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POTENTIAL ELECTRON
SCATTERING BY PHOSPHORUS ATOMPACS 34.80.Bm; 31.15.E-

Elastic scattering of electrons by phosphorus atoms within the collision energy range of 0.01–
200 eV has been studied theoretically for the first time. The integral and differential cross
sections are calculated in the spin-polarized approximation for a parameter-free real optical po-
tential. The total and spin electron densities, the electrostatic potential, and the spin exchange
and correlation-polarization potentials are found for the phosphorus atom in the local spin den-
sity approximation of the density functional theory. The features of the integral cross section
at energies lower than 10 eV are studied in detail in various approximations and compared
with the data for neighbor sulfur, chlorine, and argon atoms. The spin exchange asymmetry
in the electron scattering by the phosphorus atom with a half-filled valence 3𝑝3-subshell was
studied with regard for the spin dependence of the exchange and polarization interactions.
K e yw o r d s: optical potential, spin-polarized, asymmetry, differential cross section, integral
cross section, phase shift, partial cross section, critical minimum, Ramsauer–Townsend mini-
mum.

1. Introduction

In the scattering of electrons by light atoms with
unfilled valence 3𝑝-subshell, it is of a certain inter-
est to reveal and to study the influence of a grad-
ual filling of this subshell on the behavior of scat-
tering parameters. It is also of importance to com-
pare this behavior with the scattering data obtained
for similar multielectron atoms. In this work, using
the optical potential method, we calculate the cross-
sections of elastic electron scattering by the phos-
phorus atom, the electron configuration of which in
the ground state is 1𝑠22𝑠22𝑝63𝑠23𝑝3 4S. The cross-
sections are compared with the corresponding cal-
culated characteristics: the integral and differential
cross-sections (DCSs) of electron scattering by the
following atoms in the ground state: S (3𝑝4 3P) [1,2],
Cl (3𝑝5 2P) [3–5], and Ar (3𝑝6 1S) [4]. For Ar atoms,
we also give experimental data together with theo-
retical estimations [4, 6–8] and the results of calcu-
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lations using our method. In works [1, 3], the cal-
culations were carried out using the multiconfigura-
tion Hartree–Fock method (from 109 to 170 config-
urations for the S atom and from 130 to 167 ones
for the Cl atom) and omitting the relativistic ef-
fects. In work [2], the author used the nonrelativis-
tic approximation of close coupling (27 states were
taken into account) of the modified 𝑅-matrix method
based on the 𝐵-spline representation of the scatter-
ing orbitals and taking their non-orthogonality into
consideration. This method was used in work [5] in
the semirelativistic Breit–Pauli approximation with
pseudostates. In work [4], the nonrelativistic elastic
and inelastic scatterings of electrons by argon and
chlorine atoms were studied theoretically using the
method of 𝑅-matrix with pseudostates (4 states for
Ar and 17 states for Cl). Similarly to what was done
in work [5], those pseudostates were introduced in
[4] to consider the dipole polarization of the target
electron shell. In work [6], the method of 𝑅-matrix
was also used for calculations in the nonrelativistic
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approximation. Such a comparison of calculation re-
sults is important in the cases where the experimen-
tal study of the particle scattering by chemically ac-
tive atoms faces considerable difficulties. The results
of comparison also clarify the theoretical reliability of
calculated parameters.

Note that a similar comparison was theoretically
considered earlier in work [9] using the atomic pairs
(N, Ne) and (P, Ar) as examples. A nonrelativistic de-
scription with exact exchange interaction and model
simulation of the polarization interaction was used.

Atomic systems with one half-filled subshell were
described in the spin-polarized approximation [10,11],
i.e. by accounting for the spin polarization of electron
subshells. According to Hund’s rule [10], the ground
state of such systems has a maximum spin value,
which is determined by the electrons in the half-
filled subshell. The whole electron shell of an atom
is divided into two filled spin subshells. In order to
find the total and spin electron densities and the
scattering potentials, we used the local spin density
(LSD) approximation of the density functional theory
(DFT) [11].

In the case of a spin-polarized atom, the exchange
interaction of an incident electron characterized by a
fixed spin direction is possible only with the corre-
sponding spin subshell of the atom. Hence, the elec-
tron scattering by a phosphorus atom can be consid-
ered in the cases where the directions of the incident
electron spin and the atom spin coincide (parallel-spin
scattering) or are opposite (anti-parallel-spin scat-
tering).

The spin of the system also affects the polariza-
tion interaction between the incident electron and the
atom. In the interior region of the latter, the polariza-
tion interaction is governed by the correlation interac-
tion of the incident electron with target electrons (see,
e.g., works [12,13]). In the DFT, this interaction is de-
scribed by a correlation functional, which, in the LSD
approximation for the inhomogeneous spin-polarized
electron gas, is determined by the correlation energy
density. In work [14], the spin-dependent polarization
potentials were found.

In this work, the scattering parameters are cal-
culated using the method of real optical potential
(OP). The results obtained for the parallel- and anti-
parallel-spin scattering cross-sections make it possible
to calculate the spin exchange asymmetry at the elec-
tron scattering [15] (see also works [14, 16]).

2. Theoretical Method

In the ground state of a phosphorus atom with the
half-filled 3𝑝3-subshell, the corresponding electron
configuration has a maximum spin of 3/2, i.e., accord-
ing to Hund’s rule, the electrons in this subshell have
identically directed spins. This allows us to divide the
whole electron shell of the atom into two filled spin
shells: nine electrons with the spins conditionally di-
rected upward (𝑠𝑝 = ↑) and six electrons with the
spins directed downward (𝑠𝑝 = ↓). From the atomic
calculation, we obtain two spin, 𝜌↑(𝑟) and 𝜌↓(𝑟), and
total, 𝜌(𝑟) = 𝜌↑(𝑟) + 𝜌↓(𝑟), electron densities.

