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STRING MOVING IN THE PLANE z =0

A general form for the scalar-field potential distribution has been proposed for a closed “thick”
null string either collapsing or expanding in the plane z = 0. Conditions, under which the
energy-momentum tensor components for a scalar field that contracts into a one-dimensional
object (a circle with a varying radius) asymptotically coincide with those for a closed null
string moving along the same trajectory, have been found.
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1. Introduction

According to modern ideas, the space strings, which
are one-dimensional regions where the energy density
is concentrated, could arise in a natural way owing
to a spontaneous symmetry violation at phase tran-
sitions in the course of the Universe evolution [1-
7]. In the framework of various Grand Unified Theo-
ry models, the strings, together with domain walls
and monopoles, are topological defects. As was shown
in work [8], the presence of such objects in the Uni-
verse does not contradict the observation of the mi-
crowave relic radiation. Again, one cannot exclude
that those objects could survive till now and, hence,
can be observed [9, 10]. Null strings realize a zero-
tension boundary in the string theory [5,7]. In recent
years, the possibilities of null string applications in
the cosmology have been discussed. For instance, it
was demonstrated in work [11] that, by considering a
gas of null strings as a dominant source of the gravita-
tion in D-dimensional Friedman-Robertson-Walker
spaces with & = 0, the inflation mechanism typical of
those spaces can be described. In a number of works,
the gas of relic null strings is considered as a proba-
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ble candidate for the role of a carrier of the so-called
“dark” matter, whose existence of in the Universe can
be regarded as the established fact. The research ob-
ject in the cited works is not a separate null string,
but a gas of null strings. Nevertheless, the properties
of this gas still remain unclear. In our opinion, the
problems concerning the gravitational field generated
by a null string moving along various trajectories can
be a first step to the understanding of properties of
the gas of null strings.

The components of the energy-momentum tensor
for a null string look like [11]

T /=g = fy/drdo xfﬁxf;54 (CEZ —a(r, o)), (1)

where the superscripts m, n, and [ can range from
0 to 3; the functions z™ = 2™ (7,0) describe the
null-string trajectory of motion; 7 and o are the
parameters on the world surface of a null string;
a2 = 0x™/0T; g = |gmnl; gmn is the metric tensor
of the outer space; and v = const. In the cylindrical
coordinate system,

0

r =t, 2

zl=p, 22=6, 2=z,

the functions 2™ (7, o) for the trajectories of a closed
null string that are considered in this work are as
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follows:

t:Ta p =T, 0:0—7 Z:07 (2)

“ 7

where the sign “—” corresponds to the collapse of
the null string in the plane z = 0 (in this case,
7 € (—00,0]), and the sign “+” to its radial expansion
in the plane z = 0 (in this case, 7 € [0, +00)).

Since all directions on the hypersurfaces z = const
are equivalent for every trajectory (2), the metric
functions are gmn = gmn(t, p, 2). Then, using the in-
variance of the quadratic form with respect to the
coordinate transformation # — —6, we obtain ggs =
= g12 = g32 = 0. The quadratic form of the space-
time should also be invariant with respect to the
transformation z — —z, so that

gmn(tapaz) = gmn(tapa 72) (3)

and, as a consequence, goz = ¢g31 = 0. At last, ta-
king advantage of a freedom in choosing the coordi-
nate systems in the general relativity theory, we make
the reference frame partially fixed by the requirement
go1 = 0. Hence, the quadratic form for the problem
concerned can be expressed in the form

dS? = e*(dt)? — A(dp)* — B(dh)? — e**(dz)?,  (4)

where v, i, A, and B are some functions of the vari-
ables t, p, and z.

The components of the energy-momentum tensor
for a massless field should satisfy the equality

TS = 0. (5)

Taking Egs. (1), (2), and (4) into account, equality
(5) reads

—(v+p)

e

T + Tt = e — AY6(2)d(n) =0, 6
where

n=t=xp, (7)
the sign “+” corresponds to the collapse of the null
string in the plane z = 0, and the sign “—" to its

radial expansion in this plane. From equality (6), it
follows that

e? = A. (8)
By analyzing the system of Einstein equations (1),

(2), (4), and (8), we can determine the dependences
of metric functions, namely,

V= V(n72)7 B = B(T],Z), n= M(V%Z)- (9)
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In this case, the Einstein system itself is reduced to
the equations

B B
% + 24 — 2V (Bn + 2M,n> -

1 (B, )
=0 2 = —T; 1
2<B)+ (,U,n) X400, (0)
B. 1 /B, B,
— - ” = (2v, — = 11
B>,Z+2(B)+B(V’Z ) =0, (11)
B
g +2V7nzl/2< n+2ﬂ,n>
1B. (B,
- 9 =0 12
2 B (B + /A’G) ’ ( )
2 BZ
2sz+4(yz) +v. . _2/-11,z =0, (13)
B
2 z
z z ’ :O, 14
() + 025 (14)

where Tpg = 7%5(7))5(2‘).

