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THEOREM OF DIFFERENTIATION
OF THE ENERGY OF A MULTIATOMIC SYSTEM

PACS 61.66.-f, 65.40.Ba,

WITH RESPECT TO ATOMIC COORDINATES (PART I)

The theorem asserting that the arbitrary-order derivative of the average energy of a solid with
respect to atomic coordinates equals the average value of the corresponding derivative of the
potential energy operator with respect to atomic coordinates has been proved. This theorem is
a generalization of the well-known Gell-Mann—Feynman theorem, which was proved only for
the first derivative of the average energy with respect to atomic coordinates. A necessity in
such a generalization is associated with the calculation of force constants in solids, which are
the derivatives of the average energy with respect to atomic coordinates, and, maybe, other

physical quantities.
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1. Introduction

In work [1], the expression for the second-order force
constants of a multiatomic system, in particular, a
crystal, was found in the framework of Hartree—Fock—
Roothaan method [2]. However, the calculations by
this formula faced principle difficulties associated
with the differentiation of the matrix elements of
the Hamilton operator with respect to atomic coor-
dinates. It turns out that the differentiation of the
wave functions used to calculate the matrix element
results in the appearance of functions with the quan-
tum numbers [ < 0, which have neither physical nor
mathematical sense.

While calculating the first derivative of the energy
with respect to atomic coordinates, the differentiation
of wave functions can be avoided due to the Gell-
Mann-Feynman theorem [3]. However, in the case of
derivatives of higher orders, such a possibility was not
evident.

If the operators of the potential energy deriva-
tives with respect to atomic coordinates are regarded
as operators of certain physical quantities, the ob-
served values of which are calculated by the ordinary
quantum-mechanical averaging, the problem of dif-
ferentiation does not arise at all. However, these are
only speculations, although rather sound.

In this work, we managed to prove the theorem on
the differentiation of the energy of multiatomic sys-
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tems with respect to atomic coordinates. According
to it, the arbitrary-order derivative of the average en-
ergy with respect to atomic coordinates equals the
average value of the operator of the derivative of the
same order of the potential energy of the system with
respect to atomic coordinates. This theorem allows
one to avoid the differentiation of wave functions in
matrix elements and, therefore, makes the calcula-
tions of force constants in solids and, probably, other
quantities executable.

It should be noted that the potential energy of nu-
clei is always a value of nucleus potential energy oper-
ator averaged over the quantum state of the electron
subsystem, which is a direct consequence of the adi-
abatic approximation.

2. Proof of the Theorem

The mathematical expression of the theorem con-
cerned looks like
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where F is the average energy of the system, n the
derivative order, ¢ (R, r) the wave function of the sys-
tem, U(R,r) the operator of the potential energy of
the system, and R and r are the coordinate sets for
electrons and atoms, respectively.
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The start point is the Gell-Mann-Feynman theo-
rem, which has the mathematical expression
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or, since that the potential energy operator commutes
with the wave function,
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The second derivative of the energy equals
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It is necessary to prove that the second term on the
right-hand side of this equality turns to zero. For this
purpose, let us integrate it over r by parts,
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The both terms on the right-hand side of Eq. (6) con-
tain, as a multiplier, the expression [ ﬁikp(R7 r)dr,

————dRdr =

which, according to the condition [p(R,r)dr =1
equals zero, so that the whole expression (6) van-
ishes. Then Eq. (5) reads
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The subsequent differentiations result in the ap-
pearance of expressions of the type
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where n is the derivative order, and the equality of the
second term on the right-hand side of this expression
to zero is proved, as was done above.

Finally, we may write down
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The theorem is proved.
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1.0. Mapywxo

TEOPEMA ITPO JU®EPEHIIFOBAHHS EHEPI'TI
BATATOATOMHOI CUCTEMU 110 KOOPIMHATAX
ATOMIB (HACTUHA I)

Pesmowme

JoBesieHo Teopemy HpO JAudpepeHIiIOBaAaHHS €HEPril TBEPJIOro
Tijla MO0 KOOPJWHATAX aTOMIB, SIKa CTBEPKYE, 110 MOXiTHA 10~
BIJIBHOT'O TTOPSIJKY CEPEIHBOI €Hepril TBEPOro Tija o Koopiu-
HaTaXx s7ep JOPIBHIOE CEPEeIHBOMY 3HAUEHHIO BiITOBITHOT ITOXi-
JTHOT OollepaTopa IMOTEHIaJbHOI eHepril o KOOpAuHATaX sJiep.
IIs1 Teopema € yzarajibHeHHAM Bimomol Teopemu ['esi-Mana—
QDeiiamana, JOBEJIEHO] JIMIIE JIjIsi MEPIIol MOXiAHOI cepegHbOl
eHepril 1o kKoopjguHarax #anep. HeobximHicTh Takol Teopemu
OB si3aHa 3 OOYUCJIEHHSIM CUJIOBUX CTAJIUX TBEPAOrO Tija, 1o
SIBJISIOTHCA TOX1THUMU CEPEJIHBOI €HePril 110 KOOP/IMHATaX siIeP
i, MOXKJIMBO, 1HIUX (DISUIHUX BEJIMIUH.
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