Electron scattering by a phosphorus atom can be
considered in two cases: where the spin directions of
the incident electron and the atom coincide (parallel-
spin scattering, ↑↑, the total spin of the system equals
2) and where they are directed oppositely (anti-
parallel-spin scattering, ↓↑, the total spin of the sys-
tem equals 1). In those cases, the scattering of elec-
tron by such a spin-polarized atom is described by
two real spin optical potentials (𝜆 = ↑↑, ↓↑):
𝑉 𝜆
opt(𝑟, 𝐸) = 𝑉S(𝑟) + 𝑉 𝜆

ex(𝑟, 𝐸) + 𝑉 𝜆
pol(𝑟)+

+𝑉R(𝑟, 𝐸) + 𝑉 ±
so (𝑟). (1)

The spin-dependent potential 𝑉 𝜆
opt(𝑟, 𝐸) is a sum of

the following interaction potentials: static 𝑉S(𝑟), spin
exchange 𝑉 𝜆

ex(𝑟, 𝐸), spin polarization 𝑉 𝜆
pol(𝑟), rela-

tivistic 𝑉R(𝑟, 𝐸) and the potential of spin-orbit in-
teraction 𝑉 ±

so (𝑟, 𝐸). The potential 𝑉R(𝑟, 𝐸) looks like
(see works [17–19]):

𝑉R(𝑟, 𝐸) = −𝛼2

2
𝑉 2
S +

𝜒

4

𝑑2𝑉S

𝑑𝑟2
+

3𝜒2

8

(︂
𝑑𝑉S

𝑑𝑟

)︂2

, (2)

where 𝜒 = 𝛼2/[2 + 𝛼2(𝐸 − 𝑉S)], and 𝛼 is the fine-
structure constant. The superscript ± in Eq. (1) cor-
responds to the magnitude of the total angular mo-
mentum of the electron, 𝑗 = ℓ ± 1/2, where ℓ is the
orbital momentum of an electron. In expressions (1)
and (2), 𝐸 is the energy of the incident electron (the
atomic system of units is used: 𝑒 = 𝑚𝑒 = ~ = 1).

Below, following our previous works (see, e.g.,
works [17,20–22] and references therein), the calcula-
tion with the application of the real potentials (1) will
be called the RSEP approximation, and the calcula-
tion using potential (1) but without the component
𝑉R(𝑟, 𝐸), the SEPSo approximation.

The static potential 𝑉S(𝑟) and the electron den-
sities 𝜌(𝑟) and 𝜌sp(𝑟) were calculated numerically
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in the framework of a self-consistent atomic scheme
and the scalar-relativistic and LSD approximations
of the DFT with the exclusion of the electron self-
action energy (see, work [23] and references therein).
Those quantities were approximated by analytical ex-
pressions taken from work [24] (see Eqs. (A1) and
(A2), as well as the corresponding parameters, in
Appendix). The potential of spin-orbit interaction
𝑉 ±
so (𝑟) (∼𝑑𝑉S(𝑟)/𝑑𝑟) was used in the form of expres-

sion (5) taken from work [17] (see also work [25] and
references therein).

The exchange interaction was taken into account
in the framework of the free electron gas approxima-
tion (see work [23]). Two values of Fermi momentum
𝑘𝑠𝑝F (𝑟) = [6𝜋2𝜌sp(𝑟)]

1/3 used in the spin-polarized
scattering approximation gave two exchange poten-
tials 𝑉 𝜆

ex(𝑟, 𝐸): 𝑉 ↑↑
ex for 𝑘↑F and 𝑉 ↓↑

ex for 𝑘↓F. The value
of the ionization potential for a phosphorus atom,
𝐼 = 10.4992 eV, which is a parameter of the exchange
potential, was obtained in the same approximation as
the static potential 𝑉S.

The polarization potential consists of two parts de-
termined at short (short-range, SR) and long (long-
range, LR) distances,

𝑉 𝜆
pol(𝑟) =

{︂
𝑉 𝑝SR𝜆 (𝑟), 𝑟 ≤ 𝑟𝜆𝑐
𝑉 𝑝LR(𝑟), 𝑟 > 𝑟𝜆𝑐 ,

(3)

where 𝑟𝜆𝑐 is the coordinate of the intersection point
(see below). As was noted above, the potential 𝑉 𝜆

pol(𝑟)
in the inner atomic region is governed by the corre-
lation interaction between the incident electron and
the target electrons. In the LSD approximation of the
DFT, the functional of this interaction looks like

𝐸LSD
𝑐 [𝜌↑, 𝜌↓] =

∫︁
𝑑r𝜌(r)𝜀𝑐[𝜌↑(r), 𝜌↓(r)]. (4)

The energy density 𝜀𝑐[𝜌↑(𝑟), 𝜌↓(𝑟)] ≡ 𝜀𝑐[𝑟𝑠(𝑟), 𝜁(𝑟)]
depends on the spin polarization function 𝜁(𝑟) =
= [𝜌↑(𝑟)− 𝜌↓(𝑟)]/𝜌(𝑟) and the Wigner radius 𝑟𝑠(𝑟) =
= {3/[4𝜋𝜌(𝑟)]}1/3, and it can be calculated by apply-
ing formulas from work [14].

At distances 𝑟 ≤ 𝑟𝜆𝑐 , the polarization potential
obtained from Eq. (4) using the variation technique
looks like [14, 16]:

𝑉 𝑝SR𝜆 (𝑟) = 𝜀𝑐(𝑟𝑠, 𝜁)−
𝑟𝑠
3

𝑑𝜀𝑐
𝑑𝑟𝑠

± (1∓ 𝜁)
𝜕𝜀𝑐
𝜕𝜁

. (5)

In Eq. (5), the upper signs correspond to the case
𝜆 =↑↑, and the lower ones to 𝜆 =↓↑. The derivatives
𝑑𝜀𝑐/𝑑𝑟𝑠 and 𝜕𝜀𝑐/𝜕𝜁 were calculated in work [14] (see
also Appendix B in work [16]).