Let us complement the system of Einstein equa-
tions (10)—(14) with the equations of motion for the
null string. In a pseudo-Riemannian space-time, they
are determined by the following system of equations:

m map 4 —
Torr + Dpgr2l =0,

(15)

Gmn2 72 =0, gmpzlrzl, =0, (16)
where I/, are the Christoffel symbols. Substituting
Egs. (4), (8), and (9) into Egs. (15) and (16), we
can directly demonstrate that, for the functions de-
termining the trajectories of motion (2), all equa-
tions of motion for the null string are satisfied iden-
tically, i.e. those trajectories are realized indeed, and
the gravitational field of null strings does not change
them.

With Egs. (8) and (9), the quadratic form (4) looks
like

dS? = e ((dt)® — (dp)?) — B(d6)® — e*(dz)?, (17)

where v = v(n,z), B = B(n,2),n = p(n, ).

As follows from the system of equations (10)—(14),
all components of the energy-momentum tensor of
the string are identically equal to zero beyond the
string, i.e. at 7 # 0 and z # 0, and differ from zero
(tend to infinity) immediately on the string. This en-
ables the system of Einstein equations to be studied
in two directions: (i) to confine the analysis to the
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“outer” problem, i.e. to the region, where the com-
ponents of energy-momentum tensor (the right-hand
sides of the Einstein equations) equal zero; (ii) to con-
sider the components of the energy-momentum tensor
of a string as the boundary of a certain “smeared” dis-
tribution and carry out the analysis of the Einstein
equations for this “smeared” distribution. It can be
demonstrated that the analysis of the “outer” prob-
lem gives rise to a huge number of vacuum solutions
for the Einstein equations, which satisfy the symme-
try of the problem. For instance, it is easy to verify
that the functions

e =M =1, B=2:

or the functions
e =By, e =(8(n)*, B=(Bn) 2,

where 3(n) is an arbitrary function, are the outer
solutions for the system of equations (10)—(14). Ho-
wever, the criteria that would allow a unique solution
describing the gravitational field of the null string to
be chosen from this set of functions remain unclear.

On the other hand, while attempting to consider
the components of the energy-momentum tensor of
the string as a limiting case of a certain “smeared”
distribution — e.g., a simple substitution of delta-
functions in the energy-momentum tensor by corre-
sponding peaked functions — there may arise errors
associated with the fact that it is not clear how a pos-
sible emergence of terms (multipliers) tending to zero
(constant) at the contraction of this “smeared” dis-
tribution into a one-dimensional object can be taken
into account. Therefore, it is a simpler task to con-
sider, from the very beginning, a “well-determined”
“smeared” distribution, e.g., a real-valued massless
scalar field (because we deal with a scalar zero object)
and, afterward, to contract it into a string with a re-
quired configuration, provided that the corresponding
components of the energy-momentum tensors of the
scalar field and the null string should asymptotically
coincide.

2. System of Einstein
Equations for a “Smeared” Problem

The components of the energy-momentum tensor for
a real-valued massless scalar field look like [2]

1
Tap = 9098 = 59asL, (18)
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where L = g**¢ 0., P.a = 0p/0z%, ¢ is the scalar
field potential, and the subscripts «, 3, w, and X vary
from 0 to 3. In order to ensure the self-consistency of
the Einstein equations (17) and (18), we require that

TaB :Toc,@’ (naz) —><P:<P(77az> (19)
Substituting Egs. (17) and (19) into Eq. (18), we ob-

tain » |
es\VTH
Too = (¢.n)* + 5

Toz = £T13 = ¢ »,2,

(0.2)2,

) e2(v—m) )
T =(pn)" = —5—(@2)%
) (20)
Tor = £(e)"
1
T35 = 5(30,2«)27
Be~2¢
Thy = — 5 (¢,2)%,
where the sign “+” describes the collapse, and the
sign “—" the expansion of the null string.

