diffusion processes in biological
systems, to be considered more adequately in com-
parison with the perfect solution model. Moreover,
the analysis of the presented data testifies that the
account for the energy contributions to thermody-
namic potentials at the mixing results in that the
substance flow and the entropy production begin to
depend much more weakly on the partial volume ratio
between pure substances than in the case of the per-
fect solution. This result is quite predictable, because,
in the perfect case, the contribution to the change of
thermodynamic potentials at the mixing is governed
exclusively by entropic effects, whereas, in the case of
the Scatchard–Hamer solution, by both entropic and
energy ones, with the latter obscuring the contribu-
tion of purely entropic factors. Note that the results
obtained in this work on the facilitated diffusion are

Fig. 4. The same as in Fig. 3, but for various 𝐶- and 𝐷-
values: (1 ) 𝐶 = 2, 𝐷 = 0.5; (2 ) 𝐶 = 4, 𝐷 = 1. 𝑇 = 300 K,
𝑣10
𝑣20

= 0.01, 𝑣10 = 0.8 × 10−29 m3. At the right membrane
boundary, 𝑥𝑙 = 5× 10−3

in qualitative correspondence with both experimen-
tal results on the facilitated diffusion of biologically
active substances and theoretical results obtained ta-
king the inverse chemical reaction into account expli-
citly [7].

It is important to emphasize that the essential
modification in the entropy production in compari-
son with the classical results obtained under the as-
sumption of a constant diffusion coefficient or in the
absence of chemical reactions is also typical of so-
lutions described by the Margules model [8]. In that
case, the account for energy contributions only makes
the dependence of the entropy production on the par-
tial volume ratio between pure substances smoother
(i.e. purely entropic effects), but does not change the
character of this dependence considerably.

Conclusions

The results obtained in this work for nonideal solu-
tions described by the Scatchard–Hamer model tes-
tify to the existence of a stabilizing effect in the
entropy production in the course of the facilitated
diffusion. This effect varies within narrower limits if
the gradient of the diffusing substance concentration
changes, in comparison with the results obtained for
the constant diffusion coefficient. The entropic con-
tributions to the change of thermodynamic potentials
at the mixing play a dominating role in the modifi-
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cation of the character of an entropy production in
the system, whereas the account for energy contri-
butions (nonideality of the solution) gives rise only
to insignificant quantitative variations in the entropy
production.
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ПРОДУКУВАННЯ ЕНТРОПIЇ В ПРОЦЕСI
ДИФУЗIЇ В ПЛОСКОПАРАЛЕЛЬНIЙ ПОРI
У ВИПАДКУ РОЗЧИНУ СКЕТЧАРДА–ХАМЕРА

Р е з ю м е

У роботi отримано вираз для продукування ентропiї у ви-
падку полегшеної дифузiї бiнарного розчину Скетчарда–
Хамера. Показано, що для виробництва ентропiї iснує
стабiлiзуючий ефект за градiєнтом концентрацiї розчину.
З’ясовано, що ентропiйнi внески в змiну термодинамiчних
потенцiалiв при змiшуваннi вiдiграють домiнуючу роль в
змiнi характеру вироблення ентропiї в системi.
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