At distances 𝑟 > 𝑟𝜆𝑐 , the polarization potential
has the well-known asymptotic limit 𝑉 𝑝LR(𝑟) =
= −𝛼𝑑(0)/2𝑟

4, where 𝛼𝑑(0) is the static dipole po-
larizability. The two parts of polarization potential,
𝑉 𝑝SR𝜆 (𝑟) and 𝑉 𝑝LR(𝑟), intersect at 𝑟↑↑𝑐 = 6.456𝑎0
for the parallel-spin scattering, 𝜆 =↑↑, and at 𝑟↓↑𝑐 =
= 3.980𝑎0 for the anti-parallel-spin one (here, 𝑎0 is
the atomic length unit equal to the first Bohr radius
of a hydrogen atom). The polarizability of a phospho-
rus atom, 𝛼𝑑(0) = 30.65𝑎30, was calculated in the lo-
cal approximation of the time-dependent DFT [23,26]
with an effective relativistic local potential (see works
[22, 27] and references therein).

Note that, in works [14, 16, 28], it was shown for
a number of atoms taken as an example that, while
calculating the asymmetry of the electron scattering
by an atom with half-filled valence subshell, it is not
enough to consider the spin dependence of only the
exchange interaction; the spin dependence of the po-
larization interaction should be taken into account
as well.

At calculations of the scattering cross-sections in
a wide interval of energies, we may use the averaged
optical potential:

𝑉 av
opt(𝑟, 𝐸) = 𝑉S(𝑟) + 𝑉 av

ex (𝑟, 𝐸) + 𝑉 av
pol(𝑟)+

+𝑉R(𝑟, 𝐸) + 𝑉 ±
so (𝑟), (6)

where 𝑉 av
ex = (𝑉 ↑↑

ex + 𝑉 ↓↑
ex )/2, and the potential 𝑉 av

pol

has the averaged short-range component 𝑉 𝑝SR𝑎𝑣 =
= (𝑉 𝑝SR↑↑ + 𝑉 𝑝SR↓↑ )/2. It is convenient to use the av-
eraged optical potential in cumbersome calculations,
while determining the critical minima in DCSs and
the points of total spin polarization of scattered elec-
trons.

As a result of calculations with the potentials
𝑉 𝜆
opt(𝑟, 𝐸) (see Eq. (1)), we obtain four sets of par-

tial real phase shifts 𝛿𝜆,±ℓ (𝐸). Similarly to what was
done in our previous works [20–23, 25, 27–30], in or-
der to calculate the phases shifts, we use the method
of phase functions [31, 32]. The procedure of numer-
ical solution of the phase equations was described in
works [20–23, 25]. Knowing the phase shifts 𝛿𝜆,±ℓ , we
can find “the direct” scattering amplitudes,

𝑓𝜆(𝐸, 𝜃) =
1

2𝑖𝑘

∞∑︁
ℓ=0

{︁
(ℓ+ 1)[exp(2𝑖𝛿𝜆,+ℓ )− 1]+

+ ℓ[exp(2𝑖𝛿𝜆,−ℓ )− 1]
}︁
𝑃ℓ(cos 𝜃) (7)
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Fig. 1. Energy dependences of the elastic electron
scattering cross-section for (a) phosphorus and (b) ar-
gon atoms. Relativistic RSEP approximation: spin-polarized
approach (SPA) (solid curves) and spin-unpolarized ap-
proach (LA) (dashed curves). The account for the spin-
orbit interaction in the SEPSo approximation: SPA ap-
proach (dot-dot-dashed curves) and LA approach (dot-dashed
curves). Experimental data: crosses [7], triangles [33], and cir-
cles [34]

and the “spin-flip” scattering amplitudes

𝑔𝜆(𝐸, 𝜃) =
1

2𝑖𝑘

∞∑︁
ℓ=1

[exp(2𝑖𝛿𝜆,−ℓ )−

− exp(2𝑖𝛿𝜆,+ℓ )]𝑃 1
ℓ (cos 𝜃), (8)

where 𝜃 is the scattering angle, 𝑘 = (2𝐸)1/2 is the
momentum of the incident electron, 𝑃ℓ(cos 𝜃) are the
Legendre polynomials, and 𝑃 1

ℓ (cos 𝜃) are the associ-
ated Legendre functions of the first kind. The dif-
ferential cross-sections of parallel-spin, 𝑑𝜎↑↑/𝑑𝜃, and
anti-parallel-spin, 𝑑𝜎↓↑/𝑑𝜃, elastic scatterings can be
determined using those amplitudes by the formula

𝑑𝜎𝜆(𝐸, 𝜃)

𝑑𝜃
= |𝑓𝜆(𝐸, 𝜃)|2 + |𝑔𝜆(𝐸, 𝜃)|2. (9)

The angular dependence of the spin exchange asym-
metry function 𝐴(𝐸, 𝜃) at the elastic scattering is cal-
culated using the expression

𝐴(𝐸, 𝜃) =

= (𝑑𝜎↓↑/𝑑𝜃 − 𝑑𝜎↑↑/𝑑𝜃)/(𝑑𝜎↓↑/𝑑𝜃 + 𝑑𝜎↑↑/𝑑𝜃). (10)

The averaged differential cross-section of elastic scat-
tering can be found by the formula

𝑑𝜎

𝑑𝜃
=

1

2

(︂
𝑑𝜎↑↑

𝑑𝜃
+

𝑑𝜎↓↑

𝑑𝜃

)︂
. (11)

The integral elastic, 𝜎el, momentum-transfer,
𝜎mom, and viscosity, 𝜎vis, scattering cross-sections,
which are of importance for applications to plasma
physics, are determined according to the general for-
mula as the averages of spin cross-sections

𝜎(𝐸) = (𝜎↑↑(𝐸) + 𝜎↓↑(𝐸))/2. (12)

At calculations of the integral spin cross-sections, ex-
pressions from work [14] were used.