The system of Einstein equations (17) and (20) can
be presented in the form

B B
évn + 2y — 2V, (B” + 2/1_’77) _

1(B,Y\ ) )

5\ 5 +2 ()" = —2x(pn)" (21)
B +1 3722+B7z 2 ) =0 (22)
= Ve—MHz) =V,

B). "2\B) T BT
B ’ B
Bt W e (2 -
1B, (B,
_ZE (I 49 = -2 2 2
5B (13+ thon XP 0P, (23)
B
2Mu+4@d2+%z(é —mw)_o, (24)
B X
2 32 2
(V)" +v, B Qw,> (25)

Let the scalar field distribution be initially concen-
trated in a “thin” ring, for which the variables n (see

its definition in Eq. (7)) and z vary in the intervals
ne [7A77a AU] 2 € [7sz AZ] ) (26)

where An and Az are small positive constants that
determine the ring “thickness”, i.e.

Ankl, Az, (27)
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Then the ring is contracted into a one-dimensional
object (a null string),

An—0, Az—0. (28)

If the system of equations (21)—(25) is considered for
this process, the space, in which this “smeared” null
string is located and where the variables n and z vary
in the intervals n € (—o00,+00) and z € (—o0, +00),
can be conditionally divided into three regions: re-
gion I,

n € (—oo, —An) U (An, +00), z € (—o0,+00);  (29)
region [1,

n € [-An,+An],z € (—o0,—Az) U (Az,+0); (30)
and region I11,

n € [—An,An],z € [-Az, Az]. (31)

While contracting the scalar field into a string,
the system of equations (21)—-(25) for the scalar field
should asymptotically coincide with the system of
equations (10)—(14) for the closed null strings. There-
fore, in regions I and II (Egs. (29) and (30)),

90 — 07 Qﬁ,z — Oa QOJ] — 07 (32)

and, in region (31)—inside the “thin” ring—in the gen-
eral case,

Yr,11
@rir

(Pl _ 1.

(P)rrr 1
(p2)rr — -

(o)t

<1, (33)
where @7 17 are the scalar field potentials in regions I
and I, ¢jyr is the scalar field potential in region 1T
(inside the “thin” ring), and the equalities take place
at the region boundaries.

Comparing the system of equations (10)—(14) for
the closed null string with the system of equations
(21)-(25), a conclusion can be drawn that, when the
scalar field is contracted into a string, i.e. at An — 0
and Az — 0,

— 0, — 00,

2 2
(So,z) ‘z%O,n%O (4‘0777) ’2%0,77*)0

(34)
((p,z(p"ﬂ) |Z—>0777_>O — O

According to Eq. (32), in region I, the scalar field
potential

¢(no,2) = 0 (35)
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at any fixed n =g € (—oo0, —An) U (+An, +00) and
for all z € (—o0,+00). However, if we consider the
distribution of scalar field potential at any fixed n =
= ny € [-An,An] (regions II and IIT), then, in
the case z € (—oo, —Az) U (Az,+00) (region IT), it
must be

¢(10,2) — 0, (36)
and, in the case z € [-Az, Az] (region III),

©(no, 2) 111 <1 (37)
©(n0, 2)1r1

3. Distribution of the Scalar Field
Potential for a “Smeared” Null String

Under conditions (35)—(37), it is convenient to express
the distribution of a scalar field potential in the form

#00:9)= (o)

where the functions a(n) and A(n) are symmetric with
respect to the inversion n — —n, i.e.

(38)

a(n) = al=n), An)=A(-n), (39)
the function a(n) + A(n)f(z) is confined,
0 <a(n)+Amf(z) <1, (40)

and the scalar field potential (38), according to
Eq. (40), can change from

=0, mpm a(n)+A(n)f(z) =1, (41)
to

¢ =00, mpu a(n)+An)f(z) = 0. (42)
In region I, according to Eqs. (35) and (41),

a(n) =1, A@n)—0. (43)

Since, according to Eq. (36), the scalar field potential
in region II tends to zero, then, for n € [—An, An]
and any fixed z = zp € (—00, —Az)U(Az, +00), there
must be

a(n) +A(n)f(z0) = 1.

In region II, for the same values n € [—An, An] and
z =z € [-Az Az],

0 < a(n) +An)f(z) <1.
ISSN 2071-0194. Ukr. J. Phys. 2014. Vol. 59, No. 5
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From Eq. (44), it follows that, for all z €
€ (—o00,—Az) U (Az,+00), the function f(z) tends
to a certain non-zero constant,

f(z)|ze(foo,7Az)U(Az,+oo) - fO = const 7& 0, (46)

and the functions «(n) and A(n) are related to each
other,

1
fo

Substituting Eq. (47) into Eq. (45), we obtain that,
in region I11,

An) =+ (1 —a(n)). (47)

f(z0)
fo

Then, from equalities (42) and (48), it follows that,
at ¢ — o0,

0<a(n)+(1-

a(n)) <1. (48)

a(n) =0, f(z)—0.

Hence, in expression (38) for the scalar field poten-
tial, the functions a(n) and f(z) are bounded for all
z € (—00,400) and 71 € (—o0, +00),

(49)

O<alm<l, 0< f(2)<fo (50)
Moreover, in region I, according to Eq. (43),
a(n)‘ne(—oo,—An)U(—i-An,—i-oo) — 1 (51)

At the same time, from Eq. (49) with regard for the
symmetry of the function a(n) (see equality (39)), it
follows that

lim a(n) — 0.

n—0

(52)

The distribution for the function f(z) is determined

by equality (46) if z € (—o0,—Az) U (Az,+00).
Whereas,
f(2)]00 =0 (53)

as z — 0, according to Eq. (49).
Differentiating Eq. (38) and taking Eq. (47) into
account, we obtain

ay(l—f(2)/fo)

Pn == —a 2 )
a(n ) (L —am)f(z)/fo (54)

0. = (1 —am)f:/fo .

T alm) + (1 -am)f(2)/fo
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Substituting Eqs. (43), (44), and (46) into Eq. (54),
we obtain that ¢, — 0 and ¢, — 0 in regions I
and II, which coincides with Eq. (32). In region I11,
if z — 0, the first of equalities (54) can be expressed
in the following form in view of Eq. (53):

P = —an/a(n). (55)

From whence, in accordance with Eq. (34), we have

lay/a(n)l, o — o0 (56)
as An — 0 and Az — 0. Taking Eq. (53) into ac-
count, the second of equalities (54) can be expressed
in the following form, as z — 0:

P,z = 7f,z/f(z)' (57)
In accordance with Eq. (34), this yields
falF(2)]. 9 =0 (58)

as An — 0 and Az — 0.

On the other hand, considering equalities (54) in a
small vicinity of the circle (n = 0,z = 0), i.e. in the
region where the scalar field is concentrated and for
which, according to Eqgs. (52) and (53), f(z)/fo < 1
and a(n) < 1, we can write down

iy = {Galol) 011D 0
1+ £46) L+ R5E)
Then, according to Eq. (34), there must be
) (L ) 0 60
() (5 0 o
as Az — 0 and An — 0.
As an example, the functions
ol = exp (e +_(§n)2>’ (61)
1
f(z) = foexp (—7 (1 — exp (@2)2») (62)

where the constants & and ¢ describe the size (the
“thickness”) of the ring, in which the scalar field is
concentrated, satisfy the found conditions with re-
spect to the variables 1 and z, respectively. Namely,
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Fig. 1. Distributions of the function a(n)+ (1 —a(n))f(z)/fo
for Egs. (61) and (62) at e =0.01, £ = ¢ =1, and v = 4 in the
region n € [—10,10] and 2z € [—10, 10]

Fig. 2. The same as in Fig. 1, but for £ = (=4

as follows from Eqs. (61) and (62), if Ap — 0 and
Az — 0, we obtain

& — o0, (— o0. (63)

The positive constants € and v provide the fulfillment
of conditions (52), (53), (56), and (58) as Az — 0,
An — 0, z — 0, and 7 — 0; namely, at Ap < 1 and
Az < 1, we obtain

e<l, yv>1, (64)

and, at a further contraction into a one-dimensional
object (a null string), i.e. as Az — 0 and An — 0, we
obtain

e—0, v— o0 (65)

Substituting Eqs. (47), (61), and (62) into Eq. (38),
we obtain an expression for one of the probable po-
tential distributions for a real-valued massless scalar
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Fig. 3. Distribution of the scalar field potential given by
Eqgs. (38), (61), and (62) over the variable p (p € [0,20]) at
n=t+p, 2z=0.01, e=0.01, vy =4, { = (= 0.6, and the fixed
t=-15

Fig. 4. The same as in Fig. 3, but for the fixed t = —5

field. During the contraction into a one-dimensional
object, the components of its energy-momentum ten-
sor asymptotically coincide with those of the energy-
momentum tensor for a closed null strings that moves
along trajectories (2) and (3).