3. Discussion of Results

In Figs. 1 to 3, the integral cross-sections for the
potential scattering of an electron by the phospho-
rus atom calculated in the semirelativistic (SEPSo)
and relativistic (RSEP) approximations with the use
of the local spin-unpolarized (LA) and spin-polarized
(SPA) approaches are depicted. The results are com-
pared with the data for the argon obtained exper-
imentally [7, 8, 33, 34] and calculated by us in the
RSEP and SEPSo approximations. Our results are
quite consistent with the data of work [9] – for the
atom of phosphorus, it is of quality, and for atom of
argon both qualitative and quantitative

The behavior of the cross-sections in all three
figures is similar: they have a deep minimum and
rather a high maximum, which qualitatively coin-
cides with experimental data obtained for the cross-
sections of scattering by the argon atom [7, 8, 33,
34]. Note that the cited cross-sections for the argon
are well described by the results of our calculations
in the RSEP approximation. Neglecting the poten-
tial 𝑉R(𝑟, 𝐸) (Eq. (2)) in the SEPSo approximation
results in a shift of the minima toward lower ener-
gies and in the smaller cross-section values for near-
threshold energies (see panels b in Figs. 1–3). It is evi-
dent that, although the phosphorus and argon atoms
are light, the relativistic effects are rather substan-
tial. In the case of a phosphorus atom, this influ-
ence exists for both approximations, spin-polarized
and spin-unpolarized (rougher) ones (see panels a in
Figs. 1–3). At the energies of cross-section maxima –
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10 eV for elastic, 6 eV for momentum-transfer, and
4 eV for viscosity cross-sections – the indicated ef-
fects and the difference in the local description do
not affect the behavior of parameters any more. For
the phosphorus atom, the behavior and the magni-
tude of elastic cross-section at energies below 10 eV
are mainly driven by the cross-section of anti-parallel-
spin scattering.

The behavior of the integral cross-sections for the
elastic and momentum-transfer scattering in the case
of a phosphorus atom is similar to that for sulfur
[1] and chlorine [3] atoms. The total cross-section is
mainly composed of the quartet cross-section [1] in
the case of an S atom and of the triplet one in the
case of Cl atom [3].

In work [2], the cross-section of elastic electron
scattering by the sulfur atom was calculated using the
approximations with 3, 15, and 27 expansion states
in the close coupling model of a modified 𝑅-matrix
method. The obtained behavior of the cross-section
in all cases was similar to that at the scattering by P,
S, and Cl atoms. The first approximation differs con-
siderably from the second and the third one in the
whole interval of collision energy—from the threshold
up to 40 eV. Those two approximations yield results
close to each other; however, in the near-threshold
energy region (lower than 1.5 eV), the approxima-
tion that involves 27 states is the best: is gives a
deeper minimum, which is located at a lower en-
ergy. This fact testifies to the importance of the ef-
fects of the atomic electron shell polarization by the
incident electron.

The energy of the cross-section minimum in the
case of elastic electron scattering by a chlorine atom,
which was determined in work [5], has a small value of
about 0.2 eV. It is rather sensitive to the model used
in a theoretical description of the scattering. This es-
pecially concerns the descriptions of the target atom
structure. The minimum in the cross-section men-
tioned above emerges only if the polarization interac-
tion is considered. In work [5], the cross-section at a
very low energy of 0.001 eV equals about 7×10−20 m2,
which is slightly larger than the cross-section at
0.01 eV (see Table) and much smaller that the cross-
sections calculated in works [3, 4]. The behavior of
the integral momentum-transfer cross-section 𝜎mom

is similar to the elastic one: it has the minimum
𝜎mom ≈ 1.25 × 10−20 m2 at 0.1 eV and the maxi-
mum 𝜎mom = 15.6× 10−20 m2 at 10 eV. At low ener-

Fig. 2. Energy dependences of the momentum-transfer cross-
section at elastic electron scattering by (a) phosphorus and (b)
argon atoms. Relativistic RSEP approximation: SPA approach
(solid curves) and LA approach (dashed curves). SEPSo ap-
proximation: SPA approach (dot-dot-dashed curves) and LA
approach (dot-dashed curves). Experimental data: crosses [8],
triangles [33], and circles [34]

Fig. 3. Energy dependences of the viscosity cross-section
at elastic electron scattering by (a) phosphorus and (b) ar-
gon atoms. Relativistic RSEP approximation: SPA approach
(solid curves) and LA approach (dashed curves). The SEPSo
approximation: SPA approach (dot-dot-dashed curves) and LA
approach (dot-dashed curves). Experimental data: circles [34]
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Parameters of the features in the integral
cross-section of elastic electron scattering by P, S, Cl, and Ar atoms

Method 𝑎, 𝑎0 𝜎 (0.01 eV),
10−20 m2

𝐸RT, eV
𝜎RT,

10−20 m2
𝐸max,

eV
𝜎max,

10−20 m2

P(3𝑝3)

RSEP_LSA (𝑝) –3.380 28.541 0.24 1.3715 8.2 36.976
(𝑎) –3.621

RSEP_LA –3.780 33.867 0.31 0.5591 8.45 36.079

SEPSo_LSA (𝑝) –2.745 16.318 0.17 0.8467 7.98 37.253
(𝑎) –2.750

SEPSo_LA –3.007 20.156 0.22 0.3163 8.2 36.313

S(3𝑝4)

[1] (𝑞) –4.2558 ∼30 0.475 5.4439 8.50 30
(𝑑) –1.6273

[2] – ∼40 ∼0.5 ∼5 ∼8.4 ∼25

Cl(3𝑝5)

[3] (𝑡) –2.7072 >30 0.9524 2.4483 10.20 30
(𝑠) –1.4778

[4] – ∼25 ∼0.7 ∼2.1 11 26

[5] (𝑡) –1.495 5 ≈0.2 2.5 ∼13 23.2
(𝑠) –1.035

Ar(3𝑝6)

RSEP_LA –1.308 4.309 0.33 0.2157 14.5 22.995
[7] –1.365 4.04 0.3 0.31 13.02 23.80
[33] − 6.5 0.3 0.23 15 22
[4] − 2.5(∼0.04 eV) ∼0.27 ∼0.3 ∼22.5 13.75
[34] − − − − 15.3 21
[40] − − − − 15 22.28
[6] − − − − 14 23.661

N o t a t i o n: 𝑝 (parallel), 𝑎 (anti-parallel), 𝑞 (quartet), 𝑑 (doublet), 𝑡 (triplet), 𝑠 (singlet).

gies, it equals 𝜎mom(0.001 eV) = 3.75×10−20 m2 and
𝜎mom(0.01 eV) ≈ 6 × 10−20 m2, which is also much
smaller than the values obtained in works [3, 4].

The energy of the elastic cross-section minimum
for the electron scattering by a chlorine atom (about
0.7 eV) obtained in work [4] is rather substantial. The
energy of the same minimum but for the electron
scattering by an argon atom [4] has a smaller value
of about 0.27 eV. Those parameters are rather sensi-
tive to the number of pseudostates that were taken
into account in calculations and associated with the
description of the polarization interaction at the
scattering. The behavior of the integral momentum-

transfer cross-sections 𝜎mom is similar to that of the
elastic cross-sections: for a Cl atom, a minimum
of 1.8 × 10−20 m2 at 0.7 eV and a maximum of
18 × 10−20 m2 at 9 eV; for an Ar atom, a mini-
mum of 0.2× 10−20 m2 at 0.3 eV and a maximum of
16× 10−20 m2 at 11.25 eV. At low energies, it equals
𝜎mom(∼ 0 eV) ≈ 0.5 × 10−20 m2. The cross-sections
𝜎mom and 𝜎vis at an energy of 0.001 eV calculated by
us in the RSEP approximation equal 5.7× 10−20 m2

(2.3 × 10−20 m2 in the SEPSo approximation) and
3.9×10−20 m2 (1.6×10−20 m2 in the SEPSo approx-
imation), respectively. In work [8], the dependence
𝜎mom(𝐸) was obtained with the use of experimen-
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tal data from work [7]. In particular, the cross-section
𝜎mom = 4.7×10−20 m2 at an energy of 0.003 eV. This
value is close to ours. Hence, the influence of rela-
tivistic effects is rather considerable; therefore, the
nonrelativistic cross-sections in work [4] are small.

The minimum of the elastic cross-section 𝜎𝑒ℓ at low
energies, which was obtained for the examined atoms,
is the so-called Ramsauer–Townsend (RT) minimum
located at 𝑘RT = (2𝐸RT)

1/2 = −3𝑎/(𝜋𝛼𝑑(0)) [35]. It
stems from the mutual action of the exchange and po-
larization potentials of electron–atom interaction and
reflects a reduction of the phase shift of the 𝑠-wave
at higher energies if the scattering length 𝑎 is nega-
tive: 𝛿0(𝑘) ≈ 3𝜋− 𝑎𝑘− 𝜋𝛼𝑑(0)𝑘

2/3. The multiplicity
factor 𝜋 originates from the presence of three filled
𝑠-subshells in the atoms belonging to the third pe-
riod in the Periodic table of elements. For a phospho-
rus atom, the minimum in the 𝑠-wave partial cross-
section equals 𝜎0 = 2.41× 10−20 m2 at 0.31 eV. The
maximum of 𝜎𝑒ℓ is formed, first of all, by the contri-
butions of the 𝑝- and 𝑑-wave partial cross-sections (of
about 79%).

The peculiarities in the cross-section parameters
calculated for the elastic electron scattering by re-
lated atoms P, S, Cl, and Ar using various meth-
ods are compared in Table. These are the scattering
length 𝑎, near-threshold cross-sections 𝜎(0.01 eV), en-
ergies 𝐸RT and cross-sections 𝜎RT at the Ramsauer–
Townsend minimum, and the energies 𝐸max and
cross-sections 𝜎max at the maximum. One can see
that, in the case of Ar, the near-threshold cross-
section 𝜎(0.01 eV) is almost 7 times as small as the
cross-sections for other atoms, and 𝜎RT and 𝜎max are
the smallest. Note that the static dipole polarizabil-
ities for P, S, Cl, and Ar atoms decrease with the
growth of the nucleus charge and equal (in terms of
𝑎30) 24.93, 19.37, 14.57, and 11.07, respectively [36]
(see also work [37]). The same tendency was also ob-
served in our calculations for 𝛼𝑑(0). Note that, in gen-
eral, the behavior and the magnitude of cross-sections
are formed by the scattering with a large total spin. In
particular, the total cross-section mainly consists of
the quartet cross-section [1] in the case of an S atom
and of the triplet one in the case of a Cl atom [3].