In Figs. 1 and 2, the distributions of the function
a(n)+(1—a(n)) f(z)/ fo, where the functions a(n) and
f(z) are given by Eqs. (61) and (62), which were cal-
culated for e = 0.01 and « = 4, and corresponding to
the constant values § =( =1 (Fig. 1) and ¢ =( =4
(Fig. 2), are exhibited in the region n € [-10,10]
and z € [—10,10]. The figures demonstrate that, as
the constants & and ( increase, the region where the
function concerned differs from unity (i.e. the region

ISSN 2071-0194. Ukr. J. Phys. 2014. Vol. 59, No. 5
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)
./

™

-

Fig. 5. The same as in Fig. 3, but at n = t + p and for the  Fig. 8. The same as in Fig. 7, but at £ = (= 0.6
fixed t =5

Fig. 9. Distribution of the scalar field potential given by
Fig. 6. The same as in Fig. 5, but for the fixed ¢t = 15 Egs. (38), (61), and (62) over the variable p (p € [0,20]) on
the surface § = const at z € [—10,10], ¢ = 0.01, v = 4, and
the fixed £ = ¢ = 0.2, and for ¢t = —10 (n = ¢t + p) and 10

(n=t—0p)

~
0

Fig. 7. Distributions of the scalar field potential given by
Eqgs. (38), (61), and (62) over the variable p (p € [0,20]) at
2=001,e=0.01,7y=4,£=¢=02,and t = —10 (n =t +p)

and 10 (n =t — p) Fig. 10. The same as in Fig. 9, but for £ = { = 0.6
where the scalar field is concentrated, and the scalar In Figs. 3 and 4, the distributions of the scalar
field potential considerably differs from zero) con- field are shown for two fixed time values t = —15

tracts, and, respectively, the thickness of the ring, and —5, respectively (here, the functions «(n) and
in which the scalar field is concentrated, diminishes.  f(z) are given by Eqs. (61) and (62), and n =t + p).

ISSN 2071-0194. Ukr. J. Phys. 2014. Vol. 59, No. 5 553
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From those figures, it follows immediately that, as the
time ¢ increases, the radius of a “smeared” null string
decreases (the string collapses in the plane z = 0).
The regions, in which ¢ — 0, are marked by the dark
color.

In Figs. 5 and 6, the distributions of the scalar field
are shown for two fixed time values t = 5 and 15,
respectively (here, n = ¢t — p and ¢ € [0,+00)). One
can see that, as the time ¢ increases, the radius of
the “smeared” null string grows (the string radially
expands in the plane z = 0).

In Figs. 7 and 8 (Figs. 9 and 10), the distributions
of the scalar field potential (38) are shown at fixed
values of variables ¢ and z (¢ and 6), respectively
(the functions «(n) and f(z) are given by Egs. (61)
and (62)). The figures demonstrate that, as the con-
stants ¢ and ( increase, the region where the scalar
field potential substantially differs from zero becomes
narrower, i.e. the thickness of the ring, in which the
scalar field is concentrated, diminishes.

4. Conclusions

In this work, the systems of Einstein equations de-
scribing the distributions of a real-valued massless
scalar field concentrated in a thin ring and in a closed
null string that either collapses or contracts in the
plane z = 0 are compared. The conditions imposed
on the scalar field potential are obtained, under which
the components of the energy-momentum tensors for
a scalar field that contracts into a one-dimensional
object (a circle with varying radius) and a closed
null string asymptotically coincide. A general form of
the potential distribution describing the motion of a
scalar field concentrated in a thin ring is proposed
in the cases where the ring either collapses or ex-
pands in the plane z = 0. An example is given for the
scalar field potential distribution that satisfies those
conditions.
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PO3IIOAL/I ITIOTEHIIIAJIY CKAJIIPHOTO
ITOJIA JJ1d “PO3MA3AHOI” 3AMKHEHOI
HVJIb-CTPYHHU, SIKA ITPSIMYE B ILJIOIIINHI z = 0

Peszmowme

Y poboTi 3aIIpOIIOHOBAHO 3arajibHUi BUIVIS PO3IIOIIIY ITOTE€H-
[iaJly CKaJISIPHOTO IOJIsl JJIs “pO3Mas3aHol’ HyJIb-CTPYHH, SIKa
KoJlanicye B miomuHi z = 0, a TakoxK A5 “po3MazaHol’
CTPYHH, sIKa PO3LIUPIOEThCA B momuui z = 0. Suaiigeni ymo-
BU, 332 SIKMX KOMIIOHEHTH TE€H30Da €HEePril-IMIIy/IbCy CKaJsipPHO-

HYJIb-

ro 1oJisl, IPU CTHCKAHHI IOJIsI B OZHOBUMIpHHMH 06’¢KT (KOJIO
3MIHHOTO Pa/iiyca) aCUMITOTUYIHO 36IiratoThCsl 3 KOMIIOHEHTaMHI
TEH30pa eHePril-iMILyIbCy 3aMKHEHOI HyJIb-CTPYHH, IO IPAMYE
3a TI€I0 CaMOIO TPAEKTOPIEIO.
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