The scattering length is negative for all atoms, be-
ing maximal by the absolute value for an S atom
and minimal for an Ar one. Note that, in work [38],
the experimental scattering length obtained for an
Ar atom amounted to 𝑎 = −1.492𝑎0, whereas the

Fig. 4. Energy dependences of the spin exchange asymme-
try function (13) at elastic electron scattering by a phospho-
rus atom. Calculations in the spin-polarized approach (SPA):
RSEP approximation (solid curve) and SEPSo approximation
(dashed curve)

theoretical calculation [39] using the phase equation
from work [31,32] and a model pseudo-potential gave
𝑎 = −1.512𝑎0 (other data concerning the scattering
length can also be found in the cited works). The
cited values are close to more modern data [7] and
the results of our RSEP calculations (see also work
[8]), which are quoted in Table. In the case of a chlo-
rine atom, the semirelativistic values of scattering
length from work [5] (−1.541𝑎0 for the triplet, 𝑡, and
−0.857𝑎0 for the singlet, 𝑠) are a little different from
their nonrelativistic counterparts [3] also quoted in
Table.

Of certain general interest is the behavior of the
energy dependence of the asymmetry calculated with
the use of the integral spin cross-sections of elastic
scattering,

𝐴𝑒ℓ(𝐸) = (𝜎↓↑
𝑒ℓ − 𝜎↑↑

𝑒ℓ )/(𝜎
↓↑
𝑒ℓ + 𝜎↑↑

𝑒ℓ ). (13)

In Fig. 4, the results of calculations of those depen-
dences in the RSEP and SEPSo approximations are
depicted. One can see that the account for relativis-
tic effects makes a substantial influence on the asym-
metry at low (less than 1 eV) energies. At energies
in a vicinity of the Ramsauer–Townsend minimum,
the scattering asymmetry is maximal and equal to
about 70%. In the near-threshold region and at ener-
gies higher than 10 eV, the asymmetry is less than
10%. The general behavior of the asymmetry is sim-
ilar to the energy dependence for an antimony atom
[28], which was calculated in the SEPSo approxima-
tion: the asymmetry has a maximum of about 70%
at 0.19 eV, and its value does not exceed 10% at en-
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Fig. 5. Angular dependences of differential cross-sections for elastic electron scattering by phosphorus (panels a, c, e, and g)
and argon (panels b, d, f, and h) atoms at collision energies 𝐸: for the phosphorus atom, 𝐸 = 0.5 (a), 1 (c), 5 (e), and 10 eV

(g); for the argon atom, 𝐸 = 2 (b), 3 (d), 5 (f ), and 7.5 eV (h). Relativistic RSEP approximation: SPA approach (solid curves)
and LA approach (dashed curves). The SEPSo approximation and LA approach (dot-dashed curves). Nonrelativistic 𝑅-matrix
calculation for the argon atom [6] (dot-dot-dashed curve). Experimental data: circles [40]

ergies from 10 to 200 eV. Hence, it is important to
apply the spin-polarized approximation in a wide in-
terval of collision energies: from the threshold value
to several hundreds electronvolts.

In Fig. 5, the DCSs of elastic electron scattering
by a phosphorus atom calculated in the approxima-
tions mentioned above for a number of low scattering
energies (0.5, 1, 5, and 10 eV) are depicted. For the
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Fig. 6. Angular dependences of the spin exchange asymmetry function (10) for
elastic electron scattering by a phosphorus atom calculated in the spin-polarized
RSEP approximation for collision energies of 0.5 (a), 1 (b), 5 (c), and 10 eV (d)

sake of comparison, the DCS-results for elastic elec-
tron scattering by an argon atom are also shown: the
results calculated by us at energies of 2, 3, 5, and
7.5 eV in the RSEP approximation, experimental re-
sults [40], and the results of 𝑅-matrix calculations
[6]. At all energies, the DCS behavior for phosphorus
qualitatively does not depend on the approximation
type. Only the DCS magnitude substantially depends
on the approximation, which manifests itself the most
pronouncedly in the minima. For energies of 0.5 and
1 eV, the DCS has two minima at about 10–12∘ and
111–118∘, with the role of relativistic effects and the
spin polarization still remaining considerable (Fig. 5,
panels a to c).

One can see that, starting from an energy of 5 eV,
the DCSs calculated in the indicated approximations
coincide at all angles (Fig. 5, e). At an energy of 5 eV,
they differ by value only in a narrow angular vicinity
of the DCS minimum at about 116∘. This minimum
is located in a narrow vicinity of the so-called criti-
cal minimum. Note that, in our work [25], a similar
critical DCS minimum in the case of argon atom was
predicted in the SEPSo approximation at an energy
of 8.44 eV and an angle of 119.89∘. The energy and
the angular positions of such minima are sensitive to
the accuracy of used approximations. For instance,
the RSEP calculation for a phosphorus atom in the

spin-polarized approximation with the averaged po-
tential 𝑉 av

opt(𝑟, 𝐸) (Eq. (6)) gave the parameters of this
critical minimum 𝐸 = 4.54 eB and 𝜃 = 116.49∘, and
in the spin-unpolarized approximation, 𝐸 = 5.02 eV
and 𝜃 = 115.57∘. The DCS magnitudes at those min-
ima equal 4.9 × 10−25 m2/sr and 4.3 × 10−25 m2/sr,
respectively (see also Fig. 5, e).

As the energy increases to 10 eV, the DCS min-
imum remains to stay in a vicinity of 115∘, but it
becomes wider and shallower. We would like to em-
phasize that this high-angle minimum is present in
all DCS dependences (see also the cross-sections for
argon in Fig. 5).

In general, the behavior and the magnitude of DCS
for a phosphorus atom are governed by the behavior
and the magnitude of the anti-parallel-spin scatter-
ing cross-section. At low energies, in particular, 0.5
and 1 eV, the DCS magnitude for forward (0∘) scat-
tering is determined by the cross-section of parallel-
spin scattering. Note also that, at those energies, the
cross-section magnitude for scattering at small an-
gles (close to 0∘) is smaller than the DCS values at
medium angles (see Fig. 5, panels a and c). A similar
relationship between DCS values was observed for the
scattering by argon atoms at energies of 2 and 3 eV
(see the theoretical and experimental data in Fig. 5,
panels b and d). The calculations showed that, at the
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indicated energies, the form of the angular DCS de-
pendence is determined exclusively by the behavior
of the real part of the direct scattering amplitude
Re 𝑓(𝐸, 𝜃). In particular, the presence of a low-angle
minimum in the DCS at about 10∘ is a consequence
of the interference of many (more than 10) partial
waves, as well as a non-trivial low-energy dependence
of the 𝑠- and 𝑝-partial-wave phase shifts. Similar rea-
soning is also valid for the scattering by a phosphorus
atom.

In works [1, 3], the DCSs for the electron scatter-
ing by sulfur and chlorine atoms with the unfilled
valence 3𝑝-subshell were calculated for four energies:
0.001, 0.01, 0.1, and 1 Ry (1 Ry = 13.6058 eV). The
angular dependences of the DCS for the scattering
by those atoms turned out to be qualitatively simi-
lar: flat and structureless, especially at energies of 0.1
and 1 Ry. They are determined by the DCS for the
system with a large total spin: 3/2 (quartet) in the S
case and 1 (triplet) in the Cl one.

A comparison of our cross-section values with the
data for sulfur and chlorine atoms demonstrates that,
at small (less than 30∘) angles and energies less
than 5 eV, the scattering DCSs for the phosphorus
are smaller by an order of magnitude. Moreover, the
DCSs for S and Cl have no peculiar behavior with
a minimum in a vicinity of 115∘, as is observed in
the case of phosphorus atom. However, at 10 eV, the
angular dependences of the DCSs for P, S, and Cl
atoms are very similar qualitatively and almost quan-
titatively.

The study of the angular dependence of the spin
exchange asymmetry function 𝐴(𝐸, 𝜃) (see Eq. (10))
at electron scattering by phosphorus atoms is also im-
portant. In Fig. 6, the dependences 𝐴(𝐸, 𝜃) are plot-
ted for the same energies of 0.5, 1, 5, and 10 eV as for
the DCSs in Fig. 5. They are characterized by an es-
sentially nonmonotonous behavior and almost reach
the maximum value (100%) at definite angles for en-
ergies of 0.5, 1, and 5 eV (Fig. 6, panels a to c). The
features obtained at 0.5 and 1 eV correspond to differ-
ent manifestations of the spin dependence of the ex-
change and polarization interactions at anti-parallel-
or parallel-spin electron scattering (see works [14,16]).

The function 𝐴(𝐸, 𝜃) has a very sharp maximum
of 83.6% at the energy 𝐸 = 5 eV and the angle
𝜃 = 116.5∘. At this angle, the DCS for parallel-
spin scattering has a deep minimum, 𝑑𝜎↑↑/𝑑𝜃 =
= 1.4 × 10−23 m2/sr, whereas for anti-parallel-spin

one, 𝑑𝜎↓↑/𝑑𝜃 = 1.5 × 10−22 m2/sr or is smaller
by more than an order of magnitude. As a result,
the asymmetry function (10) acquires a large pos-
itive value. It was noted above that, at an energy
of 5 eV, the DCSs calculated in various approxima-
tions coincide at all angles, being different by mag-
nitude only in a narrow angular vicinity of the criti-
cal minimum at about 116∘ (see Fig. 5, e). The spin
DCSs are also close to one another at 5 eV. For ex-
ample, the anti-parallel-spin scattering cross-section
has a deep minimum at 115∘, where 𝑑𝜎↓↑/𝑑𝜃 =
= 9.85× 10−23 m2/sr. Hence, the difference between
the angular positions of spin DCS minima comprises
only 1.5∘. Accordingly, the function 𝐴(𝐸, 𝜃) acquires
a sharp nonmonotonous behavior of the minimum-
maximum type in a narrow interval of angles 110–
120∘ (see Fig. 6, c).

As the energy of incident electron increases, the
asymmetry decreases. For instance, the asymmetry is
much smaller by value at 10 eV than at low energies
(Fig. 6, d). The angular profile of the function 𝐴(𝐸, 𝜃)
at 10 eV (two minima and two maxima, the magni-
tudes of which fall within the interval from 17 to 35%)
is similar to the corresponding behavior of the asym-
metry parameter for an antimony atom [14, 28].

4. Conclusions

Potential scattering of an electron by a phosphorus
atom at collision energies of 0.01–200 eV was consid-
ered theoretically in the semirelativistic and relativis-
tic approximations in the framework of the optical po-
tential method and using the local spin-unpolarized
and spin-polarized approaches. Peculiarities in the in-
tegral elastic scattering cross-section typical of the
near-threshold scattering – a Ramsauer–Townsend
minimum associated with the action of the attractive
polarization interaction and followed by a maximum –
were revealed. The parameters of elastic scattering
(the scattering length, the minimum and maximum
energies, and the corresponding cross-section values)
were compared with the results of calculations carried
out using various methods for the electron scattering
by the neighbor (in the Periodic table) sulfur, chlo-
rine, and argon atoms. The peculiarities obtained for
the elastic cross-section were reproduced in the inte-
gral momentum-transfer and viscosity cross-sections.

At certain collision energies, the angular depen-
dence of the differential cross-sections of electron
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scattering by a phosphorus atom was found to have
a few narrow minima similar to those, which are
inherent to the cross-section of electron scattering
by an argon atom. In the low-energy interval (be-
low 10 eV), the energy and the angular position of
the critical minimum were determined. The charac-
teristics of such minima were demonstrated to de-
pend on the approximation choice. Similar minima
in the differential cross-sections of electron scattering
by sulfur and chlorine atoms have not been studied
earlier. The magnitudes of forward differential cross-
section for the electron scattering by phosphorus and
argon atoms at low collision energies were found to
be smaller than the corresponding values obtained at
medium angles.

The energy dependence of the spin exchange asym-
metry is nonmonotonous and has a positive maxi-
mum. As the collision energy increases, the asymme-
try decreases by value. The energy dependences of the
asymmetry for phosphorus and antimony atoms are
similar. The angular dependence of the asymmetry
at various collision energies is characterized by the
presence of maxima and minima and stems from the
angular behavior of the differential cross-sections. At
low energies, those features almost reach their max-
imum by magnitude. The amplitude of features also
decreases as the collision energy increases.

The authors express their sincere gratitude to the
research assistant Oksana Kudelych for her substan-
tial help in the preparation of the results of this work
for the publication.

APPENDIX
Analytical expressions and parameters
for the static potential 𝑉S(𝑟) and the total, 𝜌(𝑟),
and spin, 𝜌sp(𝑟), electron densities
for a phosphorus atom

The static potential 𝑉S(𝑟) and the electron densities 𝜌(𝑟) and
𝜌sp(𝑟) are calculated using the analytical expressions from
work [24]:

𝑉S(𝑟) = −
𝑍

𝑟

⎡⎣ 𝑛∑︁
𝑖=1

𝐴𝑖exp(−𝐵𝑖𝑟) + 𝑟
𝑚∑︁

𝑗=1

𝐶𝑗exp(−𝐷𝑗𝑟)

⎤⎦, (A1)

𝜌sp(𝑟) =
𝑁sp

4𝜋𝑟

[︃
𝑛∑︁

𝑖=1

𝐴𝑖𝐵
2
𝑖 exp(−𝐵𝑖𝑟)+

+
𝑚∑︁

𝑗=1

𝐶𝑗𝐷𝑗(𝐷𝑗𝑟 − 2) exp(−𝐷𝑗𝑟)

]︃
, (A2)

where 𝑍 is the nucleus charge of a target atom. In Eq. (A1),
the number of terms in the first sum 𝑛 = 2, and 𝑚 = 3 in
the second one. The dimensionless parameters 𝐴𝑖 equal: 𝐴1 =

= −0.09594 and 𝐴2 = 1 − 𝐴1. The parameters 𝐵𝑖, 𝐶𝑗 , and
𝐷𝑗 have the following values (in terms of 𝑎−1

0 ): 𝐵1 = 36.3,
𝐵2 = 1.56, 𝐶1 = −2.5738, 𝐶2 = −4.0545, 𝐶3 = 1.2231, 𝐷1 =

= 3.5607, 𝐷2 = 15.464 and 𝐷3 = 7.9518.

The total electron density is calculated by formula (A2), in
which 𝑁sp = 𝑍, and the parameters 𝑛, 𝑚, 𝐴𝑖, 𝐵𝑖, 𝐶𝑗 , and
𝐷𝑗 have the same values as for the calculation of 𝑉S(𝑟) by
formula (A1).

The electron density 𝜌↑(𝑟) is calculated by formula (A2),
where 𝑛 = 3 and 𝑚 = 3. The electron number 𝑁↑ = 9. The
dimensionless parameters 𝐴𝑖 equal: 𝐴1 = −0.07086, 𝐴2 =

= 0.8928, and 𝐴3 = 0.18106. The parameters 𝐵𝑖, 𝐶𝑗 , and 𝐷𝑗

have the following values (in terms of 𝑎−1
0 ): 𝐵1 = 37.64, 𝐵2 =

= 12.076, 𝐵3 = 1.375, 𝐶1 = 1.0565, 𝐶2 = −2.0148, 𝐶3 =

= 6.1969, 𝐷1 = 1.845, 𝐷2 = 16.983, and 𝐷3 = 7.6344.

The electron density 𝜌↓(𝑟) is calculated by formula (A2),
where 𝑛 = 2 and 𝑚 = 3. The electron number 𝑁↓ = 6. The
dimensionless parameters 𝐴𝑖 equal: 𝐴1 = −0.08497 and 𝐴2 =

= 1.0875. The parameters 𝐵𝑖, 𝐶𝑗 , and 𝐷𝑗 have the following
values (in terms of 𝑎−1

0 ): 𝐵1 = 39.1, 𝐵2 = 2.036, 𝐶1 = −2.846,
𝐶2 = −4.7759, 𝐶3 = 2.1211, 𝐷1 = 3.7272, 𝐷2 = 14.535, and
𝐷3 = 8.1556.
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ПОТЕНЦIАЛЬНЕ РОЗСIЮВАННЯ
ЕЛЕКТРОНА НА АТОМI ФОСФОРУ

Р е з ю м е

Вперше теоретично дослiджено пружне розсiювання еле-
ктронiв на атомах фосфору в областi енергiй зiткнень 0,01–
200 еВ. Iнтегральнi i диференцiальнi перерiзи розраховано
у спiн-поляризованому наближеннi безпараметричного дiй-
сного оптичного потенцiалу. Повна та спiновi електроннi
густини, електростатичний i спiновi обмiннi i кореляцiйно-
поляризацiйнi потенцiали атома фосфору знайдено у на-
ближеннi локальної спiнової густини теорiї функцiонала гу-
стини. Застосовуючи рiзнi наближення детально вивчено
особливостi низькоенергетичної, до 10 еВ, поведiнки iнте-
гральних перерiзiв, якi порiвняно з даними для сусiднiх
атомiв сiрки, хлору та аргону. Спiнова обмiнна асиметрiя
розсiювання електронiв на атомi фосфору, з напiвзаповне-
ною валентною 3𝑝3-пiдоболонкою, дослiджена з врахуван-
ням залежностi вiд спiну обмiнної та поляризацiйної взає-
модiй.
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